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Cdlular Automata

» Deterministic
» Discrete Time |, Space J, Target Space X
» Cell contents X(1,J)

» Update Rulef, reversible (Toffoli and
Margolus (1990))

X (1 +1,3) = f(X(I,J =2, X(I,3),X(1,J +1)) -X(1 -1,J)

« Applications. Lattice gas, traffic models,
classical computation (Wolfram 2003)
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Cellular Automata Examgle

« Choose update function f
f(X(1,J=-1),X1,d),X(1,J+1) =X(1,J -1 +X(I,J +1)

« Update eguation
X(1+13)=X(1,J -1) +X(I,J +1) =X (1 -1 J)
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Quantum Cellular Automata

« Genera QCA open problem. (Feynman (1982), Grossing
and Zeilinger (1988), t' Hooft (1992), Meyer (1996))

« Non-deterministic: Applications quantum fluid, guantum
computing

« Discretetime | and Quantum Mechanics (T.D.Lee (1983),
Khorrami (1994),Jaroszkiewicz and Norton (1996))

« Discrete space J (spatial lattice).

» Target Space X, cell contents X(1,J) (lattice field)
o Action S=S{X(l,J)}

» Transition amplitude from Path Integral

N-1,M k-1

sz(X(N,mN;X(O,[XD: I_l Z> astx)
1,9=10 X (=0
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Bosonic Quantum Cellular Automata

o Action

N,M 1

S= Z E((X(I +1.3) - X(1,3))% (X (1,3 +1) -X(1,3))?)

» Equation of motion Is update equation
X(1+1,J)=X(1,J D) +X(1,J ) =X(I 4,J)

« Solve by Fourier transformation

1 M -1 _
X(1,))=—=YF X, (I)e?"™'V
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Bosonic Quantum Cellular Automata

» Update equation and action become;
Xo (I +2) =2X,(1) -W; X, (1) =X, (1 -1
S=3 (GO0 +D =X, (1) WX, (1)

« With W, =2sin(7m/M) =2sin(a, ),/ 2)

K(X(N,BIN; X (0,000) = [ [aX(1 L )eStxd

1,J=10

o Product of discrete time Harmonic
Oscillators of the form:

% 0)= [ Sn@@)  Oisn@w) (oo, B
K(Xy:N; X,,0) = Xy +X N) -2X,X
(X N; X5,0) szgn(aoam DL o gy |k T XS eos(aaN) ~2X, X, o
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Discrete Target Space

« Cdlscantakek values
XO0zZ= {01...k 83 X=X+Kk

o Action becomes

_Ezhg 'S cos((X (1, +1) - X(1,3))/K) ~cos2AAX (1 +1,3) X (1,3))/K)

1,J=0

o Path integral
Ky, (XN, BN X (0,0) = ﬂ Z“ g
0 X(
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Discrete Target Space
 Special interestin X [1Z~= {0,1} Dead or alive
o Action

Azﬁ%ﬁz I\ll_i: cos(7tX (I,Jd +1)) cos( 72X (1,Jd)) —cos( 7X (I +1,J))cos( 7K (l,J))

« Define SpinVariables s (1,3) =cos(rX (I, J))

A= E}TE Ni“: S (1,J +)S,(1,3) -S,(I +13)S,(1,J)

» Path Integral related to Ising Model

KESMNINS,ED=T] 5 ch
1,0=0 S,(I,J)=+1
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Fer mionic Quantum Cellular Automata

« Fermionic cell contents  4(1,J)

« Applications to condensed matter, string
theory, quark lattice gauge theory

« Update eguation
o1 +1,3) = f(6(1,J -1),6(1,3),6(1,J +1)) +&1 -1,J)
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Example: Fermionic Cellular Automata
« Simplest update function
f(6(1,3-2),6(1,3),6(1,3 +1) =6(1,J -1) -&1,J +1)
« Update equation with solution 6(1,J) =6,(1 -J)

61 +1,3)=6(1,J -1) -6(1,J +1) +6(1 -1 J)

« Another ssimple update function
f@(,J-12,0(01,J3),06(1,3 +1)) =-6(1,J -1) +6(1,J +)
« Update eguation with solution 4(,3)=46( +J)
o(1 +1,J3) =-6(1,J -1) +6(1,J +1) +6(1 -1,J)
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Fer mionic Quantum Cellular Automaton

o Action:

N-1LM -1

s= 3 —i%HD(I,J)(H(I +1.3) -6(1 -1, 3)) —i%@(u)(e(u 1) -4l 1))
—i%éD(I,J)(é(I +1.3)=8(1 -1 3)) +i%éﬂ(|,3)(é(|,a 1) 1,3 1))

« Equation of motion yields update equation
« However fermion doubling problem with
INnverse propagator:
D (Po, 1) =sin(p,) +sin(p,)
« Zeroslocated  (0,0),(0,m),(70),( 77 7
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Fer mionic Quantum Cellular Automata

» Wilson method to remove fermion doubling

N-1LM -1

5= 3 —i%(HD(I,J)(H(I +1.3) ~6(1 —LJ) —r 81 +1,J) « &1 -4,3) 2r &1,J))
—i%(@D(I,J)(H(I,J +1) -6(1,J -1 -r(1,J +1) -r&1,J 1) +2r&l,J))
—i%(éD(I,J)(é(I +1,J) -6(1 -1,J) +r6(l +1,3) +r &1 -1J) -2r 41,J))

+i%(éD(I,J)(9(I,J +)-6(1,J 1) -ré(1,J 1) —rg1,Jd 1) +2r41,3))

. Inverse propagator hasasinglezeroat p, =0
D () =Sin(py) + 1 (L=cos(p,)) =sin(py) +2r sin®(p,/2)
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Fer mionic Quantum Cellular Automata

» Quantize by Grassmann path integral

-1,M

K (B(N, D} (N, OIN; 6(0, 4 8(0, ) = Nﬂ [da, 9da1,2es e

« Can Solve by Fourier transform and factor
over frequencies

1 M -1 _
0(1,))=—=Y g,(1)e*™™""
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Supersymmetric Quantum Cellular Automata

« Supersymmetry- interchange bosons and
fermions.

« Used in String Models, Particle Physics,
solvable Condensed Matter M odels.

» Fermion doubling and supersymmetry
Implies boson doubling.

o Usefirst order formalism for bosons.

S= NZM %(P(I,J)Z—P(I,J)(X(I +1,J) =X (I =1,J)) =L(1,3)* +L(1,I)(X(1,I #) =X(1,J -1)))

,J=0
N-1,M -1

+ 3 —i%HD(I,J)(G(I +1,3) -6(1 -1,J)) —i%@(I,J)(H(I,J 1) -dl,J -1)

,J=0
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Supersymmetric QCA
« Supersymmetry transformations

OX =i(&60- £0)

50:—2‘(%(X(I +1,J) =X(1 -1 J) =X(I,J ) +X(1,J 1))
00 = e(%(X(I +1,J) =X (1 =1, 3) +X(1,J +) =X(1,J 1))
« T0remove doublers replace:

X(1+13)-X(1 -13) 0 X(F LI¥ X(F 1I¥ r(X(*# LI¥ X(- LI 2X(1,d))
X(1,J+D)-X(1,I-D 0 X(1,+ B XU,F B r(X(,F B X(I,F I 2X(1,d))
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Supersymmetric QCA
» Quantize by path integral

K(X(N,DI8(N,DL (N, IN; X (0,01 60,1 8(0,0) =

NﬁMJ'dX(l 3)da(1, 3)dé(1, 3)dStX.6.6)

1,J=1,0

« Related to string bit models of Thorn and
Bergman (1996)
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Relation to String M odels

« Continuum limit
S= IdZJ(aaxa“x -igp” d_6)
2+1 dimensional 11B superstring in lightcone gauge

« For Heterotic models 2D chira fermions
« Use doman wall fermions to discretize
X(1,3,K) -<J|X(I)|K > (X(1))
« M-atrix theory of Banks, Fischler,Shenker
and Susskind (1997)
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Spin Cellular Automata

. Spinvalued cell contents S [I,J] a=Xx,Y,z

« SpIN update equation

S,(I+1J) =£,,.S,(1,3)B, +£,.S,(1,3)S.(1,J -1) ++£,,.5,(t, J)S.(t,J ) +S,(1 1 J)

o Continuum time limit B
Bloch equation % -0 t=3a
0,S,(t,J) =€, S(t,)B, +£,.S(t,I)S,(t,J -1) +£,.S(t,I)S,(t,J +1)
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Spin Quantum Cellular Automata
« Quantize in Heisenberg picture
d.S (t,J)=i[H,S,(t,J)]
« Hamiltonian
H :i S (t,3)S,(t,J +1) +S,(t, J)S,(t,J -1) +S,(t, J)B,
o ilzlransitionfunction

K(S,(T,0tS,(0,0) =<S(T,e"™ |S,(0,)>

V4 V4
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Quantum Dot Cdlular Automata

« 4 -site 2-electron quantum dot (Tougaw, Lent,
Porod (1993)

® ® Nanoscale lithography in

o o semiconductors

« Quantum Dot Cellular Automata inverter
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Quantum Dot Cdlular Automata

» Effectively atwo state system with Hamiltonian
(Adachi and Isawa (1998), Cole and Lusth
(2001))

Het = inSKX j’iyséséﬂ

o Ising model with transverse magnetic field.
Effective exchange ) Isnegative,
antiferromagnetic

« Described by Spin cellular automata
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Relation to Quantum Computing

« Standard Spin model of quantum computation. Spin
control Hamiltonian for 1 and 2 qubit operations.

» Sufficient to build up any unitary operation (Barenco et
al, DI Vincenzo (1995))

M

=) @OS+BOSH+ Y YOS

« Standard Fermionic model of qguantum computation.
(Ortiz, Gubernatis, Knill, L aflamme (2000)

Hy, = i(aK ()6, + B (1)8]) + KZ Ve (616, +6/6.)

« Reélated by Jordan-Wigner transformation and
described by spin and fer mionic cellular automata.

Brookhaven Science Associates A BHI]I] I!QIIEH
U.S. Department of Energy NATIONAL LABORATORY



Conclusions

« QCA can form afoundation for Quantum
Computing but are poorly understood compared
to Classical CA.

« Generalized to several types of Quantum
Cellular Automata: Bosonic, Fermionic,
Supersymmetric, Spin.

« Applications to Fundamental physics. String Bit
Models.

« Application to Quantum Dot Cellular Automata
and QC Control Hamiltonians.
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