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String theory at workString theory at workString theory at work
Black hole thermodynamics: macroscopic entropyBlack hole thermodynamics: macroscopic entropy

BH
N

Area
4

S
G

=

BH ln(Degeneracy)S =

[Bekenstein-Hawking’71-74]

[Strominger-Vafa’96]

Good news: String theory is successful!String theory is successful!
However: Only leading terms in Q>>1 limit, Only leading terms in Q>>1 limit, 

only BPS...only BPS...

So, can we do better?

DD--branebrane microstates:microstates:



OSV conjectureOSV conjecture

[Cardoso-de Wit-Mohaupt’98]

[Ooguri-Strominger-Vafa’04]
2

top( , ) | ( , ) |
I

Iqp q d e Z pφφ φ=Ω ∫
Topological string partition function:Topological string partition function:

Index of BPS states/ BH degeneracy:Index of BPS states/ BH degeneracy:

CY CY modulimoduli and         are fixed in terms of BH charges and         are fixed in terms of BH charges 

Type IIB/CY Type IIB/CY -->> SUGRASUGRA with   with   --term      correctionsterm      corrections

macroscopic entropy can be computed via Wald's formulamacroscopic entropy can be computed via Wald's formula……

……and then can be reinterpreted using topological stringand then can be reinterpreted using topological string

2R2=N F

top ( , )
top ( , ) F pZ p e φφ =

( , )p qΩ

topg



OSV conjectureOSV conjecture

Tests:Tests:
Local CY: 2d Local CY: 2d qYMqYM

Small black holesSmall black holes

black holesblack holes

Derivation:Derivation:

Ambiguities: background dependence, integration Ambiguities: background dependence, integration 
contour and measurecontour and measure……

[Dabholkar-Denef-Moore-Pioline’05]

2
top( , ) | ( , ) |

I
Iqp q d e Z pφφ φ=Ω ∫

[Gaiotto-Strominger-Yin'06] 
[Boer-Cheng-Dijkgraaf-Manschot-Verlinde'06] 

[Beasley-Gaiotto-Guica-Huang-Strominger-Yin'06]
[Denef-Moore’07]

[Vafa’04, Aganagic-Saulina-Ooguri-Vafa’04,…]

4,8=N [Shih-Yin’05]

[Verlinde’04]

asymptotic expansion,
all orders in 1/Q 



OSV formula: OSV formula: 
problem with problem with ““nonnon--susysusy" charges" charges

2
top

?
( , ) | ( , ) |

I
Iqp q d e Z pφφ φΩ = ∫

Something is missing even Something is missing even semiclassicallysemiclassically::

RHS is defined for any charge vectorRHS is defined for any charge vector

However, not any             will support a BPS stateHowever, not any             will support a BPS state

BPS degeneracy 
is not well-behaved on                !

susy ( , )I
Ip qΩ

3 ( , )H M R

( , )I
Ip q

( , )I
Ip q



DiscriminantDiscriminant hypersurfacehypersurface

Typically, in the space of charges Typically, in the space of charges 

there is a special there is a special codimensioncodimension one one hypersurfacehypersurface

The BPS degeneracy behavior is The BPS degeneracy behavior is 

Example:Example: Het/K3Het/K3ххTT22 or or Het/Het/TT66

needneed2 2 2
susy ( , ) exp ( )p q P Q P QπΩ −≈

3 ( , )H M R

( , ) 0p q =D

susy ( , ) exp ( , )p q p qπΩ −D≈

2 2 2( )P Q P Q>



DiscriminantDiscriminant hypersurfacehypersurface

When                 goes bad, When                 goes bad, 
nonnon--BPS BPS extremalextremal black holes appear!black holes appear!

The nonThe non--BPS degeneracy behavior is BPS degeneracy behavior is 

Example: Het/K3Het/K3ххTT22

2 2 2
n-susy ( , ) exp ( )p q P Q P QπΩ − +≈

n-susy ( , ) exp ( , )p q p qπΩ +D≈

susy ( , )p qΩ



DiscriminantDiscriminant hypersurfacehypersurface

SusySusy

NonNon--SusySusy

susy n-susy( , ) ( , ) ( , ) exp | ( , ) |p q p q p q p qπΩ = Ω +Ω D≈

( , ) 0
( , ) 0
p q
p q

≤⎧
⎨ >⎩

D
 D

ExtremalExtremal black holes degeneracyblack holes degeneracy

This works This works semiclassicallysemiclassically. What about OSV?. What about OSV?

( , ) ..?I
Iq

CY
p q d eφφΩ = ∫
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Black Holes from IIB/CYBlack Holes from IIB/CY

Ü

Consider Type IIB on Consider Type IIB on 

This gives              4d SUGRAThis gives              4d SUGRA
gravitational gravitational multipletmultiplet::

vector vector multipletsmultiplets: : 

hyper hyper multipletsmultiplets

3,1M ×

2=N

2,1( )                            ( , , )  I I
Vn h M X Aμ= K

1,1( )+1 Hn h M=

0( , , )ae Aμ μ K

Two types of geometries are involved:
moduli space (special) geometry
space-time geometry

Two types of geometries are involved:
moduli space (special) geometry
space-time geometry

graviphoton



dual periods                         dual periods                         

CalabiCalabi--YauYau geometrygeometry

Ü

Basic objects:Basic objects:
HolomorphicHolomorphic 33--formform

HolomorphicHolomorphic prepotentialprepotential homogeneous, homogeneous, 
degree 2degree 2

(3,0) ( )H MΩ∈
( )F F X=

Choose Choose symplecticsymplectic basis               of 3basis               of 3--cycles oncycles on M( , )I
IA B

,    0,...,
I

I
VA

X I n= Ω =∫ ( )( )
I

I IB

F XF X
X

∂
= Ω =

∂∫

inhomogeneous coordinates:inhomogeneous coordinates: 0 , 1,...,
i

i
V

Xt i n
X

= =

homogeneous coordinates onhomogeneous coordinates on
CalabiCalabi--YauYau modulimoduli space                         space                         M



Example: Example: ReissnerReissner--Nordstrom solutionNordstrom solution
Ü2 2 2

2 2 2
22( )( )

( )( )
dt r drds r r r r r d
r r r r r+ −

+ −

= − − − + + Ω
− −

Black hole geometryBlack hole geometry

ExtremalExtremal BH:            (zero temperature)BH:            (zero temperature)r r+ −=

Near horizon geometry: Near horizon geometry: 2
2AdS S×

2
2 2 2 2 2 2 2 2

2

2 2
2

( ) ( sin )

, sin ,
4 4 4rt N

drds r r dt r d d
r

q p p qF F r Gθϕ

θ θ φ

θ
π π π

+ +

+

= − − + + +

+
= = =



Ü

3 ( , )I I
I Iq A p B H Mγ = − ∈

Black holes from Black holes from branesbranes

Wrap 3Wrap 3--Brane on Brane on 

This leads to a black hole in 4dThis leads to a black hole in 4d

SusySusy attractor equations:attractor equations:

Re
Re

I I

I I

p CX
q CF
⎧ =
⎨

=⎩

CY moduli are fixed near horizon 
in terms of BH charges 

[Ferrara-Kallosh-Strominger’95]
[Strominger’96]

[Ferrara-Kallosh’96]



Until further noticeUntil further notice

For a while we will discuss only leading For a while we will discuss only leading 
contribution to BH entropy, e.g.  contribution to BH entropy, e.g.  

No higherNo higher--derivative terms in derivative terms in 

Classical CY geometry: treeClassical CY geometry: tree--level level prepotentialprepotential

L

(0)F F=

susy
BH 4 M

iS π
= − Ω∧Ω∫
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Black hole potentialBlack hole potential
Attractor behavior is a consequence of Attractor behavior is a consequence of extremality
expected both for BPS and nonexpected both for BPS and non--BPS black holesBPS black holes

[Ferrara-Gibbons-Kallosh’97]

Look for the minima of         : BHV BH 0i
V
t

∂
=

∂

This fixes CY moduli

and BH entropy

*( , )i it t p q=

BH BH * *( , , , )S V p q t tπ=

Here is how it works: 

Introduce CY moduliBH BH ( , , , )V V p q t t=



Black hole potentialBlack hole potential

BH
1 1( ) ( )
2 Im

_
J L

I IJ J JL
IJ

V q p q p= − − −N N
N

is coupling matrix of abelian gauge fields  
2Im( ) Im( )2 ,

Im( )

L M
IL MJ

IJ IJ IJI J I J
IJ

X F X F FF i F
X F X X X

∂
= + =

∂ ∂
N

IJN IAμ

some identities:   

is negative definite as opposed to   Im IJN Im IJF
signature (1, )Vn

, , ( , )J
I IJ IJ JI IJ IJF X t t= = =N N N N N



Modified black hole potentialModified black hole potential

Ü

We introduced Lagrange multiplierWe introduced Lagrange multiplier I I IP p iφ= +

and homogeneous variables      instead of and homogeneous variables      instead of 

isis equivalent to        if we integrate out    to        if we integrate out    
and the scale   : and the scale   : 

Re( ), Im( )I I I Ip P Pφ= =

BH Im ( )( )
4

I I I J J
I IJ

iV q P P X P X F= + − − +%

( ) . .
2 2

I I
I

i iP X F F c c+ − + +

IX

IφBHV% BHV
I IX Xλ λ→

it



What is it good for?What is it good for?

Ü

BH Im ( )( )
4

I I I J J
I IJ

iV q P P X P X F= + − − +%

( ) . .
2 2

I I
I

i iP X F F c c+ − + +

Alternative form of the attractor equations!Alternative form of the attractor equations!



““NewNew”” attractor equationsattractor equations

Ü

Re( )
Re( )

I I

J
I IJ

p P
q P

⎧ =⎪
⎨

=⎪⎩ N

Then find                        fromThen find                        from

First find                    from First find                    from 

( )( ) 4 Im( )( )J J K K J J
IJK IJC P X P X i F P X− − = −

( , )I IX X p q=

The idea:The idea:The idea:The idea:

( )I IP P X=



SusySusy black hole exampleblack hole example

Ü

Re( )
Re( )

I I

I I

p P
q F
⎧ =
⎨

=⎩

Since                   we get a wellSince                   we get a well--known equationsknown equations

Note that                      is a solution of Note that                      is a solution of 

( )( ) 4 Im( )( )J J K K J J
IJK IJC P X P X i F P X− − = −

( )I IP X X=

J
IJ IX F=N

in the in the ““gaugegauge”” 1C =

[Ferrara-Kallosh-Strominger’95]
[Strominger’96]

[Ferrara-Kallosh’96]



What else is it good for?What else is it good for?

So far we just rewrote attractor equations and So far we just rewrote attractor equations and 
saw that BPS solutions appear naturallysaw that BPS solutions appear naturally

There is one more 
interesting thing 

that we can do now…

There is one more 
interesting thing 

that we can do now…
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ReminderReminder

Ü

Direct problem: for a given BH charge vector      for a given BH charge vector      
, find CY , find CY modulimoduli ,  that   solve the ,  that   solve the 

attractor equationsattractor equations
( , )I

Ip q IX

BH 0V∂ =%

Hard because the equations are highly because the equations are highly 
nonlinear: the nonlinear: the prepotentialprepotential F(X) is known only is known only 
indirectly, via Picardindirectly, via Picard--Fuchs system solutionFuchs system solution



What is inverse problem?What is inverse problem?

ÜInverse problem: for a given pt      on a CY for a given pt      on a CY 
modulimoduli space, find all charge vectors           , space, find all charge vectors           , 
such that attractor equations are satisfiedsuch that attractor equations are satisfied

IX
( , )I

Ip q

Why?

Much easier!



Solving inverse problemSolving inverse problem

Ü

BH potential and attractor equations are BH potential and attractor equations are 
quadratic in charges!!

BH Im ( )( )
4

I I I J J
I IJ

iV q P P X P X F= + − − +%

( ) . .
2 2

I I
I

i iP X F F c c+ − + +

Re( )
Re( )

I I

J
I IJ

p P
q P

⎧ =⎪
⎨

=⎪⎩ N

( )( ) 4 Im( )( )J J K K J J
IJK IJC P X P X i F P X− − = −



How many solutions?How many solutions?

Ü

nV+1 quadratic equations for nV+1 unknownsknowns

At mostAt most 2 solutionssolutions

( )( ) 4 Im( )( )J J K K J J
IJK IJC P X P X i F P X− − = −

nV+1

1
≤ 2     -1nV+1

SUSY
Non-SUSY



OneOne--modulus CY is solvablemodulus CY is solvable

Consider Consider nV=1 (e.g. (e.g. quinticquintic))

We want to find             from the attractor We want to find             from the attractor 
equationsequations

1
0 2

0( ) ( ), XF X f t t
X

= =

( )IP X

0 0

1 1

( )( ) 4 Im( )( )

( )( ) 4 Im( )( )

J J K K J J
JK J

J J K K J J
JK J

C P X P X i F P X

C P X P X i F P X

⎧ − − = −⎪
⎨

− − = −⎪⎩



OneOne--modulus CY is solvablemodulus CY is solvable

The homogeneity of the The homogeneity of the prepotentialprepotential
0 1

0 2 tF X f X f f f′ ′= − ≡ ∂

0 0

1 1

( )( ) 4 Im( )( )

( )( ) 4 Im( )( )

J J K K J J
JK J

J J K K J J
JK J

C P X P X i F P X

C P X P X i F P X

⎧ − − = −⎪
⎨

− − = −⎪⎩

implies implies 0 0IJ IJC tC= −

This gives a linear relation between the This gives a linear relation between the 
equations equations solution is straightforwardsolution is straightforward



OneOne--modulus CY is solvablemodulus CY is solvable

We find:We find:

wherewhere

0 0 4 0 0( ) ( )P X P X− = Θ −

0 4

12

( ) det Im
4 Im

( Im )
IJ K

KL M
LM

X F
i X F

f X X F
Θ = −

′′′



Inverse map for oneInverse map for one--modulus CYmodulus CY

1 SUSY branchSUSY branch

3 nonnon--SUSY branchesSUSY branches

0 0

1 1

P X
P X

⎧ =
⎨

=⎩

0 0 2 1/ 3 2 / 3

1 1 2 1/ 3 2 / 30

1

( ) , 1,2,3
Im ( )
Im

ik

I
ikI

J
J

P X e k
X FP X e
X F

π

π

⎧ = + ΘΘ =
⎪
⎨

= − ΘΘ⎪
⎩



Inverse mapInverse map

CY moduli BH charges

( , ) 0p q =D

NonNon--susysusy

SusySusy



RecapRecap

where      is obtained by substituting attractor problem where      is obtained by substituting attractor problem 
solution                      into solution                      into 

For example, in For example, in susysusy case case 

Rewrite BH potential asRewrite BH potential as

BH Im Im GI
IV q Pπ π= −%

1 ( )( ) ( )
2

I I J J I I
IJ IP X P X F P X F F= − − + − +G

Then Then semiclassicalsemiclassical entropy in OSV ensemble isentropy in OSV ensemble is

*
solutions

2( , ) exp
2

| |G
I

Iq ip q d eφ πφ=Ω ∑∫

* F=G
G* ( )I IX X P=

*G
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Higher derivative correctionsHigher derivative corrections

The macroscopic black hole entropy in the The macroscopic black hole entropy in the 
presence of higher derivative terms is presence of higher derivative terms is 
computed by the Wald's formula.computed by the Wald's formula.

For spherically symmetric For spherically symmetric extremalextremal black holes black holes 
with                  near horizon geometry it with                  near horizon geometry it 
simplifies drastically.simplifies drastically. [Sen’05]

2
2AdS S×

BH H
2S μν λρ

μνλρ

δπ ε ε
δ

= − ∫
L

R



The entropy functionThe entropy function

Consider the most general Consider the most general SO(2,1)×SO(3)
ansatzansatz for a field configuration consistent with for a field configuration consistent with 
the                  near horizon geometry of a black the                  near horizon geometry of a black 
hole.hole.

The entropy function is defined asThe entropy function is defined as

2
2AdS S×

H
2 ( det )I

Ie q d d gπ θ φ= − − −∫E L
[Sen’05]



The entropy is computed in two steps:The entropy is computed in two steps:
ExtremizeExtremize with respect to free parameterswith respect to free parameters

The entropy is equal to the value of       at the The entropy is equal to the value of       at the extremumextremum

Macroscopic computationMacroscopic computation

This should be compared to the black hole potential This should be compared to the black hole potential 
story:story:

0∂ =E
E

BH 0|S ∂ == EE

BH
BH BH * *0, ( , , , )i

V S V p q t t
t

π∂
= =

∂

E



Computing the entropy functionComputing the entropy function

SO(2,1)×SO(3) ansatzansatz with               near with               near 
horizon geometry:horizon geometry: [Sen’05]

[Sahoo-Sen'06]
2

2 2 2 2 2 2 2 2
1 22

1

( ) ( sin )

, , sin ,I I I I I I
rt rt

drds v r dt v d d
r

x X F e F p T v wθϕ

θ θ φ

θ −

= − + + +

= = = =

2
2AdS S×

Generalized Generalized prepotentialprepotential

0

ˆ ˆ( , ) ( )I I g
g

g

F F X A F X A
∞

=

= =∑ g-loop topological 
string amplitude



Computing the entropy functionComputing the entropy function

1 1
1 2 1 2

1 1 1 1
1 2 1 2

2
1 1

1 2

4 2 1 1 1 1 2
ˆ1 2 1 2

1 1
2 2

1
2

[ ( )

( )( )
4

( )
4 4

8 ( ) 64( ) . .]( )

I I
I I

I I I J J J
IJ

I I I
I

A

q e v v i v v x F

i e v ip v x w e v ip v x w F

i wiw e v ip v x w F F

i w w v v v v F c c

π
− −

− − − −

− −

− − − −

= − − − +

+ + − + − +

+ + − + +

+ − + + − −

1 E

ˆ( , )IF F X A=



Analyzing the entropy functionAnalyzing the entropy function

1 1
1 2 1 2

1 1 1 1
1 2 1 2

2
1 1

1 2

4 2 1 1 1 1 2
ˆ1 2 1 2

1 1
2 2

1
2

( )

( )( )
4

( )
4 4

8 ( ) 64( ) . .

[

( ) ]

I I
I I

I I I J J J
IJ

I I I
I

A

q e v v i v v x F

i e v ip v x w e v ip v x w F

i wiw e v ip v x w F F

i w w v v v v F c c

π
− −

− − − −

− −

− − − −

= − − − +

+ + − + − +

+ + − + +

+ − + + − −

1 E

Compare toCompare to
( 0 )

B H Im ( )( )
4

I I I J J
I IJ

iV q P P X P X F= + − − +%

( 0 ) ( 0 )( ) . .
2 2

I I
I

i iP X F F c c+ − + +



Analyzing the entropy functionAnalyzing the entropy function

1 1
1 2 1 2

1 1 1 1
1 2 1 2

2
1 1

1 2

4 2 1 1 1 1 2
ˆ1 2 1 2

1 1
2 2

1
2

( )

( )( )
4

( )
4 4

8 ( ) 64( ) . .

[

( ) ]

I I
I I

I I I J J J
IJ

I I I
I

A

q e v v i v v x F

i e v ip v x w e v ip v x w F

i wiw e v ip v x w F F

i w w v v v v F c c

π
− −

− − − −

− −

− − − −

= − − − +

+ + − + − +

+ + − + +

+ − + + − −

1 E

2 extra parameters extra parameters v1 ,, v2 ((w can be gauged away)    can be gauged away)    

Appear onlyAppear only at one loop

Geometry isGeometry is not anti-selfdual: : 0μν
+ ≠T



Lessons from the SUGRA computationLessons from the SUGRA computation

SupergravitySupergravity variables:        variables:        xI, v1, v2

Topological string variables: Topological string variables: XI

How?

We need to incorporate two extra parameters into the 
topological string!



Nekrasov'sNekrasov's extension of the extension of the 
topological stringtopological string

Никита Некрасов

There is a refinement 
of topological string 
with two equivariant

parameters!
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Review of Review of NekrasovNekrasov’’ss extensionextension

Reduction to the ordinary topological stringReduction to the ordinary topological string

HomogeneityHomogeneity

Original  formulation involved not antiOriginal  formulation involved not anti--selfdualselfdual
supergravitysupergravity background background 

1 2 1 2
1 2

( , , ) 0[ ]I I
IX F X

X
ε ε ε ε

ε ε
∂ ∂ ∂

+ + =
∂ ∂ ∂

2 2 ( )
1 1 top top 1( , , ) ( ),I g g I

g
F X g F X gε ε ε−− = =∑

1 2 3 4
1 2dx dx dx dxε ε= ∧ + ∧T



Review of Review of NekrasovNekrasov’’ss extensionextension

Expansion Expansion 
2

(0) 1 2 1 2
1 2 1 1

1 2 1 2 1 2
(1)

1 2

1 ( )( , , )

( , )

IF X F H G

F

ε ε ε εε ε
ε ε ε ε ε ε

ε ε

+ +
= − + + +

+ + O
[Nekrasov-Nakajima-Yoshioka’03]

(0) (1)
1 1 2

1

1( , , ) ...IF X F Fε ε
ε

− = + +



Refinement of the BH potentialRefinement of the BH potential

Start withStart with BH Im ( )( )
4

I I I J J
I IJ

iV q P P X P X F= + − − +%

( ) . .
2 2

I I
I

i iP X F F c c+ − + +

When When 

Deform Deform 1 2( ) ( , , )F X F X ε ε→

1 2 top top, ( ) ( , )g F X F X gε ε= − = →

2 1
I I I I I IP p i P p iεφ ε ε φ= + → = − +Deform Deform 

When                     , this changes complex structure      When                     , this changes complex structure      
on                   on                   

1 2ε ε≠ −
3( , )H M



Refinement of the BH potentialRefinement of the BH potential

Require that after the deformationRequire that after the deformation

BH BHV V ε→% %

we can still reproduce the we can still reproduce the supersymmetricsupersymmetric
attractor solutions and the entropy valueattractor solutions and the entropy value

This fixes the form of        up 
to the terms of order



Deformed BH potentialDeformed BH potential

BH 1 2

1 2 1 2
1 2

1
2

1
2

1
2

[ ( )
2

( )( )

( )

( )( ) . .]

I I
I I

I I J J
IJ

I I
I

iV q X F

P X P X F

P X F F

F c c

ε

ε ε

ε

φ ε ε

ε ε ε ε
ε ε

= + + +

+ − − +

+ − + −

∂ ∂
− + − −

∂ ∂

%

1 2( , , )F F X ε ε=wherewhere



Deformed BH potentialDeformed BH potential

BH BH BH
1 2

0I V V V
X

ε ε ε

ε ε
∂ ∂ ∂

= = =
∂ ∂ ∂

% % %

and moreover,and moreover,

It is easy to check thatIt is easy to check that

can be solved bycan be solved by

1 2, 1I IP Xε ε ε= = − =

susy
BH top BH0BH

Im|
V

V F Sε
επ
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= − =

%
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Extended OSV formulaExtended OSV formula

*
solutions

2( , ) exp
2

| |G
I

Iq ip q d eφ πφ=Ω ∑∫

Note that we treat CY that we treat CY modulimoduli semiclassically and and 
chemical potentials chemical potentials quantum mechanically

and                          is obtained by solving and                          is obtained by solving XI--part of part of 
the the extremumextremum equations equations 

wherewhere
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Im 0I∂ =G

1 21 2 1 2 1 2

1
2

1 1
2 2

( )( ) ( )

( ) ( )( )

G I I J J I I
IJ I

I
I

P X P X F P X F F

X F F
ε ε ε

ε εε ε ε ε ε ε+

= − − + − + +

+ − + ∂ − ∂



ContentsContents
Motivation: BPS vs Non-BPS

Black hole potential and attractors
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Extending OSV formula
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SummarySummary

We study nonWe study non--BPS, BPS, extremalextremal 4d black holes 4d black holes 
which arise in IIB/CY which arise in IIB/CY compactificationcompactification

Inverse problem of fixing charges in terms of the Inverse problem of fixing charges in terms of the 
attractor value of CY attractor value of CY modulimoduli can be explicitly can be explicitly 
solvedsolved

We propose a generalization of the OSV We propose a generalization of the OSV 
conjecture for higher derivative corrections of the conjecture for higher derivative corrections of the 
nonnon--BPS black hole entropy, in terms of BPS black hole entropy, in terms of 
NekrasovNekrasov’’ss refinement of topological stringrefinement of topological string



Open questions and conclusionOpen questions and conclusion

What exactly a higher genus terms in What exactly a higher genus terms in NekrasovNekrasov’’ss
refinement of topological string are computing?refinement of topological string are computing?

Can we  fix               ambiguity in      ?    Can we  fix               ambiguity in      ?    

Can we do more tests? How about a derivation? Can we do more tests? How about a derivation? 

It is clear that we are just touching 
the top of an iceberg 
more fun lies ahead!




