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1 Introduction

1.1 Motivations

e The enumeration of the number of spanning trees was first considered by Kirch-
hoff in the analysis of electric circuits more than one and a half century ago

[Kirchhoft].

e [t is a problem of interest in mathematics [Biggs, Welsh, Burton and Pemantle,
Lyons| and physics [Temperley, Wu].

e The Tutte polynomial or the partition function of the g-state Potts model in a
special limit gives the number of spanning trees [Fortuin and Kasteleyn, Wu].

e The spanning tree problem is related to network, percolation, polymer, sandpile,

e Consider self-similar fractal lattices which have scaling invariance.

e A well-known example of fractal is the Sierpinski gasket.



1.2 Definitions

e A graph G(V, F) is defined by its vertex set V' and edge set E/ [Harary, Biggs].

e Denote v(G) = |V/| as the number of vertices and e(G) = |E| as the number of
edges of GG, respectively.

e Denote the number of edges attached to the vertex v; as degree k;.

e A k-regular graph is a graph that each of its vertices has the same degree k.

e A spanning subgraph G'(V, E') is a subgraph of G(V, E) with v(G’") = |V/| and
E' CE.

e A tree is a connected graph with no circuits.

e A spanning tree is a spanning subgraph of G that is a tree. Therefore, it has
v(G) — 1 edges.

e Denote the number of spanning trees on the graph G as Ngp(G).
e A planar graph G has a dual graph G™.



1.3 A well known method

e The adjacency matrix A(G) is an v(G) X v(G) matrix with elements

A(G); = { 1 if vertices v; and v; are connected by an edge
Y 0 otherwise

e The Laplacian matrix Q(G) is the v(G) X v(G) matrix with elements
Q(G)ij = kidij — A(G)ij -

e One of the eigenvalues of Q(G) is always zero.
Denote the rest as \;(G), 1 <i <v(G) — 1.

e The number of spanning trees is given by [Biggs]

Nsr(G

e For Ngp(G) grows exponentially with U(G) as U(G) — 00, define the asymptotic
orowth constant

2 = lim In Nsr(G)
“= v(G)—00 ’U(G) ‘



1.4 Sierpinski gasket SG 4(n)

e The first four stages n = 0,1,2,3 of the two-dimensional Sierpinski gasket
SGQ(H)Z

SGo(0)  SG(1) SGo(2) SGo(3)

e SG(n) at stage n = 0 is an equilateral triangle.

e Stage n + 1 is obtained by the juxtaposition of three n-stage structures.
e SG4(n) can be built in any Euclidean dimension d.

e SG4(0) at stage n = 0 is a complete graph with (d + 1) vertices.



e Fractal dimensionality for SG4 |Gefen and Aharony]:

In(d+1)
D = :
(5Ga) In 2
e The numbers of edges and vertices for SGy4(n):
d+1 d
e(SGq(n)) = ( ) )(d+ 1)" = 5(d+ 1)
d+1
v(SGy(n)) = T[(d+ )" +1] .

e Fixcept the (d + 1) outmost vertices which have degree d, all other vertices of
SGg(n) have degree 2d. Therefore, SG is 2d-regular in the large n limit.

1.5  Generalized Sierpinski gasket SG g ,(n)

e The side length b which is an integer larger or equal to two [Hilfer and Blumen].

e The generalized Sierpinski gasket at stage n + 1 is constructed with b layers of
stage n hypertetrahedrons.

e The ordinary Sierpinski gasket SGy(n) corresponds to the b = 2 case.



e The generalized two-dimensional Sierpinski gasket SG4(n) with b = 3 at stage
n=1,2 and b =4 at stage n = 1:

SGa3(1) SGo3(2) SGo4(1)
e The Hausdorft dimension for SG; [Hilfer and Blumen]:
In (b—l-d—l)
D = !
(5Gas) Inb

® SG gy is not k-regular even in the thermodynamic limit.



1.6 Upper bound

e [or a k-regular graph Gy, a general upper bound is zg, < Ink.

e For a k-regular graph Gy with k > 3, a stronger upper bound for Ngp(Gy,) is
given by [McKay, Chung and Yaul

NST<GI<;> < ( an?](Gk) ) (Ck)U(Gk)

v(Gr)kInk
where
(k—1)"!
Cl — 2 .
[k(k —2)]27!

e The corresponding upper bound for zq, is
zq, < In(c) ,
so that zsq, < In(cq).
e Define the ratio




2 The number of spanning trees on SGo(n)

2.1 Definitions

e Define fo(n) = Ngp(SGy(n)) as the number of spanning trees. A

e Define gas(n), gba(n), gea(n) as the number of . .
spanning subgraphs with two trees such that one / o \
of the outmost vertices belongs to one tree and the  gas(n) gba(n) ges(n)
other two outmost vertices belong to the other tree.

e Define ho(n) as the number of spanning subgraphs with three trees

such that each of the outmost vertices belongs to a different tree. ha(n)

e Because of rotation symmetry, define go(n) = gas(n) = gba(n) = ges(n).

e hy(n) is the number of spanning trees on SGo(n) with the three outmost vertices
identified.

e The initial values at stage 0 are f3(0) = 3, g2(0) = 1, ho(0) = 1.



2.2 Recursion relations

e [llustration for the expression of fo(n + 1):

e Recursion relation for any non-negative integer n:
fa(n +1) = 2f5(n)[gas(n) + 952(’”) +gea(n)] = 6f5(n)ga(n) .

e [llustration for the expression of gas(n + 1

Aﬁ].\. ..... PE §

e Recursion relation for any non-negative integer n:

gaz(n+1) = f3(n)ha(n) + 3fo(n)gas(n) + 2fa(n)gas(n)ges(n) + 2fo(n)gaz(n)gbs(n)
= f(n)ha(n) +7fa(n)gy(n) .




e [llustration for the expression of ho(n + 1):

e Recursion relation for any non-negative integer n:

ho(n + 1) = 4fs(n)ha(n)gaz(n) + gba(n) + gea(n)]
+2gca(n)gaz(n)|gea(n) + gas(n)] + 2gas(n)gba(n)|gaz(n) + gba(n)]
+2gba(n)gea(n)[gba(n) + gez(n)] + 2gas(n)gba(n)gea(n)

= 12f2(n)ga(n)ha(n) + 14g5(n) .



2.3  Results

e Solutions:

fo(n) = 2020 35(n) 5r0)

92(7@) _ 9aa(n) gba(n)—n—1 gra(n)+n

ho(n) = oaz(n) gfa(n)—2n—1 gya(n)+2n

e The exponents are

axn%:%@”—n, [ﬁ@):iﬁwH+2n+D, fmmg:icw—zn—n.

e The numbers of edges and vertices for SGy(n):

e(SCy(n)) = 37+ msaxm):§@”+1y

e The asymptotic growth constant for SGo:

1 1 1
25G, = §1H2 + 51113 -+ 61115 ~ 1.048594856...



2.4 Corollaries

e The number of spanning trees is the same for the dual:
Nsr(5G5(n)) = Nsr(SGa(n)) -

e Because SGy is 4-regular in the large n limit, zge: = zsq, (Chang and Wang].
e Denote the non-zero eigenvalues of the Laplacian matrix Q(SGa(n)) as A(SGa(n));
for 1 <i <v(SGy(n)) — 1.
v(SGa(n))-1
[T AMSGan)i = v(SGa(n)) faln) .
i=1
e (Q(SG;y(n)) does not look simple to diagonalize. For examples,
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3 The number of spanning trees on SGg p(n) with b = 3,4

3.1 The number of spanning trees on SG9 3(n)

e The numbers of edges and vertices for SGy 3(n):

7T X 6"+ 8
- :

e There are (6" — 1)/5 vertices of SG3(n) with degree six, 6(6" — 1)/5 vertices
with degree four, and the three outmost vertices have degree two.

B(SG273<’NJ>) =3 X 6n , U(SGQ}g(’n)) =

e Define fy3(n), g23(n), hos(n) as before. The initial values are fo3(0) = 3,
g23(0) =1, hy3(0) = 1.

e Recursion relations for any non-negative integer n:

fos(n+1) = 18f§73(n)gg,3(n)h273(n)+ 142][5,3(”)9:23,3(“),
g23(n+1) = 2f§73(n)h§,3(n) + 77f§’73(n)g§73(n)h2,3(n) + 171f2273(n)g§73(n) )

hag(n+1) = 60f§’73(n)92,3(n)h§’3(n) + 564f2273(n)g§73(n)h2,3(n) + 468]”273(71)9373(71) :



e Solutions:

)

fos(n) = 902,3(n) 3023(n) 5y23(n) 7023(n)

go3(n) = 902,3(n) g 3(n)+n—1 g23(n)+n 7 3(n)—n

)

hos(n) = 9@23(n) g023(n)+2n—1 £y23(n)+2n Ho23(n)=2n

e The exponents are

2 1
arg(n) = (6"~ 1), Baa(n) = 5:(13 x 6" — 15+ 12)

1 1
Yo3(n) = 2—5(3 X 6" —15n—3), dy3(n)= 2—5(7 x 6"+ 15n —17) .

e The asymptotic growth constant for SGa 3:

2 13 3 1
285Gy = ?ln2 -+ £1n3 -+ £1n5 -+ 51117 ~ 1.133231895...



3.2 The number of spanning trees on SGo 4(n)

e The numbers of edges and vertices for SG 4(n):

4 x 10"+ 5
3 :

e There are (10" — 1)/3 vertices of SGa4(n) with degree six, (10" — 1) vertices
with degree four, and the three outmost vertices have degree two.

€<SG274(77J)> =3 x 10" , U(SG2,4<’NJ>) =

e Define f54(n), g24(n), ho4(n) as before. The initial values are again f;4(0) = 3,
g2.4(0) =1, ho4(0) = 1.

e Recursion relations for any non-negative integer n:

fau(n+1) = 2f27’4(n)h§’4(n) + 516f§’4(n)g§’4(n)h374(n)
+5856 f5 4(n) g 4(n)haa(n) + 11354 f, 4(n)g5 4(n) |
gra(n+1) = 82f§74(n)g274(n)h§,4(n) + 2786f2574(n)g§’74(n)h%A(n)

+14480 5.4 (n) g5 4(n)h2a(n) + 13732£5 4(1) g3 4(n) ,



hoa(n+1) = 20fy4(n)hy 4(n) + 2388 f5 4(n) g5 4(n)h3 4(n) + 30948 f, 4(n)gy 4(n)h

+83234f5 4 (n) gy 4(n)hoa(n) + 42210 £7 4 (1) g5 4(n) -

e Solutions:
fouln) = 9@2,4(n) 3f24(n) 5124(n) 41024(n) 103624(n) 7

g9 4<n> — 20[274(71) 3ﬁ2,4(n)_1 5’72,4(71) 4152,4(71)—71 1036274(71)4—71

)

hoa(n) = 92,4(n) gb24(n)=1 £124(n) g1024(n)=2n 1ge24(n)+2n

e The exponents are

onaln) = 0 =1),  Boaln) = 2(10°+2), maln) = 510~ 1),

9
2 ) 2
0o.4(n) = 2—7(2 x 10" 4+ 9n — 2) , €2.4(n) = 2—7(10 —9n—1).

e The asymptotic growth constant for SGa 4:

1 1 1 1 1

2
2.4

(n)



4 The number of spanning trees on SGy(n) with d = 3,4

4.1 The number of spanning trees on SG3(n) A
e Define f3(n) = Ngp(SG3(n)) as the number of spanning trees. f3(n)

e Define g3(n) as the number of spanning subgraphs with two trees such

that one of the outmost vertices belongs to one tree and the other three
outmost vertices belong to the other tree. g5(12)
e Define h3(n) as the number of spanning subgraphs with two trees such -
that two of the outmost vertices belong to one tree and the other two }-L—'
outmost vertices belong to the other tree. 3(12)
e Define p3(n) as the number of spanning subgraphs with three trees such A
that two of the outmost vertices belong to one tree and the other two o
outmost vertices separately belong to the other trees. ps(n)
e Define ¢3(n) as the number of spanning subgraphs with four trees such
that each of the outmost vertices belongs to a different tree. E)
q3\n

e There are four equivalent gs(n), three equivalent hg(n), and six equivalent ps(n).



e ¢3(n) is the number of spanning trees on SGs(n) with the four outmost vertices
identified.

e The initial values at stage 0 are f3(0) = 16, g3(0) = 3, hg(0) = 1, p3(0) = 1,
C]3(0) = 1.
e Define ghs(n) = gs3(n) + hs(n).

e Recursion relations for any non-negative integer n:

fa(n+1) = 72f3(n)ghs(n)ps(n) + 56 f3(n)ghi(n) ,

ghs(n+1) = 6f5(n)ghs(n)gs(n) + 26 f5(n)p3(n)
+120 f3(n)gh3(n)ps(n) + 22ghs(n) |

ps(n+1) = 6f5(n)ps(n)q (n)+14f3( )ghz(n)gs(n)
+120 f3(n)ghs(n)ps(n) + 88ghs(n)ps(n) ,

g3(n+1) = 144 f3(n)ghs(n)ps(n)gs(n) + 208 fs(n)p3(n)
+56gh3(n)gs(n) + 720gh3(n)p3(n) .



e Solutions:
fs(n) = gaz(n) g03(n) ’
ghg(n) _ 2043(71)—71—2 Sﬁg(n)Jrn 7

p3<n> _ 2&3(71)—271—4 353(71)+2n

Q3(n) _ 2043(71)—371—4 Sﬁg(n)+3n .
e The exponents are
as(n) = 4" 4n . Byln) = %(4% 1)
e The numbers of edges and vertices for SG3(n):
e(SGs(n)) =6 x 4" | v(SGs(n)) =2(4"+1) .
e The asymptotic growth constant for SGj:

1
259G, = 2In2 + 61113 ~ 1.5693964009...



e Define fy(n) = Ngr(SGy(n)) as the number of spanning trees.

e Define g4(n) as the number of spanning subgraphs with two trees
such that two of the outmost vertices belong to one tree and the
other three outmost vertices belong to the other tree.

4.2 The number of spanning trees on SG4(n) @
fa(n)

ga(n)
e Define hy(n) as the number of spanning subgraphs with two trees ...
such that one of the outmost vertices belong to one tree and the w

other four outmost vertices belong to the other tree. s

ha(n)
e Define py(n) as the number of spanning subgraphs with three trees
such that one of the outmost vertices belong to one tree, two of the
other outmost vertices belong to another tree and the rest two L
outmost vertices belong to the other tree. pa(m)

e Define q4(n) as the number of spanning subgraphs with three trees
such that three of the outmost vertices belong to one tree and the % &F
other two outmost vertices separately belong to the other trees.



ooooooooooo
X} e

e Define r4(n) as the number of spanning subgraphs with four trees
such that two of the outmost vertices belong to one tree and the

r4(n
other three outmost vertices separately belong to the other trees. ( )
e Define s4(n) as the number of spanning subgraphs with five trees
such that each of the outmost vertices belongs to a different tree. 5 (n)
1

e There are ten equivalent g4(n), five equivalent hy(n), fifteen equivalent py(n),
ten equivalent g4(n) and ten equivalent r4(n).

e s4(n) is the number of spanning trees on SGy(n) with the five outmost vertices
identified.

e The initial values at stage 0 are f4(0) = 125, g4(0) = 3, hy(0) = 16, p4(0) = 1,
q4(0) = 3, r4(0) = 1, 54(0) = 1.

e Define gha(n) = 3g4(n) + ha(n) and pgu(n) = 2pa(n) + qa(n).

e Recursion relations for any non-negative integer n:

filn +1) = 1440f7(n)gha(n)pgs(n)ra(n) + 520 ff(n)pgi(n) + 1120 f1(n)ghi(n)rs(n)
+3600 f4(n)ghi(n)pqi(n) + 1320gh;(n)pas(n) |



gha(n+1) = T2f{(n)ghs(n)pgs(n)s(n) + 378 f7(n )9h4(n>ri( ) + 816 f1(n)pg;(n)ra(n)
+56 fa(n)ghj(n)si(n) + 3756 f4(n)ghi(n)pgs(n)ra(n)
+2360 f1(n)gha(n)pgi(n) + 688ghy(n)ra(n) + 2562gh3(n)pgi(n) ,

pas(n + 1) = 48fi(n)ghy(n )7“4(n> 1(n) +52f{(n)pgj(n)s (n)+544f4( Jpas(n)ri(n)
+240 f1(n)ghi(n)pq ( )sa(n) + 1252 f4(n )9h4(n) i(n)
n)p

HAT20 fa(n)gha(n)pgi(n)ra(n) + 724 a(n)pgi(n) + 44ghi(n)si(n)
+3416gh;(n)pga(n)ra(n) + 3104ghi(n)pg;(n)

ry(n+1) = 72f{(n)pgs(n)ra(n)ss(n) + 126 f{(n)ri(n )+168f4(n)gh§(n)r4(n)s4(n)
+360 f4(n )9h4( )pqi(n)sa(n) + 3756 f1(n)gha(n)pgs(n)ri(n) 2
+2360 f4(n)pqy(n)ra(n) + 264gh;(n)pga(n)sa(n) + 1376gh5(n)ri(n)
+ 7686gh3(n)pgi(n)ra(n) + 2328ghy(n)pg;(n) |

sa(n+1) = 2880/1(n)gha(n)pgs(n)ra(n)si(n) + 5040 fi(n)gha(n)ri(n)
+1040f4( )PCM( )s4(n) + 16320 fu(n)pgi(n)ri(n) + 1120gh;(n)ry(n)s(n)
+36009H(n)pg;(n)sa(n) + 37560gh; (n)pas(n)ri(n)
+47200gh4(n)pgi(n)ra(n) + 4344pg;(n) .



e Solutions:

fu(n) = oay(n) 504(n) 7y4(n) ’

ghy(n) = oa4(n) 5Ba(n)=n—1 7y(n)+n

Y

pqs(n) = oa(n) 5fi(n)—2n—2 7ys(n)+2n

)

T4(7’L) = 20(4(71) 554(”)—371—3 774(71)4_3”

si(n) = gas(n) gfi(n)—4n—3 syi(n)+in

e The exponents are

a(n) = §<5”— . Bun) = §<5”+1+4n+3) ) = §<5”—4n—1> |

e The numbers of edges and vertices for SG4(n):
5
e(SGy(n)) =2 x 5"t V(SGy(n)) = 5(5” +1) .

e The asymptotic growth constant for SGy:

3 3 3
25G, = gln2 -+ Zln5 + %lrﬂ ~ 1.914853265...



5 The number of spanning trees on SG4(n) for general d

e Conjecture for SG4(n) with arbitrary dimension d (consistent with previous
results):

Ner(SGa(n)) = 204 (4 4 1)%M (g 4 ) |

e The exponents are positive integers when d is a positive integer and n is a
non-negative integer:

d—1

ag(n) = ——|d+1)" - 1],
d—1, n+1
d—1
e The asymptotic growth constant for SG4(n):

Cd-1
G T qd 1)

e For SG4(0) at stage n = 0, Nop(SGy(0)) = (d + 1)L,

dIn2+ (d+1)In(d+ 1) + In(d + 3)] .



6 Discussion and summary

e Compared with the values z., for d-dimensional hypercubic lattice £4 which
also has degree k = 2d [Shrock and Wu, Felker and Lyons|, zsq, < 2., for all
d > 2 indicates that SGj is less densely connected than L.

® z5¢, approaches to In(2d) from below when d — oo.

e We present the numbers of spanning trees on the Sierpinski gaskets SGsy(n),

SG3(n) and SGy(n).

e We present the numbers of spanning trees on the generalized Sierpinski gaskets

SG273<TL> and SG274<H> .

e We conjecture the numbers of spanning trees on the Sierpinski gasket SGg4(n)
with arbitrary dimension d.

e The asymptotic growth constants of the numbers of spanning trees on the Sier-
pinski gasket have simple expressions.



Table 1: Numerical values of zgq . In(c2q), 756, and comparison with 2.

D

2SGy

1D<ng)

TSGy

Zﬁd

In(2d)

1.585

1.048594857

1.216395324

0.862051042

1.166243616

1.386294361

2

1.569396409

1.691081901

0.928042816

1.673389303

1791759469

2.322

CO| OY| W~ &~

1.914853265

2.007768011

0.953722370

1.999707645

2.079441542

2.98)

—_
-

2.172764568

2.246914657

0.966999152

2.242488060

2.302585093

2.807

12

2.378271274

2.439389287

0.974945363

2.436626962

2.484906650

3

14

2.548944395

2.600557771

0.980152960

2.598676304

2.639057330

3.170

16

2.694814686

2.739230654

0.983785240

2.737867664

2.772588722

OO0 ]| O O = | W DO K

3.322

18

2.822140640

2.860943008

0.986437211

2.859910142

2.890371758

—_
o

3.459

20

2.935085659

2.969404321

0.988442577

2.968594434

2.995732274
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