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*Berry phase of a spin-1/2 particle in a magnetic field.

+ Any quantum computation can be executed with geometric
phases only.

+\We analyze the effect of smple errors and show that there
IS some natural inbuilt resistance.

+How far can this be generalized?




Adiabatic theorem

If H changes slowly through some parameter,
the adiabatic theorem assures that the system remainsin the
elgenstate of the Hamiltonian.

H(R() Y (R()) = E|Y (R(Y)))

And if we change the Hamiltonian sothat inatimet it

=raturns to itsinitial form...
T
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Berry phase

M. Berry, Proc. Roy. Soc. A 392, 45 (1984)

Then the state returns to itsinitial form but since elgenstatesare
defined up to a phase factor, the state could acquire a phase due to
the adiabatic and cyclic evolution that took place.

Y (1) =€ 60| Y (0))

bn(T) =" Eﬁn (t)dt

0
Usual dynamical phase

g,(T) =igyY (t)\%\ Y (t))dt

Geometrical phase: It depends
only on the path taken in the
configuration space of
parameter R.




Spin 1/2 particle:

Canonical example of Berry phase

A typical example isthe phase acquired by a spin-1/2 particle
Interacting with a slowly varying magnetic field:

B(t) = |B| (t)

]
!

H (1) = - mB(t) %

The eigenstatesacquire a geometric

phase proportional to the area genclosed
In the path traversed by thefield B.

a0 = ) =7 1B a0




Classical Berry Phase

1. Cats and Astronauts;
2. The Earth is a sphere - Foucault’s pendulum;




Spin-1/2 interacting with an em field
Semi-classical description

A 2-level system with Bohr frequency w, interacting with a classical oscillating
field with frequency n and amplitude a, in the rotating frame is described:

H :gszﬂ (s+ae'ij +s_ae‘”) D=w-n

~ ®
We can rewritethe Hamiltonianas H =R s

Where: R =(l cosj ,|I sinj ,D/2)

By rotating (adiabatically) the vector R as shown

in the picture (the phasej isrotated from O to 2p),
the elgenstates acquire the geometric phase:

c. =9/2€2p(1- c0sq)

where  €OS( = D/\/D2 +4(al )? i




Spin-1/2 interacting with an em field
Fully quantised description

In this case the interaction is described by the Jaynes Cumming Hamiltonian:

o

W
H :naTa+Es ,+l(s,a+s_a')
The change in the Hamiltonian is implemented through:
H( )=U(G )HU'( ) UG )=e"*

In analogy with the semi-classical case, we apply an adiabatic transformation,
by varyingj from Oto 2p. The eigenstates of the system acquire the geometric phases:

|U;?|:> — —|—7T(1 — COS Qﬂ) + 27N,

|"t..f'l*g> — —7r(1 — COS Qﬂr) + Qﬁ(n 4 1)_ cosq,, = D/\/Dz +412(n+1)

Carollo, Fuentes-Guridi, Bose and Vedral, PRL (2002).
Carollo, Santos, Vedral, PRA (2003).



Controlled Not = Phase shift

= m 1@ - 11)
~D- H——H
f operates symmetrically
ad 00 09 onthe two qubits: it does
¢ _6010 0™ notdistinguish between
“C001 0~ control and target bits
5000 €'
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Jones, Vedra, Ekert and Castagnoli, Nature (2000).
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Fault-tolerance

T T
_ﬂ/m

Random motion Systematic displacement

Geometric phase is invariant under the above.
G. De Chiaraand G. M. Palma, quant-ph (2003).

(but see also Blais and Tremblay, PRA (2003))
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Master Equation

+ Master Equation

r :i—l[H,r]- %f;{ G'«G.rr +rG'G, - ZGkrGTk}

k=1

¢ For small timeintervals, r(t+Dt)» 3 wW,r (t) w,’

k=0

where WO:i— iH Dt Wk=Gk\/ﬁ

|:|=H-I—é GTka

k=1

Carollo, Fuentes-Guridi, Santos and Vedral, PRL (2003).
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Quantum Jumps

* Foragivenjump “k”,  r(t.,)»W.r (t W,
with probability —  _ ¢, {wr (6w,

¢ Different trgjectories = different set of W’s
‘Y im> = 91 Wig) |Y 0>

= different set of pure states

)
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Geometric phase

¢ Pantcharatham formula

9y == ag{ (Yo Y )(Ya[Y o) (Y s [Y )Y 0 Y o)}

¢ Continuous limit
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. J (YO (O)H Y (1))

T )

- arg(Y °(T)|Y °(0))
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No Jump

¢ |n particular,

If én_ GG, pn1l then W,=(1-a) 1+iHDt
and the geometric phase for the no-jump
trajectory coincides with the one for the

decoherence free evolution.
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1 jump

¢ For 1 jump at time t,

1 \t1<Y'(t)‘§t‘Y't>

il O - ol (¥ (o |v (1) +

Y (0) =Y o) Y (L)) =W |Y (1))
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Example: Spin 1/2

* Spin 1/2 coupled to a magnetic field.

H="g,
2

* Dephasing, no-jump - same phase!

G=15, G'Gu1

Z

A

g:p(l- (Y,|s, YO>):p(1- cosq )
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Dephasing: 1 jump - same phase!!

gt == § 5 (Y (0))S.[Y (0)t- arg{ (¥ (0)}5".|Y (0))
QY (0). Y (@)t araf (¥ (0)]e 7
=p (1- (Y (0)[s.|Y (0))) =p (1- cosq)

¢ Dephasing, k jumps - same phase!!!
=YY (0))<, | (0))at- arg{ (¥ (o))< | (0))'}

arg{ (Y (0)|e®=s | Y (O)>}

=p (1- (¥ (0)[s".[Y (0))) =p (1- cosq)

s eIA2 1Y (0 >Z
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Spontaneous emission

G=as

W .
—S

9% =p +—Ing(Y (0)]e "2
p+— g (0)]

Y (O)>+

17}

g%. »p(1- cosq)+(2p)%sin2q +O(%)2, for w>>a
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|mplementations

1. NMR - confirmed experimentally - Jones et al, Nature (2000)

2. Josephson Junctions - Fazio et al, Nature (2000).

Bulk electrode  Island electrode ‘ O> O Cooper pa”"S
T~
i o 1 1 Cooper pair
\\ Josetphson
junction

( v ) Y.Nakamura, Y.A.Pashkin, J.S.Tsai, Nature 398, 786 (1999)

(for error analysis see, Whitney and Gefen, PRL (2003))
24



Geometry in Josephson

— D

Im

H =E,(n- n,)*- E,;(F)cos(g- a)

aeFO

EJ(F):\/(E EJz) +4E, E, COS2
e Foﬂ
E,-E
tan(a):( J; Jz)tanéabig
(E31+EJ) e Fog

2

Regime:

EJl’ EJZ <<E,

F,=h/2e
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Josephson = Spin 1/2

Only n=0 and n=1 are important:

Effective Hamiltonian: H = - i BS
2

where _
B=(E,(F)cosa),- E,;(F)sin(a), E, (1- 2n,))
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Aharonov-Bohm Effect

solenoid |
|
|
Electronsin :
Phase ; |
T |
~ Path difference |
|
|
L] |
mlits RCTEED

f =p(d,- d,)/1 +[)Ads



Degeneracy

3y ,)0 2 ! 688y )0
3,959 expcPOAL )dt - -
§y1>'ﬂ g 0 %yﬁfz
a?yo%yc) @o%yﬁ
where g d K
gy EYO> < 1&3’1);&

Wilczek and Zee, PRL 1984.
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Summary and Future

* Geometry offers some protection.

+ Topology — how far?

¢ |mplementations?

¢ Combining other mechanisms of protection.

V. Vedrd, Int. J. Q. Info. (2003).
J. Pachosand V. Vedral, quant-ph (2003)
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