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Motivation

• exact chiral symmetry 

• but very CPU demanding 

• Numerical cost depend on

✓ Spectrum of Wilson-Dirac op. 

✓ Approximation of 

• JLQCD: take a “gauge action” which suppress near-zero modes of

✓ reduce numerical costs drastically for large volume

✓ locality of overlap operator is guaranteed

Recently JLQCD collaboration starts dynamical QCD simulations with 
Overlap Fermion using BG/L at KEK (57Tflops).
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However  topological charge never changes !

Zero probability to have 
an exact zero mode

No chance to change 
a topological sector 

Can we trust results from such simulations ?

Optimist’s opinion It is just a finite-size effect.
Who cares the topological charge behind the moon ?

QKEK Qmoon = Q − QKEK

This statement is inaccurate or even misleading !



Since I was very skeptical about a validity of simulations with fixed topological 
charges, I have worked on this problem with my collaborators.
In this talk, I discuss how we can calculate physical observables in QCD from 
simulations with fixed topological charges.

• Introduction

• Derivation of general formula

• Topological susceptibility

• Preliminary numerical result from JLQCD

• Conclusion 
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Derivation of general formula

Partition function Z(θ) ≡ 〈θ|θ〉 = e−V F (θ)

F (0) = 0Normalization

 Vafa-Witten’s theorem

Witten(ChPT)

F (θ) =
χt

2
θ2 + · · ·

χt =
1
V
〈0|Q2|0〉 > 0

θ = 0local minimum

F (∀θ "= 0) > F (0) = 0 θ = 0global minimum

F (θ) may have a singularity at π

F (θ) = χt[1 − cos(θ/Nf )] −π < θ < π

F (θ + 2π) = F (θ) = F (−θ)



Partition function at fixed Q

ZQ =
1
2π

∫ π

−π
dθ Z(θ) eiθQ



Z(θ) =
∑

Q∈Z

ZQe−iθQ





Fourier series

Z(θ)eiθQ = e−V FQ(θ), FQ(θ) = F (θ) − iθ
Q

V

Saddle point expansion

V → ∞

F (n)
Q : n-th derivative at the saddle point

δ =
Q2

χtV

V FQ =
Q2

2χtV
(1 + O(δ2))

ZQ =
e−V FQ

√
2πV F (2)

Q

[
1 −

V F (4)
Q

8(V F (2)
Q )2

+ O(
1

V 2
)

]

F (2)
Q = χt(1 + O(δ2)) F (4)

Q = O(1)(1 + O(δ2))

θQ = i
Q

χtV

(
1 + O(δ2)

)
saddle point



ZQ =
1√

2πV χt
exp

[
− Q2

2χtV

] Gaussian distribution for

Q2 ! χtV

arbitrary correlation function G(θ) = 〈θ|O1O2 · · ·On|θ〉

GQ =
1

2πZQ

∫
dθ Z(θ) G(θ)eiθQ

Master formula Q2 ! χtV

GQ = G(θQ) + G(2)(θQ)
1

2χtV
+ O

(
1

V 2

)



CP-even

V → ∞ Geven
Q = G(0) + O

(
1
V

)

CP-odd

NEDM may be extracted from simulations with fixed Q.

We can take small Q at will to satisfy Q2 ! χtV

Geven
Q = G(0) + G(2)(0)

1
2χtV

+ O

(
1

V 2

)

Godd
Q = G(1)(0)

iQ

χtV
+ O

(
1

V 2

)



Topological susceptibility

q(x): topological charge density i.e. Q =
∫

d4xq(x)
|x| → ∞

→ 0 〈q(x)q(0)〉(2) → −2χ2
t

clustering property is violated. Topological charge 
behind the moon matters

Weinberg’s textbook

clustering property

〈q(x)q(0)〉Q = 〈q(x)q(0)〉 + 〈q(x)q(0)〉(2) 1
2χtV

〈q(x)q(0)〉Q → − 1
V

χt + O

(
1

V 2

)



Fermionic correlation function

anomalous WTI 〈∂µAµ(x)O − mP (x)O + q(x)O + δxO〉 = 0

O = mP (0)

O = q(x)
x != 0

〈mP (x)mP (0)〉Q = 〈q(x)q(0)〉Q + 〈∂µAµ(x)mP (0)〉Q + 〈q(x)∂µAµ(0)〉Q

〈mP (x)mP (0)〉 = 〈∂µAµ(x)mP (0)〉 + 〈q(x)mP (0)〉

〈mP (x)q(0)〉 = 〈∂µAµ(x)q(0)〉 + 〈q(x)q(0)〉

|x| → ∞

→ 0
〈∂µAµ(x)mP (0)〉(2) → −2〈∂µAµ(x)Q〉〈mP (0)Q〉

〈∂µAµ(x)Q〉 =
1
V

∫
d4x 〈∂µAµ(x)Q〉 = 0

〈∂µAµ(x)mP (0)〉Q → 〈∂µAµ(x)mP (0)〉+
1

2χtV
〈∂µAµ(x)mP (0)〉(2)



〈∂µAµ(x)mP (0)〉Q → 0

Similarly 〈∂µAµ(x)q(0)〉Q → 0

Therefore

From non-singlet WTI〈maP (x)mP a(0)〉Q → 0

Final formula |x| → ∞

Model independent / No short distance singularity

〈mP (x)mP (0)〉Q → 〈q(x)q(0)〉Q → − 1
V

χt

〈mP (x)mP (0)〉disconnected
Q = − 1

V
χt + O

(
1

V 2

)



Preliminary numerical results form JLQCD

Preliminary Results (using 396 confs for each msea)

On the 163 × 32 lattice, measure the time-correlation function

C(t1 − t2) = 〈Q(t1)Q(t2)〉 =
∑

!x1, !x2

〈ρ(x1)ρ(x2)〉

t
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no. of low-lying eigenmodes = 50+50

no. of configurations = 396

JLQCD-TWQCD Collaborations/Dcm2corr/b230/msea0015

T.W. Chiu, Topological Susceptibility – p.15

Topological Susceptibility

a4χtop = − 32

163
〈Q(t1)Q(t2)〉 , |t1 − t2| = 16
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Q=0 sector

〈mP (x)mP (0)〉disconnected
Q = − 1

V
χt + O

(
1

V 2

)



Realization of Leutwyler-Smilga relation
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In the limit m → 0, χtop → mΣ/nf , in agreement with the

Leutwyler-Smilga relation !
T.W. Chiu, Topological Susceptibility – p.17

Leutwyler-Smilga relation



Conclusions

• We systematically derive general relations between normal QCD and 
QCD with fixed topology in the model-independent way.

• QCD with fixed topology is unphysical. However, if the volume is large 
enough, we can extract useful informations.

• We may extract the susceptibility from QCD with fixed topology. No 
short-distance divergence for the susceptibility.

• Preliminary numerical results of susceptibility at Q=0.

• Outlook

✓ susceptibility from Q=2 and Q=4 sectors to check consistency

✓ check of higher order corrections

✓ other quantities,  informations from ChPT ?



Possible problems raised by T. Izubuchi

Is a topological sector simply connected ?

Q=0

Q=0

Q=1

Q=1

Q=2 Q=5Q=4

Q=3

Q=3



Valid example ε-regime: mπL ≤ 1 (ΛQCDL ! 1)

Comparison with Random Matrix Theory
with fixed topological charge

eigenvalue ratios
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FIG. 3: Ratio of the eigenvalues 〈ζk〉/〈ζl〉 for combinations of k and l ∈ 1–4 (denoted in the plot

as k/l). In addition to the two-flavor QCD data (middle), quenched data at Q = 0 (left) and 2

(right) are also shown. Lattice data (circles) are compared with the ChRMT predictions (bars).

account in the following analysis.

We first compare the pattern of the eigenvalue spectrum of the Dirac operator. In the

ratios 〈ζk〉/〈ζl〉 of low-lying eigenvalues the factor ΣV drops off and the comparison is pa-

rameter free. As Fig. 3 shows, the lattice data agree well with the ChRMT predictions

(middle panel). It is also known that there exists the so-called flavor-topology duality in

ChRMT: the low-mode spectrum is identical between the two-flavor (massless) theory at

Q = 0 and the quenched theory at Q = 2 (right panel), while the quenched spectrum at

Q = 0 is drastically different (left panel). This is nicely reproduced by the lattice data.

These clear patterns indicate that the low-lying modes of the QCD Dirac operator are in

fact responsible for the zero-momentum mode of the pion field U , which induce the vacuum

with spontaneously broken chiral symmetry.

If we look into the details, however, there is a slight disagreement in higher eigenvalues.

For instance, the deviation in the combination k/l = 4/1 is 10%. The reason for this will

be discussed later.

Another non-trivial comparison can be made through the shape of the eigenvalue dis-

tributions. We plot the cumulative distribution ck(ζk) ≡
∫ ζk

0 dζ ′pk(ζ ′) of the three lowest

eigenvalues in Fig. 4. The agreement between the lattice data and ChRMT (solid curves)

is quite good for the lowest eigenvalue. For the higher modes the agreement of the central

value is marginal while the shape seems well described by ChRMT. Table I lists the numer-
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FIG. 4: Cumulative distribution of the low-lying eigenvalues. The horizontal error comes from

the statistical error of Σ. The solid curves are the ChRMT results with the input from the average

〈λ1〉.

〈ζk〉 〈λk〉ΣV 〈∆ζk〉 〈∆λk〉ΣV

k = 1 4.30 [4.30] 1.234 1.215(48)

k = 2 7.62 7.25(13) 1.316 1.453(83)

k = 3 10.83 9.88(21) 1.373 1.587(97)

k = 4 14.01 12.58(28) 1.414 1.54(10)

TABLE I: Comparison of the low-mode spectrum of ChRMT and the lattice data. The number

given in [] is used as an input.

ical results of both ChRMT and lattice data. To characterize the shape of the distribution,

we define the width 〈∆ζk〉 ≡
√

〈ζ2
k〉 − 〈ζk〉2 as well as its lattice counterpart 〈∆λk〉ΣV . The

overall agreement is very good, but we see deviations of about 10% in the averages and 16%

in the widths, at the largest.

Because of the exact chiral symmetry in our simulation, we do not expect significant

effects due to finite a in the comparison of low-lying eigenvalues. The largest possible source

of systematic errors is the higher order effects in the ε-expansion, which is a finite volume

effect. Although the higher order corrections can not be calculated within the framework

of ChRMT, an estimate of their size can be given by ChPT. The next-to-leading order

correction to the chiral condensate is given by Σ[1 + ((N2
f − 1)/Nf)β1/(FL)2], where β1 is

a numerical constant depending on the lattice geometry [3]. Numerically, the correction is

7
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flavor-topology duality
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most reliable: less 
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modes.

• NLO in the "-expansion for 
chiral condensate:

about 13%. But not known 
for individual eigenvalues.

• Z-factor calculated using 
the NPR technique.

• Final result:

– Final error is our 
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