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path integrals,
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path integrals,

....

Higher spin fields

Spinning particles

Canonical quantization of spinning particles

Path integral quantization of spinning particles
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Higher spin fields

Search for new gauge principles beyond known

spin 1, 3
2 , and 2
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Higher spin fields

Search for new gauge principles beyond known

spin 1, 3
2 , and 2

String theory on highly curved AdS seems to reduce to

a tensionless string, describing an infinite collection of

massless higher spins

Investigate their description form a first quantized

point of view → spinning particles
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Spinning particles

Simplest model is bosonic particle (N = 0)

S[x, p] =

∫

dτ
[

pµẋ
µ −

1

2
ηµνp

µpν
]
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Spinning particles

Simplest model is bosonic particle (N = 0)

S[x, p] =

∫

dτ
[

pµẋ
µ −

1

2
ηµνp

µpν
]

Hamiltonian is conserved: translation on the worldline

H =
1

2
pµp

µ

Model is not unitary. Unitarity can be achieved gauging
the translation, gauge field is the einbein e

S[x, p, e] =

∫

dτ
[

pµẋ
µ − eH

]
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Spinning particles

In fact, canonical quantization gives a constraint

[x̂µ, p̂ν ] = i~δµ
ν

Ĥ|φ〉 = 0 , |φ〉 ∈ physical Hilbert space
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Spinning particles

In fact, canonical quantization gives a constraint

[x̂µ, p̂ν ] = i~δµ
ν

Ĥ|φ〉 = 0 , |φ〉 ∈ physical Hilbert space

Using wave functions φ(x) = 〈x|φ〉

Ĥ|φ〉 = p̂µp̂
µ|φ〉 = 0 ⇒ ∂µ∂

µφ(x) = 0

recognized as the massless Klein Gordon equation
(a unitary theory).
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Spinning particles

Next simplest model is N = 1 spinning particle

S[x, p, ψ] =

∫

dτ
[

pµẋ
µ +

i

2
ηµνψ

µψ̇ν −
1

2
ηµνp

µpν
]
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S[x, p, ψ] =

∫

dτ
[

pµẋ
µ +

i

2
ηµνψ

µψ̇ν −
1

2
ηµνp

µpν
]

Hamiltonian and susy charge are conserved:

H =
1

2
pµp

µ, Q = ψµpµ → {Q,Q}
PB

= −2iH
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Spinning particles

Next simplest model is N = 1 spinning particle

S[x, p, ψ] =

∫

dτ
[

pµẋ
µ +

i

2
ηµνψ

µψ̇ν −
1

2
ηµνp

µpν
]

Hamiltonian and susy charge are conserved:

H =
1

2
pµp

µ, Q = ψµpµ → {Q,Q}
PB

= −2iH

Gauging N = 1 supersymmetry gives the
N = 1 spinning particle

S[x, p, ψ, e, χ] =

∫

dτ
[

pµẋ
µ +

i

2
ηµνψ

νψ̇µ − eH − iχQ
]
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Spinning particles

Canonical quantization

[x̂µ, p̂ν ] = i~δµ
ν , {ψµ, ψν} = ~ηµν

Ĥ|ψ〉 = 0 , Q̂|ψ〉 = 0 , |ψ〉 ∈ physical Hilbert space
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Spinning particles

Canonical quantization

[x̂µ, p̂ν ] = i~δµ
ν , {ψµ, ψν} = ~ηµν

Ĥ|ψ〉 = 0 , Q̂|ψ〉 = 0 , |ψ〉 ∈ physical Hilbert space

ψµ realize the gamma matrix algebra, γµ ∼
√

2
~
ψµ

Using wave functions ψα(x) = 〈x, α|ψ〉

Q̂|ψ〉 = ψ̂µp̂µ|ψ〉 = 0 ⇒ (γµ)α
β ∂µ ψβ(x) = 0

that is the massless Dirac equation γµ∂µψ = 0.
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Spinning particles

General case (i = 1, .., N )

S =

∫

dt
[

pµẋ
µ +

i

2
ηµνψi

µψ̇ν
i −

1

2
ηµνp

µpν
]
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S =

∫

dt
[

pµẋ
µ +

i

2
ηµνψi

µψ̇ν
i −

1

2
ηµνp

µpν
]

Rigid SO(N) supersymmetry

H =
1

2
pµp

µ , Qi = pµψ
µ
i , Jij = iψiµψ

µ
j
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Spinning particles

General case (i = 1, .., N )

S =

∫

dt
[

pµẋ
µ +

i

2
ηµνψi

µψ̇ν
i −

1

2
ηµνp

µpν
]

Rigid SO(N) supersymmetry

H =
1

2
pµp

µ , Qi = pµψ
µ
i , Jij = iψiµψ

µ
j

Algebra

{Qi, Qj}PB
= −2iδijH

{Jij , Qk}PB
= δjkQi − δikQj

{Jij , Jkl}PB
= δjkJil − δikJjl − δjlJik + δilJjk
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SO(N) spinning particle

Algebra is first class → can be gauged

S =

∫

dt
[

pµẋ
µ +

i

2
ψiµψ̇

µ
i − eH − iχiQi −

1

2
aijJij

]
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SO(N) spinning particle

Algebra is first class → can be gauged

S =

∫

dt
[

pµẋ
µ +

i

2
ψiµψ̇

µ
i − eH − iχiQi −

1

2
aijJij

]

Gauge transformations on supergravity multiplet

δe = ξ̇ + 2iχiǫi

δχi = ǫ̇i − aijǫj + αijχj

δaij = α̇ij + αimamj + αjmaim .
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SO(N) spinning particle

Algebra is first class → can be gauged

S =

∫

dt
[

pµẋ
µ +

i

2
ψiµψ̇

µ
i − eH − iχiQi −

1

2
aijJij

]

Gauge transformations on supergravity multiplet

δe = ξ̇ + 2iχiǫi

δχi = ǫ̇i − aijǫj + αijχj

δaij = α̇ij + αimamj + αjmaim .

Eliminating momenta pµ

S =

∫

dt
[1

2
e−1(ẋµ − iχiψ

µ
i )2 +

i

2
ψiµψ̇

µ
i −

i

2
aijψiµψ

µ
j

]
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Spinning particles

Canonical analysis
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Spinning particles

Canonical analysis
D = 4 ⇒ spin N/2 particle (Bargmann-Wigner eq.)
wave function Ψα1···αN

(x) → ∂αi

α̃iΨ..α̃i..(x) = 0
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Path integral quantization

Configuration space (Wick rotated) action

S[X,G] =

∫ 1

0
dτ

1

2

(

e−1(ẋµ − χiψ
µ
i )2 + ψµ

i (δij∂τ − aij)ψjµ

)
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Path integral quantization

Configuration space (Wick rotated) action

S[X,G] =

∫ 1

0
dτ

1

2

(

e−1(ẋµ − χiψ
µ
i )2 + ψµ

i (δij∂τ − aij)ψjµ

)

One-loop partition function (PBC for bosons, ABC for fermions)

Z =

∫

S1

DX DG

Vol (Gauge)
e−S[X,G]
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Path integral quantization

Configuration space (Wick rotated) action

S[X,G] =

∫ 1

0
dτ

1

2

(

e−1(ẋµ − χiψ
µ
i )2 + ψµ

i (δij∂τ − aij)ψjµ

)

One-loop partition function (PBC for bosons, ABC for fermions)

Z =

∫

S1

DX DG

Vol (Gauge)
e−S[X,G]

gauge fixing → FP determinants + modular parameters

e → β (proper time)

χi → 0

aij → âij(θk) k = 1, .., r; r = rank SO(N) angles
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Path integral quantization

Z = −
1

2

∫
∞

0

dβ

β

∫
dDx

(2πβ)
D

2

KN

r∏

k=1

∫ 2π

0

dθk

2π

(

Det
ABC

(∂τ − âvec)
)D

2
−1

Det′
PBC

(∂τ − âadj)
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Path integral quantization

Z = −
1

2

∫
∞

0

dβ

β

∫
dDx

(2πβ)
D

2

KN

r∏

k=1

∫ 2π

0

dθk

2π

(

Det
ABC

(∂τ − âvec)
)D

2
−1

︸ ︷︷ ︸

Det′
PBC

(∂τ − âadj)
︸ ︷︷ ︸

fermionic determinants + susy ghosts

gauge symmetry ghosts
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Path integral quantization

Z = −
1

2

∫
∞

0

dβ

β

∫
dDx

(2πβ)
D

2

KN

r∏

k=1

∫ 2π

0

dθk

2π

(

Det
ABC

(∂τ − âvec)
)D

2
−1

Det′
PBC

(∂τ − âadj)

︸ ︷︷ ︸

Dof(D,N)

Dof(D,N) normalized such that Dof(D, 0) = 1
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Path integral quantization

N = 2r K2r =
2

2rr!
reduces to a fundamental domain
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Path integral quantization

N = 2r K2r =
2

2rr!
reduces to a fundamental domain

r! permutation of angles θk
2r from Z2 symmetries in O(N) (θk → −θk)

Determinants look like this

Det
ABC

(∂τ − âvec) =
r∏

k=1

Det (∂τ + iθr) Det (∂τ − iθr)

=
r∏

k=1

(

2 cos
θk
2

)2
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Path integral quantization

N = 2r K2r =
2

2rr!
reduces to a fundamental domain

r! permutation of angles θk
2r from Z2 symmetries in O(N) (θk → −θk)

Determinants look like this

Det
ABC

(∂τ − âvec) =
r∏

k=1

Det (∂τ + iθr) Det (∂τ − iθr)

=
r∏

k=1

(

2 cos
θk
2

)2

Similarly for Det′
PBC

(∂τ − âadj)
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Path integral quantization

Get the formula (case of even N = 2r)

Dof(D,N) =
2

2rr!

r∏

k=1

∫ 2π

0

dθk
2π

(

2 cos
θk
2

)D−2

×
∏

k<l

[(

2 cos
θk
2

)2
−

(

2 cos
θl
2

)2
]2
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Path integral quantization

Get the formula (case of even N = 2r)

Dof(D,N) =
2

2rr!

r∏

k=1

∫ 2π

0

dθk
2π

(

2 cos
θk
2

)D−2

×
∏

k<l

[(

2 cos
θk
2

)2
−

(

2 cos
θl
2

)2
]2

It vanishes for odd dimensions D > 1

Dof(2d+ 1, N) = 0
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Path integral quantization

Change of variables xk = sin2 θk

2

Dof(2d, 2r) =
22(d−1)r+(r−1)(2r−1)

πrr!

×

r∏

k=1

∫ 1

0
dxk x

−1/2
k (1 − xk)

d−3/2
∏

k<l

(xl − xk)
2
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Path integral quantization

Change of variables xk = sin2 θk

2

Dof(2d, 2r) =
22(d−1)r+(r−1)(2r−1)

πrr!

×

r∏

k=1

∫ 1

0
dxk x

−1/2
k (1 − xk)

d−3/2
∏

k<l

(xl − xk)
2

(Van der Monde determinant)2
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Degrees of freedom

Even dimension, even rank

Dof(2d, 2r) = 2r−1 (2d− 2)!

[(d− 1)!]2

r−1∏

k=1

k (2k − 1)! (2k + 2d− 3)!

(2k + d− 2)! (2k + d− 1)!
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k=1

k (2k − 1)! (2k + 2d− 3)!
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A similar formula for odd rank case: Dof(2d, 2r + 1)
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Degrees of freedom

Even dimension, even rank

Dof(2d, 2r) = 2r−1 (2d− 2)!

[(d− 1)!]2

r−1∏

k=1

k (2k − 1)! (2k + 2d− 3)!

(2k + d− 2)! (2k + d− 1)!

A similar formula for odd rank case: Dof(2d, 2r + 1)

Special cases

Dof(2, N) = 1 , ∀N

Dof(4, N) = 2 , ∀N

Dof(2d, 2) = (2d−2)!
[(d−1)!]2
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Conclusions

Obtained measure on moduli space for SO(N) spinning
particle on the circle (one-loop)
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Conclusions

Obtained measure on moduli space for SO(N) spinning
particle on the circle (one-loop)

Calculated dimensions of certain SO(N) irreps.

Higher spin fields propagate in the loop

�
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Outlook

Couple spinning particles to external gravity
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Outlook

Couple spinning particles to external gravity

�
Tool: F.B. and P. van Nieuwenhuizen, “Path Integrals
and Anomalies in Curved Space” (CUP 2006)
N=0,1 (with Zirotti, Corradini)
N=2 (with Benincasa, Giombi: all differential forms)
Higher N: tricky, presumably feasible on AdS and dS
spaces (gauge algebra becomes nonlinear)

More general couplings?
Higher spin fields from a worldline perspective – p.20/21



Thank you YITP!!
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