These notes

This is a very preliminary draft of the notes from Cumrun Vafa’s lectures at the Simons
Workshop in 2004. Many references and clarifications still have to be added, and there are
no doubt some errors and typos which need to be corrected. A more definitive version will

appear later.

1 Calabi-Yau spaces

1.1 Definition of Calabi-Yau space

b

We begin with a review of the notion of “Calabi-Yau space.” A Calabi-Yau space is a

manifold X with a Riemannian metric g, satisfying three conditions:

e I. X is a complex manifold. This means X looks locally like C" for some n, in the

sense that it can be covered by patches admitting local complex coordinates
21y ey Zn (1.1)

In particular, the real dimension of X is 2n, so it is always even. Furthermore the

metric g should be Hermitian with respect to the complex structure, which means

9ij = 9;; = 0, (1.2)
so the only nonzero components are g;;.

e II. X is Kahler. This means that locally on X there is a holomorphic function K
such that

Given a Hermitian metric g one can define its associated Kéhler form, which is of type

(1, 1),
k= g;dz A dz;. (1.4)

Then the Kéahler condition is dk = 0.

e ITI. X is Ricci-flat. Constructing the Ricci curvature R as usual from g, we require
that
Rij = R;; = Ry = 0. (1.5)
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Spaces satisfying the conditions I, II, III above are a natural setting for topological string
theory. Although some of these conditions can be relaxed to give “generalized Calabi-Yau
spaces,” with correspondingly more general notions of topological string, the examples which
have played the biggest role in the development of the theory so far are honest Calabi-Yaus.
Therefore, in this review we focus on the honest Calabi-Yau case.

Except in the simplest examples, it is difficult to determine the Ricci-flat Kahler metrics
on Calabi-Yau spaces. Nevertheless it is important and useful to know when such a metric
exists, even if we cannot construct it explicitly. A crucial tool in this respect is Yau’s Theorem
[1], which states that if X admits some metric satisfying conditions I and II, then it also

admits a metric satisfying condition III if and only if it obeys the topological constraint
c(X)=0. (1.6)

Here ¢; refers to the first Chern class of the tangent bundle. The condition (1.6) is equivalent
to the existence of a nonvanishing holomorphic n-form €2 on X; if € exists, the volume form

of the Ricci-flat metric is (up to a scalar multiple)
vol = QA Q. (1.7)

Strictly speaking Yau’s Theorem as stated above applies to compact X, and has to be
supplemented by suitable boundary conditions at infinity for non-compact X. For physical
applications we do not require that X be compact; in fact, as we will see, many topological
string computations simplify in the non-compact case, and this is also the case which is

directly relevant for the connections to gauge theory.

1.2 Examples of Calabi-Yau spaces
1.2.1 Dimension 1

We begin with the case where the complex dimension n = 1. In this case one can easily
list all the Calabi-Yau spaces.
The simplest example is just the complex plane C, with a single complex coordinate z,
and the usual flat metric
G2z = —21. (1.8)

In this case the holomorphic 1-form is simply

0 =dz. (1.9)
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Figure 1: A rectangular torus; the top and bottom sides are identified, as are the left and

right sides.

The next simplest example is C* = C\ {0}, with its cylinder metric
9.z = —2i/|z|*, (1.10)

and holomorphic 1-form
Q=dz/z. (1.11)

Finally there is one compact example, namely the torus 7% = S* x S!. We can picture
it as a rectangle which we have glued together at the boundaries, as shown in Figure 1.

This torus has an obvious flat metric, namely the metric of the page; this metric depends
on two parameters R;, R, which are the lengths of the sides, so we say we have a two-
dimensional “moduli space” of Calabi-Yau metrics on 72, parameterized by the pair (R;, Ry).

It is convenient to repackage them into

A - iRlRQ, (112)
T =1iRy/R;. (1.13)

Then A describes the overall area of the torus, while 7 describes its complex structure. A

remarkable fact about string theory is that the theory is in fact invariant under the exchange
AT (1.14)

This is the simplest example of “mirror symmetry,” which we will discuss further in Section

4.1. Here we just note that the symmetry (1.14) is quite unexpected from the viewpoint
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Figure 2: A torus with a more general metric; again, opposite sides of the figure are identified.

of classical geometry; for example, when combined with the obvious geometric symmetry
Ry < R, it implies that string theory is invariant under A < 1/A!

We could also consider a more general torus as in Figure 2; this is still a Calabi-Yau
space. It is natural to include such tori in our moduli space by letting the parameter 7 have
a real part as well as an imaginary part. But then in order for the symmetry (1.14) to make
sense, A should also be allowed to have a real part; in string theory this real part is naturally
provided by an extra field, known as the “B field.” For general X this B field is a class in
H?(X,R), which should be considered as part of the moduli of the Calabi-Yau space along
with the metric. In our case X = T?%, H*(X,R) is 1-dimensional, and it exactly provides the

missing real part of A.

1.2.2 Dimension 2

Now let us move to Calabi-Yau spaces of complex dimension 2. Here the supply of
examples is somewhat richer.

One can obtain simple examples by taking Cartesian products of the ones we had in
dimension 1, e.g. C%,C x C*,C x T?. There are various other non-compact examples as
well in d = 2, such as the ALE spaces; these also play an important role in string theory,
but we will not discuss them here. Instead we move on to the compact examples. Up to
diffeomorphism there are only two, namely the four-torus 7% and the “K3 surface.” We focus
here on K3.

The fastest way to define K3 is to obtain it as a quotient 7% /Z,, using the Z, identification

(71, T, T3, 4) ~ (—T1, —T2, — T3, —T4). (1.15)

Strictly speaking, this quotient gives a singular K3 surface, with 16 singular points which are



the fixed points of (1.15). Nevertheless, the singular points can be “blown up” (this roughly
means replacing them by embedded 2-spheres, see e.g. [2]) to obtain a smooth K3 surface.
In string theory both the singular K3 and the smooth K3 are allowed; the singular K3 gives
a special sublocus of the moduli space of K3 surfaces.

One can also define the K3 surface directly by means of algebraic equations. To begin
with we introduce an auxiliary space CP", defined as follows: CP" consists of all (n+1)-tuples
(21, -+, Zns1) € C"1 excluding the point (0,0, ..., 0), modulo the identification

(Zl,...,2n+1) ~ (>\Z17~-7>\Zn+1); (]_].6)

for all A € C*. Then CP" is an n-dimensional complex manifold, roughly because we can
use the identification (1.16) to eliminate one coordinate. CP™ is not a Calabi-Yau space by

itself. To get the Calabi-Yau space K3 we consider the equation
P4(Zl,...,24) :O, (117)

where P, is some homogeneous polynomial of degree 4. Then we define K3 to be the set of
solutions to (1.17) inside CP3. Since CP? is 3-dimensional and (1.17) is 1 complex equation,
K3 so defined will be 2-dimensional. Note that in order for this definition to make sense it
is important that Py is a homogeneous polynomial — otherwise the condition (1.17) would
not be well-defined after the identification (1.16).

Different choices for the polynomial P, give rise to different K3 surfaces, in the sense
that they have different complex structures, although they are all diffeomorphic. P, has 20
complex coefficients, but the equation (1.17) is obviously independent of the overall scaling
of P,, so this rescaling does not affect the complex structure of the resulting K3; all the
other coefficients do affect the complex structure, so one gets a 19-parameter family of K3
surfaces from this construction. !

So far we have only discussed K3 as a complex manifold, but it is indeed a Calabi-Yau
space. It is easy to see that it is Kahler since it inherits a Kéhler metric from CP*. To see
that it has a Ricci-flat Kahler metric one can invoke Yau’s Theorem, as we mentioned in
Section 1.1; that reduces the task to showing that K3 has ¢; = 0. By using the “adjunction
formula” from algebraic geometry [2] one finds that given a polynomial equation of degree d

inside CP*~!, the resulting hypersurface X has

c1(X) ~ (d — k)e; (CPFH). (1.18)

!These are not quite all the complex moduli of K3 — there is one more complex deformation possible,
for a total of 20, but after making this deformation one gets a surface which cannot be realized by algebraic

equations inside CP3.



In this case we took d = k = 4, so ¢;(X) = 0 as desired. This shows the existence of the
desired Calabi-Yau metric, but its explicit form is not known except at special points in the

moduli space.

1.2.3 Dimension 3

Now we move to the case which is most interesting for topological string theory. In d = 3
the classification problem is far more complicated, even in the compact case; while in d = 1
and d = 2 we had just 72 and T*, K3 respectively, in d = 3 it is not even known whether the
number of compact Calabi-Yau spaces is finite. So we content ourselves with a few examples.

The quintic threefold. This is defined similarly to our algebraic construction of K3

above; namely we consider the equation
P5(Zl7...,25>:0, (119)

where P5 is homogeneous of degree 5. The solutions of (1.19) inside CP* give a 3-dimensional
space which we call the “quintic threefold.” It is a Calabi-Yau space again using (1.18) just
as we did for K3.

It has 101 complex moduli, and is in some sense the simplest compact Calabi-Yau three-
fold. As such it has been extensively studied, e.g. as the first example of full-fledged mirror
symmetry [3].

Local CP2. One non-compact Calabi-Yau can be obtained by starting with four complex
coordinates (z, 21, 22, 23), subject to the condition (z1, 22, 23) # (0,0,0), and making the
identification

(7,21, 22, 23) ~ (A 732, Az1, Az, A23) (1.20)

for all A € C*. Mathematically, this space is known as the total space of the line bundle
O(—3) — CP?% we can think of it as obtained by starting with the CP? spanned by z1, 29, 23
and adjoining the extra coordinate x. See Figure 3.

The rule (1.20) then characterizes the behavior of z under rescalings of the homogeneous
coordinates on CP2, or equivalently, it determines how x transforms as one moves between
different patches on CP2. Locally, our space has the structure of CP? x C. In this sense it
has “4 compact directions” and “2 non-compact directions.”

Although this geometry is non-compact, it can arise naturally even if we start with a
compact Calabi-Yau — namely, it describes the geometry of a Calabi-Yau space containing

a CP?, in the limit where we focus on the immediate neighborhood of the CIP2.



CcpP?
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Figure 3: A crude representation of the local CP? geometry, O(—3) — CP2.

Local CP!. Similarly, we can start with four complex coordinates (x1, T2, 21, 22), subject
to the condition (21, 2z2) # (0,0), and make the identification

($1,I2,21,22) ~ ()\71.%1,)\71]32,)\217)\22) (121)

for all A € C*. This gives the total space of the line bundle O(—1) & O(—1) — CP.
Similarly to the previous example, it is obtained by starting with CP!, which has “2 compact
directions,” and then adjoining the coordinates xi,zo, which contribute “4 non-compact
directions.” See Figure 4.

This example is also known as the “resolved conifold,” a name to which we will return
shortly.

Local CP! x CP!. Another standard example comes by starting with five complex
coordinates (z,y1,y2, 21, 22), with (y1,y2) # (0,0) and (z1,22) # (0,0), and making the
identification

(@, 51, Y2, 21, 22) ~ (A ™, My, Ao, e, piza) (1.22)
for all A\, u € C*. This gives the total space of the line bundle O(—2, —2) — CP! x CP'. Tt
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Figure 4: A crude representation of the local CP! geometry, O(—1) ® O(—1) — CPL.

has four compact directions and two non-compact directions.

Deformed conifold. All the local examples we discussed so far were “rigid,” in other
words, they had no deformations of their complex structure.? Now let us consider an example
which is not rigid. Starting with the complex coordinates (z,y, z,t) € C*, this time without

any projective identification, we look at the space of solutions to
xy — 2t = p. (1.23)

This gives a Calabi-Yau 3-fold for any value p € C, so p spans the 1-dimensional moduli
space of complex structures. If ;1 = 0 then the Calabi-Yau has a singularity at (x,y, z,t) =

(0,0,0,0), known as the “conifold singularity.” For finite y it is smooth. Since we obtain the

2Strictly speaking, this is a delicate statement since we should specify what kind of boundary conditions
we are imposing at infinity. When we say that these local examples are rigid we essentially mean that the
compact part, e.g. CP! or CP?, has no complex deformations.



smooth Calabi-Yau from the singular one just by varying the parameter p, which deforms

the complex structure, we call the smooth version the “deformed conifold.”

1.3 Conifolds

In the last section we introduced the singular conifold
xy — 2t =0, (1.24)

and the deformed conifold
xy — 2t = p. (1.25)

We now want to describe another way of smoothing the conifold singularity. First rewrite

(1.24) as
det <$ Z) ~0. (1.26)
ty

This equation is equivalent to the existence of nontrivial solutions to

Tz &1 o
() () aan

Indeed, away from (x,y,z,t) = (0,0,0,0), (1.26) just states that the matrix has rank 1,
so (&1,&2) solving (1.27) are unique up to an overall rescaling. So away from (x,y, z,t) =

(0,0,0,0) one could describe the singular conifold as the space of solutions to (1.27), with
(&1,&) # (0,0), and with the identification

(&1, &) ~ (A1, A&) (1.28)

where A € C*. But at (z,y,2,t) = (0,0,0,0) something new happens: any pair (&;,&s)
now solves (1.27). Taking into account (1.28), (£1,&;) parameterize a CP! of solutions. In
summary, (1.24) and (1.27) are equivalent, except that (z,y, z,t) = (0,0,0,0) describes a
single point in (1.24), but a whole CP! in (1.27). We refer to the latter space as the “resolved
conifold.” (In fact, it is isomorphic to the local CPP! geometry we considered above.)
Mathematically this discussion would be summarized by saying that the resolved coni-
fold is obtained by making a “small resolution” of the conifold singularity. We emphasize,
however, that physically it is natural to consider this as a continuous process, contrary to
the usual mathematical description in which it seems to be a discrete jump. This is because

physically we consider the full Calabi-Yau metric rather than just the complex structure.



Namely, the resolved conifold has a single Kahler modulus for its Calabi-Yau metric,® natu-

rally parameterized by
t = vol(CP"). (1.29)

In the limit ¢ — 0 the CP! shrinks to a point and the Calabi-Yau metric on the resolved
conifold approaches the Calabi-Yau metric on the singular conifold. So the resolved conifold
is obtained by a Kéhler deformation of the metric without changing the complex structure,*
while the singular conifold is obtained by deforming the complex structure.

Since the conifold is such an important example it will be useful to describe it in another

way. Namely, by a change of variables we can rewrite (1.25) as
]+ s+ ot al =7 (1.30)

Describing it this way it is easy to see that there is an S® in the geometry, namely, just look
at the locus where all x; € R. The full geometry where we include also the imaginary parts
of z; is in fact isomorphic to the cotangent bundle, 7*S3.

This space is familiar to physicists as the phase space of a particle which moves on S?;
it has three “position” variables labeling a point # € S® and three “momenta” spanning the
cotangent space at x. Now we want to describe its geometry “near infinity,” i.e. at large
distances, similar to how we might describe the infinity of Euclidean R? as looking like a
large S?. In the case of T*S® the position coordinates are bounded, so looking near infinity
means choosing large values for the momenta, which gives a large S? in the cotangent space
R3. Therefore the infinity of 7%53 should look like some S? bundle over the position space
53, i.e. locally on S® it should look like S? x S3. It turns out that this is enough to imply
that it is even globally S? x S3.

So at infinity the deformed conifold has the geometry of S? x S3. As we move toward
the origin both S? and S® shrink until the S? disappears altogether, leaving just the S3 with
radius 7 which is the core of the T*S? geometry (the zero section of the cotangent bundle.)
See Figure 5.

As r — 0 the metric approaches the metric of the singular conifold; the singularity at
the “tip” of the cone can be seen in Figure 5. Also, from this perspective, the S? which
appears when we go to the resolved conifold seems very natural; in some sense it was in the

game to begin with, as we see from the S? at infinity. The resolved conifold geometry just

30nce again, we are here considering only variations of the metric which preserve suitable boundary
conditions at infinity.

4Mathematically, the resolved conifold and the singular conifold are not the same as complex manifolds,
but they are birationally equivalent. Physically we want to consider birationally equivalent spaces as really

having the same complex structure.
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Figure 5: The three conifold geometries: deformed, singular and resolved.

corresponds to giving this S? a finite size even at the tip of the cone. So all three cases —
deformed, singular, and resolved — look the same at infinity; they differ only near the tip
of the cone. This is exactly what we expect since we were trying to study only localized
deformations (normalizable modes, in physics language.)

In summary, we have two different non-compact Calabi-Yau geometries: the deformed
conifold, which has one complex modulus and no Kahler moduli, and the resolved conifold,
which has no complex moduli but one Kéahler modulus; and we can interpolate from one
moduli space to the other by passing through the singular conifold geometry.

We will return to the conifold repeatedly in later sections. For more information about

its geometry, including the explicit Calabi-Yau metrics, see [4].

2 Toric geometry

Now we want to introduce a particularly convenient representation of a special class
of algebraic manifolds, which includes and generalizes some of the examples we considered
above. Mathematically this representation is called toric geometry; for a more detailed
review than we present here, see e.g. [5].

C". We begin with C", with complex coordinates (zi,...,z2,) and the standard flat

metric, and parameterize it in an idiosyncratic way: writing
_ i0;
zi = |zile", (2.1)

we choose the coordinates ((|z1],01), ..., (|za],0,)). This coordinate system emphasizes the

symmetry U(1)™ which acts on C™ by shifts of the 6;. It is also well suited to describing the
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Figure 6: The positive octant O3", which we identify as the toric base of C3.

symplectic structure given by the Kéhler form k:

Roughly, splitting the coordinates into |z;|? and 6; gives a factorization

C"=~ O™ xT", (2.3)

where O™" denotes the “positive orthant” {|z;|* > 0}, represented (for n = 3) in Figure 6.
Namely, at each point of O™ we have the product of n circles obtained by fixing |z|
and letting 0; vary. However, when |z;|? = 0 the circle |z;|e!% degenerates to a single point.
Therefore (2.3) is not quite precise, because the “fiber” T™ degenerates at each boundary
of the “base” O™*; which circle of T™ degenerates is determined by which |z;|* vanishes, or
more geometrically, by the direction of the unit normal to the boundary. When m > 1 of
the |2;|? vanish, the corresponding m circles of T™ degenerate, until at the origin all n cycles
have degenerated and 7™ shrinks to a single point. In this sense all the information about

the symplectic manifold C? is contained in Figure 6, which is called the “toric diagram”
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Figure 7: The toric base of CP?; geometrically it is just a triangle, but here we show it
naturally embedded in R? and cut out by the condition (2.4).

for C3; when looking at this diagram one always has to remember that there is a T over
the generic point, and that this 7° degenerates at the boundaries in a way determined by
the unit normal. Despite the fact that the T2 becomes singular at the boundaries, the full
geometry of C? is of course smooth. (Of course, all this holds for general n as well as n = 3,
but the analogue of Figure 6 would be hard to draw in the general case.)

CP". Next we want to give a toric representation for CP". We first give a slightly
different quotient presentation of this space than the one we used in (1.16): namely, for any
r > 0, we start with the 2n 4 1-sphere

|21|2+...+|2n+1|2:7’7 (24)
and then make the identification
(Zla s 7Zn+1) ~ (eiezla R 7eiez’n+1) (25)

for all real . This is equivalent to our original “holomorphic quotient” definition, where we

did not impose (2.4) but worked modulo arbitrary rescalings of the z; instead of just phase
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A+B

Figure 8: The toric base of CP2. Over each boundary a cycle of the fiber T? collapses; if
we label the basis cycles as A and B, then the collapsing cycle over each boundary is as

indicated.

rescalings; indeed, starting from that definition one can make a rescaling to impose (2.4),
and afterward one still has the freedom to rescale by a phase as in (2.5). The presentation we
are using now is more closely rooted in symplectic geometry. It is also natural from the point
of view of a supersymmetric linear sigma model with U(1) gauge symmetry. Specifically [6],
the z; appear as the scalar components of 4 chiral superfields, all with U(1) charge 1. In that
context CP™ is the moduli space of vacua; the constraint (2.4) is imposed by the D-terms,
and the quotient (2.5) is the identification of gauge equivalent field configurations.

Note that in this presentation of CP" we have the parameter r > 0, which did not appear
in the holomorphic quotient. This parameter appears naturally in the gauged linear sigma
model, where one sees directly that it corresponds to the size of CP".

Now we want to use this presentation to draw the toric diagram. As we did for C", we
draw the toric base using the coordinates |z;|?; in the present case we also have to impose
(2.4), so the base is an n-dimensional simplex; for example, in the case of CP? the base is just
a triangle, as shown in Figure 7. Over each point of the base we have a T2 fiber generated
by shifts of 6; (naively this would give a T for 6y, 0, 03, but the identification (2.5) reduces
this to T2.) A cycle of T? collapses over each boundary of T2, as indicated in Figure 8.

Local CP?. To get a toric presentation of a Calabi-Yau manifold we have to take a
non-compact example. The construction is closely analogous to what we did above for CIP";

namely, for » > 0, we start with
—3|20|2+ ]21|2+ ]22|2+|23]2 =, (2.6)

and then make the additional identification

—3i0

(2’0721722, 23) ~ (6 20761021, 61922, €i923>7 (2-7)

14



Figure 9: The toric base of the local CP? geometry.

for any real 6. In the gauged linear sigma model of [6] this would be realized by taking
four chiral superfields with U(1) charges (—3,1,1,1). Actually, the fact that the local CP?
geometry is Calabi-Yau can also be understood naturally in the gauged linear sigma model:
the condition ¢; = 0 turns out to be equivalent to the statement that the sum of the U(1)
charges vanishes, which in turn implies vanishing of the 1-loop beta function.

We can also draw the toric diagram for this case. Introducing the notation p; = |z,
the base is spanned by the four real coordinates pg, p1, p2, p3, subject to the condition (2.6),
which can be solved to eliminate py,

Do = é(pl +p2+p3—7). (2.8)

The condition that all p; > 0 then becomes

p1+p2+ps >, (2.9)
p >0, (2.10)
ps > 0, (2.11)
ps > 0. (2.12)
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Figure 10: The toric base of the local CP! geometry.

So the toric base is the positive octant in R?® with a corner chopped off, as shown in Figure
9. The triangle at the corner represents the CP? at the core of the geometry, just as in the
previous example.

Local CP!. A similar construction gives the toric diagram for the local CP! geometry.
One obtains in this case Figure 10. One feature of interest is the CP! at the core of the
geometry, which can be easily seen as the line segment in the middle. (To see that the line
segment indeed represents the topology of CP!, recall that along this segment two of the
three circles of the fiber 7% are degenerate, so that one just has an S! in the fiber; moving
along the segment, this S then sweeps out a CP!; indeed, the S! degenerates at the two ends
of the segment, which are identified with the north and south poles of CP!.) Furthermore
it is easy to read off the volume of this CP! from the toric diagram: the Kihler form in
this geometry is k = dp; A df;, and integrating it just gives 2rAp, i.e. the length of the line
segment!?

Local CP* x CP!. We can give a toric construction for this case as well, again parallel

®We are using a fact about Kihler geometry, namely, the volume of a holomorphic cycle is just obtained

by integrating k over the cycle.
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Figure 11: The toric base of the local CP* x CP! geometry.

to the holomorphic construction we gave above; in nonlinear sigma model terms it would
correspond to having 5 chiral superfields and two U(1) gauge groups, with the charges
(—2,1,1,0,0) and (—2,0,0,1,1). (Note that the charges under both U(1) groups sum to zero
as required for one-loop conformality.) The corresponding toric diagram is the “oubliette”
shown in Figure 11.

Our list of examples has focused on the non-compact case, but we should note that it
is also possible to construct compact Calabi-Yaus using the techniques of toric geometry.
Indeed, we have already done so in the last section, where we started with the toric man-
ifold CPP" and then imposed some algebraic equations to obtain a Calabi-Yau. A similar
construction can be performed starting with a more general toric manifold, and this gives
a large class of interesting examples. From the point of view of the nonlinear sigma model

this construction corresponds to introducing a superpotential.

2.1 Why Calabi-Yau?

Now we want to briefly explain the role that these Calabi-Yau spaces play in superstring
theory.
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Generally, the reason that Riemannian manifolds are important for string theory is that
they provide a class of candidate backgrounds on which the strings could propagate. The
requirement that X be complex and Kahler turns out to have a rather direct consequence for
the physics of observers living in the target space: namely, it implies that these observers will
see supersymmetric physics. Since supersymmetry is interesting both phenomenologically
and mathematically, this is a natural condition to impose. The requirement that X be Ricci-
flat is even more fundamental: string theory would not even make sense without it, as we
will discuss in the next section.

So we are in a remarkable situation: the class of Calabi-Yau spaces, which were studied
by mathematicians well before their relevance to string theory was appreciated, turns out

quite independently to be crucial for physical considerations!

3 Sigma models and topological twisting

3.1 Sigma models and N = (2,2) supersymmetry

Now let us sketch what the topological string actually is.

The string theories in which we will be interested (both the ordinary physical version
and the topological version) have to do with maps from a surface ¥ to a target space X.
Roughly, in string theory one integrates over all such maps as well as over metrics on X,

weighing each map by its “energy” which is given by the Polyakov action:5
/ DX Dg e JsloxP?, (3.1)
Map(%,X)

This path integral defines a two-dimensional quantum field theory which is called a “sigma
model into X;” its saddle points are locally area-minimizing surfaces in X. Because we are
integrating both over maps > — X and over two-dimensional metrics, one often describes
the string theory as obtained by coupling the sigma model to two-dimensional quantum
gravity.

(Classically, the sigma model action depends only on the conformal class of the metric
g, so that the integral over metrics can be reduced to an integral over conformal structures
— or equivalently, to an integral over complex structures on . For the theory to be well
defined we need this property to persist at the quantum level, but this turns out to be a
nontrivial restriction on the allowed X; namely, requiring that the theory should be confor-

mally invariant even after including one-loop quantum effects on 2, one finds the condition

6 Actually, this is the Polyakov action for the “bosonic string”; we are really interested in the superstring,

for which there are extra fermionic degrees of freedom, but we are suppressing those for simplicity.
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that X should be Ricci flat as well as the condition that the total dimension should be 10,
both of which we discussed above.

For generic X one might expect even more conditions to appear when one considers
higher-loop quantum effects; this does happen in the bosonic string, but mercifully not in
the superstring provided that X is Kahler. The reason why the Kéahler condition is so
effective in suppressing quantum corrections is that it is related to (2,2) supersymmetry of
the 2-dimensional sigma model.” This (2,2) supersymmetry is crucial for the definition of
the topological string, so we now discuss it in more detail.

The statement of N/ = 2 supersymmetry simply means that there are 4 currents
J, GG, T, (3.2)

with spins 1,3/2,3/2, 2 respectively, and with prescribed operator product relations. These
operators get interpreted as follows: T is the usual energy-momentum tensor; G* are con-
served supercurrents for two worldsheet supersymmetries; J is the conserved current for the
U(1) R-symmetry which rotates G* into one another. The modes of these currents act on
the Hilbert space of the theory.

In the case of the sigma model on X, these currents can be identified with the operators
deg, 0,0, A (3.3)

acting on Q*(LX), the space of differential forms on the loop space of X. This identification
suggests that among the operator product relations of the N' = (2,2) algebra should be

(GT)? ~0, (3.4)
(G7)*~0, (3.5)
GYG™ ~ T+ J; (3.6)

these relations indeed hold and they will play a particularly important role for us below.

In the case where X is Calabi-Yau, so that the sigma model is conformal, we can make a
further refinement, splitting the algebra (3.2) into two copies, which we write (J, G*,T) and
(J,G*,T), both obeying the same operator products; this split structure is referred to as
N = (2,2) supersymmetry. The structure of N' = (2,2) superconformal field theory — the
operators listed above as well as the Hilbert space on which they act — should be regarded

as an invariant associated to the manifold X.

"Note that this “worldsheet” supersymmetry is different from the spacetime supersymmetry we discussed
in the previous section, although the Kéahler condition on X is ultimately responsible for both, and there are

indirect arguments which relate one to the other.
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3.2 Twisting the N = (2,2) supersymmetry

Given an N' = (2,2) superconformal field theory as described in the previous section,
there is an important construction which produces a “topological” version of the theory.
One can think of this procedure as analogous to the passage from the de Rham complex
Q*(M) to its cohomology H*(M): while the cohomology contains less information than the
full de Rham complex, the information it does contain is far more easily organized and
understood. So how do we construct this topological version of the SCFT? Guided by the
relation (G*)? = 0 and the above analogy, we might try to form the cohomology of one of
the modes of G*. In fact this is not quite possible, because G has the wrong spin, namely
3/2; in order to define a scalar supercharge which makes sense on arbitrary curved X, we
need an operator with spin 1. This problem can be overcome, as explained in [7] (see also
[8]) by “twisting” the sigma model. The twist can be understood in various ways, but one
way to describe it is as a shift in the operator 7"

1
Tnew - Told - §aJ (37)

This shift has the effect of changing the spins of all operators by an amount proportional to
their U(1) charge,

Snew = Sold — ;C]- (3.8)
After this shift the operators (G, J) have spin 1 while (T, G~) have spin 2.8 Now we can
define Q = G, which makes sense on arbitrary ¥ and obeys Q? = 0, and pass to the
cohomology of ). In this context one often calls ) a “BRST operator.” Here we have
not obtained it from the usual BRST procedure, but in fact the structure of the twisted
N = (2,2) algebra is isomorphic to one which is obtained from the usual BRST procedure,
namely that of the bosonic string. In that case one has operators (Q, Jgnost) of spin 1
and (7,b) of spin 2, where (Q,b) are the BRST charge and antighost corresponding to
diffeomorphisms on the bosonic string worldsheet.

It turns out that the b antighost is the crucial element which is needed for the computation
of correlation functions in the bosonic string — more specifically, it provides the link between
CFT correlators, computed on a fixed worldsheet Y, and string correlators, which involve
integrating over all metrics on . Via the Faddeev-Popov procedure this integral over metrics

on ¥ gets reduced to an integral over the moduli space M, of genus g Riemann surfaces,

8Note that although G* now have integer spin, they still obey fermionic statistics!
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with the b ghosts providing the measure: the genus g free energy is”

39—3

Jo (T 0P (39)

Here the symbol (---) denotes a CFT correlation function. The 3g — 3 u; are “Beltrami
differentials,” 1-forms on ¥ with values in the holomorphic tangent bundle; they span the
space of infinitesimal deformations of the 0 operator on X, which is the tangent space to

M,. Then b(y;) is an operator obtained by integrating the b-ghost against p;:

bs) = [ oot (3.10)

More abstractly, b is an operator-valued 1-form on My, so the expectation value of the
product of 3g — 3 copies of b gives a holomorphic 3g — 3-form; taking both the holomorphic
and antiholomorphic pieces we then get a 6g — 6-form, which can be integrated over M,.

Now comes the important point: since the twisted N/ = 2 superconformal algebra is
isomorphic to the algebra appearing in the bosonic string, we can now promote the correlation
functions of the N' = (2,2) SCFT on fixed 3 to correlation functions of the topological string,
by repeating the same formula with b replaced by G~:

39—3

Fy=| (T G™(u)l*)- (3.11)
Mg =1
The formula (3.11) can also be understood as coming from coupling the twisted N' = (2,2)
theory to topological gravity — see [7].
One then defines the full topological string free energy to be

F=> N"%F, (3.12)
g=0

where ) is the “string coupling constant” weighing the contributions at different genera.'”

Finally, the partition function is defined as
Z =expF. (3.13)

From our present point of view, the construction of the topological string would have
made sense starting from any N = (2,2) SCFT, and in particular, the sigma model on any

Calabi-Yau space X would suffice.

9Strictly speaking this is the answer for ¢ > 1; the expression has to be slightly modified for ¢ = 0,1
because the sphere and torus admit nonzero holomorphic vector fields.
10This expression is only perturbative; it should be understood in the sense of an asymptotic series in .
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On the other hand, for the physical string, there is a good reason to focus on Calabi-
Yau threefolds. Namely, if we focus our attention on backgrounds which could resemble the
real world, we find an obvious constraint: we seem to live in (to a good approximation) 4-
dimensional Minkowski space M. On the other hand one-loop conformal invariance requires
the total dimension of spacetime to be 10. Therefore a natural class of backgrounds would
be M x X, where X is some compact 6-dimensional space, small enough that it cannot be
seen directly, either by the naked eye or by any experiment we have so far been able to do.
Studying string theory on M x X, what one finds is that the internal properties of X lead
to physical consequences for the observers living in M. Conversely, the four-dimensional
perspective on the string theory computations sheds a great deal of light on the geometry of
X.

Remarkably, it turns out that the case of Calabi-Yau threefolds is special for the topo-
logical string as well. Namely, although one can define F, for any Calabi-Yau d-fold, this F,
actually vanishes for all g # 1 unless d = 3! This follows from considerations of charge con-
servation: namely, the topological twisting turns out to introduce a background U(1) charge
d(g — 1). In order for the correlator appearing in (3.11) to be nonvanishing, the insertions
which appear must exactly compensate this background charge; but the insertions consist
of 3¢ — 3 G~ operators, so they have total charge —3(¢g — 1), hence the correlator vanishes

unless d = 3.11

3.3 A and B twists

In the last subsection we glossed over an important point; we chose the operator G~ for
our BRST supercharge @, but we could equally well have chosen G*. The latter possibility

corresponds to an opposite twist where we replace (3.7) by
1
Thew = Toa + 581 (3.14)

With this twist it is G rather than G~ which will have spin 1. We have a similar free-

dom in the antiholomorphic sector, so altogether there are four possible choices of twist,

"For g = 0 one can get an interesting correlator even for d # 3, by inserting some other operators to
absorb the background charge, but for g > 1 there is really nothing to be done.
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corresponding to choosing for the BRST operators

(GT,GT) : A model (3.15)
(G7,G7) : A model (3.16)
(GT,G7) : B model (3.17)
(G, G™) : B model (3.18)

We have listed each choice together with the name usually given to the corresponding topo-
logical string. The A model is related to the A model in a trivial way, namely, all correlators
are just related by an overall complex conjugation; so essentially we have two distinct choices
here for a given Calabi-Yau X, namely the A and B models.

Now, what is the geometric content of the topological string? In the A model case, the
BRST operator Q 4+ @ turns out to be the d operator on X, and the BRST cohomology is
the de Rham cohomology Hjr(X). There is an additional “physical state” constraint which
leads to considering only the degree (1, 1) part of this cohomology. A (1,1) form corresponds
to a deformation of the Kahler form, so finally the observables of the A model correspond
to deformations of the Kahler moduli of X. In the B model case one again gets objects of
bidegree (1,1), but this time the complex in question is the 9 cohomology with values in
A*T X, so the observables are (0, 1)-forms with values in 77X, i.e. Beltrami differentials on
X. So the observables of the B model correspond to deformations of the complex structure
of X.

In fact, one can show directly that the A model is independent of the complex structure
deformations, and the B model is independent of the Kahler deformations; namely, one
shows that these deformations are (-exact, so that they decouple from the computation of

the string amplitudes. In this sense the A and B models are decoupled. In sum,

A model on X « Kéhler moduli of X (3.19)
B model on X < complex moduli of X. (3.20)

How do we actually compute the correlation functions in the A and B models? In each
case we are computing a path integral over maps to X, but this path integral is significantly
simplified by the fermionic @ symmetry. Indeed, integrating the Q-invariant functional e~
over the space of maps gives a sum of local contributions from the fixed points of @); the
rest of the field space contributes zero, because one can introduce field space coordinates
in which () acts by infinitesimal shifts of a Grassman coordinate ¢, and then note that the

integral over that one coordinate gives

/dae—s —0. (3.21)
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This follows from the rule for Grassman integration, and the fact that @) is a symmetry of
the path integral, so that S is independent of 6.

So the path integral is localized on @-invariant configurations. In the B model these
turn out to be simply the constant maps > — X, obeying dX = 0. In this sense the string
worldsheet reduces to a point on X, so the B model is “local,” and its correlation functions
are those of a field theory on X. In the A model, on the other hand, one finds the condition
0X = 0, which requires only that the map ¥ — X be holomorphic; such a map is called a
worldsheet instanton. In nontrivial instanton sectors the string worldsheet does not reduce
to a point. The sum over instanton sectors is a complicated structure, non-local from the
point of view of X, and therefore the A model does not reduce straightforwardly to a field
theory on X.

From this point of view the Kahler structure dependence in the A model is easy to

understand; it arises simply because each worldsheet instanton is weighted by the factor
e Jok (3.22)

i.e. the area of the curve C' C X which is the image of the string worldsheet in X. The fact
that the B model depends on the complex structure is more subtle, but it turns out that the B
model computes quantities determined by the periods of the holomorphic 3-form €2, which are
sensitive to changes in the complex structure. Note that the complex structure moduli (the
periods) are naturally complex numbers themselves, while the A model moduli (volumes of
2-cycles) are real numbers, so we seem to have a serious asymmetry between the two moduli
spaces and hence between the A and B models; as we mentioned earlier, the symmetry
between the two moduli spaces is restored by including an extra class B € H*(X,R). When

B is included, the weighting factor for a worldsheet instanton becomes
¢~ Joh+iB (3.23)

We will combine k& and B into a single modulus ¢t = k +iB € H?(X,C).

So the A and B models each depend on only “half” the moduli of X. In fact even more is
true: in each case the partition function factorizes into a chiral and anti-chiral part, and if we
focus on the chiral part, it formally depends only holomorphically on its moduli. One sees
this by trying to compute the antiholomorphic derivative of the free energy, which amounts
to inserting the operator corresponding to the anti-holomorphic deformation into the path
integral. It turns out that this operator is QQ-exact and so it is formally decoupled. Actually,
this statement has to be modified slightly; because of the G~ insertions in the definition of

the correlation function, what the Q)-exactness really shows is that the integrand is a total
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g— g-1
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Figure 12: Degenerations of a Riemann surface of genus g, corresponding to boundary

components of the moduli space M.

derivative over M; there can be contributions from the boundary of moduli space. Indeed
there are such contributions, so the partition function is not quite holomorphic. Nevertheless
the antiholomorphic dependence can be determined precisely; it is expressed in terms of a
“holomorphic anomaly equation” derived in [9, 10]. Through the anomaly equation JF, g gets
related to the Fjy with ¢’ < g, corresponding to boundaries of moduli space where some cycle
of the genus ¢ surface shrinks — see Figure 12.

The holomorphic anomaly is familiar to mathematicians, particularly in the case of the
B model in genus 1, where it is related to the curvature of the determinant line bundle
which obstructs the construction of a holomorphic det d [13]. The full holomorphic anomaly
including all genera can be interpreted as saying that the partition function transforms (in

an appropriate sense) as a wavefunction [11, 12].
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3.4 Genus zero

In our study of the topological string it is natural to begin with the simplest case, namely
genus zero; it turns out that this case already contains a lot of interesting geometrical

information. In the A model case one finds

F():/lek;/\/k:qL > Zdne_

—
neHs(X,Z) m=1 m

(n,tym

(3.24)

The first term is the classical contribution in the sense of worldsheet perturbation theory; it
corresponds to the zero-instanton sector, where the string reduces to a point, and just gives
the volume of X. The second term is more interesting since it contains information about
worldsheet instantons. Its form is intuitive, at least if we focus on the m = 1 term: we sum
over all n € Hy(X,Z), the homology classes of the image of the worldsheet, and weigh each
instanton by the factor e~ ™" giving the complexified volume. The interesting information
is then contained in the number d,, which counts the number of holomorphic maps in the
homology class n.'2 The sum over m reflects the subtlety that one has to consider “multi-
wrappings,” in other words maps > — X which are m-to-one; these lead to a universal
correction, which is independent of the particular X and just determined by the geometry
of maps S? — S%. Tt is captured by the factor 1/m3.

To write the B model partition function we introduce a convenient coordinate system
for the complex moduli space. To describe it we first discuss the space H3(X,C), which is

decomposed into

HS — HB,O o) H2,1 P Hl,Z o) H0,3

o= 1 o+ R+ R+ L (3:25)

Therefore H3(X,R) has real dimension 2h*' + 2. Now we choose a symplectic basis of
H;3(X,7Z); this amounts to choosing 3-cycles A”, B;, fori =1,... h*'+landj=1,...,h%'+

1, with intersection numbers
A'NA =0, BNB;=0, A'NB;=4. (3.26)

Note that h*!(X) is the complex dimension of the moduli space of complex structures (this

identification is obtained by using the holomorphic 3-form to convert Beltrami differentials

12Sometimes this number needs some extra interpreting from the mathematical point of view: it could be
that the holomorphic maps are not isolated, so that there is a whole moduli space of such maps. Nevertheless,
the virtual or “expected” dimension of this moduli space is always zero (for a Calabi-Yau threefold); roughly
this means that one can define a sensible “number of maps” even when the actual dimension happens to
be nonzero. The index computation showing that the virtual dimension vanishes when d = 3 is in fact

isomorphic to the charge-conservation computation which singled out d = 3.
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o (2,1)-forms.) Indeed, we can get coordinates on the moduli space by defining

Xi=[ Q. 3.27
(3.27)

Actually this gives h?! 4 1 complex coordinates corresponding to the h?! 4+ 1 A cycles, one
more than needed to cover the moduli space. The reason for this overcounting is that {2 is not
quite unique for a given the complex structure — it is unique only up to an overall complex
rescaling, so from (3.27), the X are also ambiguous up to an overall rescaling. Thus we have
the right number of coordinates after accounting for this rescaling; and indeed the periods
over the A cycles do determine the complex structure. Hence the X' give homogeneous
coordinates on the moduli space.

One could ask, what about the periods over the B cycles? Writing!?

F = /BQ (3.28)

it follows from the above that they must be expressible in terms of the A periods,
F; = Fy(X7). (3.29)

(Of course, since our choice of symplectic basis was arbitrary, and in particular we could
have interchanged the A and B cycles, one could equally well write X* = X*(Fj).)

To describe the free energy we need one more fact, namely the statement of “Griffiths
transversality.” Recall that Q € H3Y. Now work in a local complex coordinate system in
which Q = f(z)dz; A dzy A dzg, and consider a variation p of complex structure, which
changes the local complex coordinates by dz; — dz; + /LZ dz;. Then expanding in dz and
dZz one sees that to first order in pu, the variation of € satisfies 6Q € H3° @ H?! and the
second-order variations similarly have §6Q € H>° @ H*! @ H%2. This implies

/X SQAAQ =0, (3.30)
/X S6QNQ =0, (3.31)
which in turn implies that
B =R, (332
so that the F; can be integrated:
F, = 8§(iF' (3.33)

BThere is an unfortunate clash of notation here; the F; we define here are not the genus i free energy,

although below we will consider the genus 0 free energy, which we will write simply as F'!

27



The F' so defined is the genus zero free energy of the B model. Strictly speaking, F' is not
quite defined on the complex moduli space, because it depends on the choice of the overall
scaling of Q; under Q +— £Q one has F + £2F. So F is better described as a section of a
line bundle over the moduli space.*

Note that in contrast to the A model, which involved an infinite sum over worldsheet
instantons and involved the integral coefficients d,,, the B model free energy is determined
purely by “classical” geometry and seems to have no underlying integral structure. In this
sense one could say that the B model is easy to compute, while the A model is hard. (On the
other hand, it is the A model partition function which is easier to define, at least formally

— it just counts holomorphic maps!)

4 Computing the topological amplitudes

4.1 Mirror symmetry

In the last section we concluded that while the A model computes some interesting
geometric information, it is the B model which is easier to compute. Remarkably, it is
possible to exploit the simplicity of the B model to make computations in the A model!
Namely, the A model on a Calabi-Yau space M is often equivalent to a B model on a
“mirror” Calabi-Yau space W. Therefore computations of the periods of W can be exploited
to count holomorphic curves in M.

To understand how such a surprising duality could be true, we consider an example which
is in some sense underlying the whole phenomenon: string theory on a circle S* of radius
R. The spectrum of states of this theory has one obvious quantum number, namely the
number w of times the string is wound around S*. It also has a second quantum number n
corresponding to the momentum of the center of mass of the string going around the circle;
this momentum is quantized in units of 1/R, as is familiar from point particle quantum
mechanics in compact spaces. The contribution to the energy of a state from these two
quantum numbers is (in units with o/ = 1)

n

=
Note that the set of possible E, ,, is invariant under the interchange R < 1/R — namely
E, ., at radius R is the same as E,, ,, at radius 1/R! This is the first clue that this interchange

E,.=wR+ (4.1)

4Even this more refined description is still a little misleading, because F also depends on the choice of A
and B cycles, i.e. the choice of a coordinate system. If one makes a symplectic transformation of the basis,

F transforms by an appropriate Legendre transform.
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might be a symmetry of the full string theory; indeed, there is such a symmetry, called “T-
duality.” It can be rigorously understood from the worldsheet point of view, but as we will
see, it has deep consequences.

Indeed, T-duality implies mirror symmetry. The simplest example is one we already
mentioned in Section 1.2.1. Namely, given a rectangular torus 72 with radii R;, R, and

defining

A=iR, Ry, (4.2)
T = iRg/Rl, (43)

taking R; — 1/R; is equivalent to swapping A < 7. So in this case M and its mirror W are
both T2, but with different metrics, i.e. different values of the moduli. Anyway, given that
the physical string has this T-duality symmetry, one could then ask how it gets implemented
in the topological theory. Since it exchanges complex and Kéahler moduli it would be natural
to conjecture that it exchanges the A and B models, and this is indeed the case; the A model
with Kéahler modulus A computes exactly the same quantity as the B model with complex
modulus 7 = A.

Since we are looking at T2 here, which has complex dimension 1 # 3, most of the
topological string is trivial as we explained before. However, one can still look at the one-
loop free energy F}, and mirror symmetry turns out to be an interesting statement already
here: namely, it turns out that the B model at one loop computes the determinant of the
0 operator acting on 72, in keeping with the general principle that the B model has to do
with [ocal expressions on the target space. This determinant gives the Dedekind n function.
On the other hand, the A model at one loop counts maps 72 — T2, but it should also give
the n function; this gives a natural explanation of the integrality of the coefficients in the

2miT

. Namely, the term e*™"" gets related to e ™4 by the
—nA

expansion of 1 as a function of e
mirror map, and from the A model point of view the coefficient of e counts maps which
wrap 1?2 over itself n times.

Now what about the case of maximal interest, namely Calabi-Yau threefolds? Here also
one might expect a “mirror” duality. Indeed, this duality was conjectured before a single
example was known, on the basis of lower-dimensional examples like the one discussed above,
and also because from the point of view of the N' = (2,2) algebra the difference between
A and B models is purely a matter of convention — considered abstractly, the SCFT has
no way of knowing whether it is the A model or the B model. By now many examples of
mirror pairs are known, both compact and non-compact, and the symmetry has been proven

in various ways for various classes of examples.
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Here we sketch a derivation given in [14] which captures the essential physical picture.
We begin with a toric Calabi-Yau threefold M and realize it concretely via the gauged linear
sigma model of [6]. Recall that this model is constructed from a set of chiral superfields Z;
representing the homogeneous coordinates of M, and that its space of vacua is M itself. To
get the mirror of M one splits each Z; into its modulus and phase as we did before when

discussing the toric diagram,

and then performs T-duality on the circle coordinatized by 6;. The T-duality gives a new
dual periodic coordinate ¢;, and we organize this coordinate together with |Z;|> into a new
“twisted chiral” superfield

Y = |Zi* +igs. (4.5)

Crucially, the dual description in terms of the Y; also turns out to have a superpotential,

generated by instantons of the linear sigma model:
W(y)=>Y e (4.6)

Finally, the D-term “moment map” constraints of the gauged linear sigma model,'®

Z Qilzil* = t, (4.7)
are converted to holomorphic constraints in the dual model,
> QY =t (4.8)

The three equations (4.6), (4.7), (4.8) contain all the information about the dual theory,

as we now see in an example: consider the local CP? geometry O(—3) — CP? which we

discussed before. This geometry involves four chiral superfields with charges
Z = (Z07 Zla 227 Z3)a

Q= (=3, 1, 1, 1). (4.9)

The corresponding D-term constraint

—3|Zo|2+Z’2i‘2 =t (410)

15For simplicity we are writing (4.7), (4.8) in the case where there is just a single U(1) gauge group, hence

a single D-term constraint and a single Kahler modulus. The general case just has more indices.
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becomes in the dual model

3
=3Yo+ > Y, =t, (4.11)
i=1
and the superpotential is
3
W=> e (4.12)
i=0

It is convenient to make the change of variables
y; = e¥il3, (4.13)
Then, after eliminating Y using (4.11), we are left with the superpotential
W =y} + 5 + 3 + ¢ yiyays. (4.14)

So we might expect that the space of vacua in the dual theory will be given the locus W = 0.
This is correct, but we have to remember that the change of variables (4.13) is not quite
one-to-one; the y; are ambiguous by cube roots of unity, and therefore we have to divide out
by the group ZZ which multiplies the y; by cube roots of unity while leaving W invariant.
After so doing we obtain the mirror to the local CP? geometry.

Looking at W = 0 one notices that, if the y; are considered as homogeneous coordinates
in projective space, it is in fact the equation describing an elliptic curve. Passing to inho-

mogeneous coordinates we could rewrite it as an equation in two variables,
Fz,2) =2+ 22 +1+ePrz=0. (4.15)

Indeed, the mirror geometry in this case is effectively an elliptic curve rather than a Calabi-
Yau threefold, in the sense that the B model partition function can be computed from the
geometry of the elliptic curve. This is a common phenomenon when computing mirrors
of noncompact Calabi-Yaus. Nevertheless, the usual statement of mirror symmetry as we
phrased it above requires a threefold mirror to a threefold; to make contact with that for-

mulation we should add two extra variables u, v which enter in a rather trivial way:
F(z,z) = uv. (4.16)

These two variables just contribute a quadratic term to the superpotential W and do not
couple to the interesting part of the geometry.
We can derive mirror symmetry for compact Calabi-Yaus with linear sigma model real-

izations in a similar way. Recall the example of the quintic threefold; this space is obtained
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by starting with the linear sigma model for O(—5) — CP* and then introducing a superpo-
tential which reduces the space of vacua to the quintic hypersurface in CP*. Temporarily

ignoring this superpotential and repeating the steps above we get the manifold defined by
W=y + 5 + 45 + 5 + 53 + e Pyiyausyays (4.17)

modulo a Z2 symmetry multiplying the y; by fifth roots of unity. Now what happens if we
include the superpotential? Remarkably it turns out that the only effect is to change the
fundamental variables of the theory to the y; instead of Y;. (One might think that what is
the “fundamental variable” is a matter of terminology, but concretely, it affects the measures
of integration one uses when computing the B model periods.)

Finally, we briefly mention another point of view on the mirror symmetry in the compact
case, which leads more directly to the same conclusion: namely, it was observed in [15] that
the A model on the quintic threefold is in fact equivalent to the A model on a weighted super

projective space CPLL1L1S

, which is compact but nevertheless torically realized without the
need for a superpotential. T-dualizing on phases in this super context then leads to a new

derivation of the mirror to the quintic threefold [16].

4.2 Holomorphy and higher genera

So far we just discussed computation of topological amplitudes at genus zero. More
generally we can compute all the F, using the fact that they depend only holomorphically
on moduli. Actually, as we mentioned earlier, this statement is not quite true; but the
antiholomorphic dependence is completely determined by the anomaly equation of [10] and
does not qualitatively affect the discussion to follow. So we can think of F, as a holomorphic
section of a line bundle over the moduli space. Such objects are highly constrained once
their boundary behavior is determined — recall that a bundle over a compact space has
only finitely many sections. The Calabi-Yau moduli spaces under consideration are also
compact, or can be compactified by adding some points at infinity, where the order of the
singular behavior can be constrained by geometrical considerations; hence the F, are basically
determined by holomorphy up to a finite-dimensional ambiguity at each g. With some work
this ambiguity can also be fixed, leading to a practical method for computing the F;, which

has been applied to degrees and genera of order 10 [?].

4.3 Target space approach

There is also a target space approach to computing the topological string partition func-

tion [17]. Namely, suppose we study the A model on a non-compact threefold which has a
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toric realization as we discussed above. Then by mirror symmetry we obtain the B model
on a Calabi-Yau of the form
F(z,z) = uv (4.18)

with the corresponding holomorphic 3-form

_du/\dx/\dz
-

9) (4.19)

The u and v variables are basically playing a trivial role here; the important part of the
geometry is captured by the equation F(x,z) = 0, which characterizes the degeneration
locus of the fiber spanned by w and v. Contour-integrating in u reduces €2 to w = dx A dz.
So we have an algebraic curve F(z,z) = 0 embedded in the (z, z) space equipped with the
two-form w. What are the symmetries of this structure? If F were identically zero, then
we would just have the group of w-preserving diffeomorphisms, which form the so-called
“Way” symmetry. This infinite-dimensional symmetry is extremely powerful. Indeed, even
when F' # 0 and the W, symmetry is spontaneously broken, it nevertheless generates Ward
identities which act on the possible deformations of F. But these deformations exactly
correspond to complex structure deformations of the Calabi-Yau geometry, which are the
objects of study in the B model! It turns out that the Ward identities are sufficient to
completely determine the B model partition function at all genera (and hence the A model

partition function on the original toric threefold) — see [17].

4.4 Large N dualities

Yet another approach to computing the F, depends on the notion of “large N duality.”
Such dualities have played a starring role in the physical string theory over the last few years

[18, 19]; as it turns out, they are equally important in the topological string [20, 21].

4.4.1 D-branes in the topological string

These dualities relate open string theory in the presence of D-branes to closed string
theory in the gravitational background those D-branes produce; so in order to discuss their
topological realization, we have to begin by explaining the notion of D-brane in the topolog-
ical string.

From the worldsheet perspective, a D-brane simply corresponds to a boundary condition
which can be consistently imposed on worldsheets with boundaries. In the topological case
we require that the boundary condition preserves the BRST symmetry. In the A model this

condition implies that the boundary should be mapped into a Lagrangian submanifold L
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of the target Calabi-Yau X [22] (recall that “Lagrangian” means that the dimension of L
is half that of X and the Kéhler form w vanishes when restricted to L). This L should be
thought of as a real section of X — a typical 1-dimensional model is the upper half-plane,
which ends on the real axis L.

(As an aside, it is interesting that the branes which appear in the A model are wrapping
Lagrangian cycles, which are 3-cycles for which the volume is naturally measured by the
holomorphic 3-form 2 — the natural object in the B model! Similarly, in the B model the
branes turn out to wrap holomorphic cycles, whose volume is measured by the A model field
k. This crossover between the A and B models may be a hint of a deeper relation, which is
currently under investigation.)

Now how do the topological D-branes affect the closed string background? The answer
to this question will be crucial since it defines the dual geometry. In the physical superstring
D-branes are sources of flux; in the A or B model topological string the flux in question
should be the Kahler 2-form or holomorphic 3-form respectively. More precisely, consider a
Lagrangian subspace L. Since the total dimension is 6, we can consider a 2-cycle C' which
“links” L, similar to the way two curves can “link” one another in dimension 3. This means
that C' = 0S5 for some 3-cycle S which intersects L once; so C' is homologically trivial in the
full geometry of X, although it becomes nontrivial if we consider instead X \ L. Because C
is homologically trivial we must have [,k = 0 in the original closed string geometry of X.
Then the effect of wrapping N branes on L is to create a flux of the Kahler form through
C, namely

/C k= Ng,. (4.20)

This can be understood by saying that the branes act as a d-function source for k, i.e., the

usual closed string relation dk = 0 is replaced by
dk = Ngso(L). (4.21)

Similarly, a B model brane on a 2-cycle induces a flux of 2 over the linking 3-cycle. Note
that this phenomenon actually suggests a privileged role for 2-cycles; we could also have B
model branes on 0, 4, or 6-cycles, but these branes do not induce gravitational backreaction
since there is no candidate field for them to source.

What about the target space description of the topological D-brane? In the case of
physical D-branes we know that the open strings produce a gauge theory on the brane in the
low energy limit; namely, in the case of a stack of N coincident branes, the fact that strings
can end on any of the N branes leads to a U(NN) gauge theory. See Figure 13.

In the topological A model one can work out the exact open string field theory; it is again

a gauge theory, but this time a topological gauge theory, namely Chern-Simons. To see this
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Figure 13: A stack of N branes carries a U(N) gauge symmetry; the fundamental and

antifundamental gauge indices arise from strings which can end on any of the N branes.

we first note that our construction of the topological string (and specifically its coupling
to gravity) was modeled on the bosonic string, and therefore it is reasonable that the open
string field theory should also be the one that appeared for the open bosonic string. In the
bosonic string it was shown in [23] that the OSFT is an abstract version of Chern-Simons,

written

S:/A*QA+§A*A*A. (4.22)

Re-running those arguments in the topological context, using the dictionary @) < d, shows
that this abstract Chern-Simons is in this case simply the standard Chern-Simons action
[22] — possibly corrected by terms involving holomorphic instantons ending on L. (In
fact, one might ask how the appearance of the Chern-Simons action is consistent with the
localization of the open string path integral on holomorphic configurations; the answer is
that the localization has to be interpreted carefully because of the non-compactness of the
field space. One has to include contributions from “degenerate instantons” in which the
Riemann surface has collapsed to a Feynman diagram, and these diagrams precisely account
for the Chern-Simons action.) In some interesting cases there are no holomorphic instantons
and we just get pure Chern-Simons; this happens in particular in the case of branes wrapping
the S® in the deformed conifold T*S3.

One can similarly consider the open string field theory on a B model brane. In the case

of a brane which wraps the full Calabi-Yau threefold X, one gets a holomorphic version of
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Chern-Simons, with action [23]
= 2
/ O N TH(ADA + A7), (4.23)

where A is a u(N)-valued (0,1) form on X, which we are combining with the (3,0) form Q
so that the full action is a (3,3) form as required. Starting from (4.23), one can also obtain
the action for B model branes which wrap holomorphic 0,2,4-cycles inside X, by realizing

such lower-dimensional branes as defects in the gauge field on a brane that fills X.

4.4.2 The geometric transition

After these preliminaries on branes in the topological string, we are ready to use them
to compute closed string amplitudes. The simplest example is the A model on 7%S3. This
geometry is uninteresting from the point of view of the closed A model, since it has no
2-cycles and hence no Kéhler moduli; but it contains the Lagrangian 3-cycle S* on which
we can wrap branes, obtaining the open string partition function Z(gs, V) for N branes.
As we discussed in the last section, this Z(gs, N) is nothing but the partition function of
U(N) Chern-Simons theory on S3, with level k = 2mi/(k + N); this partition function is
readily computable in practice. Furthermore, the effect of the branes on the closed string
geometry is to create a flux Ng, on the S? which links S®. Now, a la AdS/CFT, let us try
to describe this geometry in terms of a background without branes. There is an obvious
guess for the answer: as we discussed earlier, in addition to the deformed conifold which has
a nontrivial S® at its core, there is also the resolved conifold which has a nontrivial S?, and
both geometries look the same at long distances. So it is natural to conjecture that the dual
geometry is the resolved conifold, where the nontrivial S? has volume ¢ = Ngg [20]. In the
resolved conifold there are no branes anymore — we have just closed strings — and indeed
there is not even a nontrivial cycle where the branes could have been wrapped! The passage
from one geometry to the other is referred to as a “geometric transition.”

The conjecture that the open A model on the deformed conifold with N branes should
be equivalent to the closed A model on the resolved conifold with ¢ = Ng, leads immediately
to a prediction for the partition function of the latter: namely, from the Chern-Simons side

one expects

Z(gs,t H (1-4¢"Q (4.24)

where ¢ = e79 and Q = e~!. Note that this expansion has integral coefficients, which seems
remarkable from the point of view of the closed string, and might make us wonder whether

the closed string partition function has an interpretation as the answer to some counting
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Figure 14: The geometric transition between the resolved conifold with Kahler parameter ¢
(above) and deformed conifold with N branes (below).

problem. We will understand this structure later when we discuss the physical applications
of the topological string.

The geometric transition we just discussed can be summarized in a toric picture as shown
in Figure 14.

One can also use open/closed duality to compute the partition function in more compli-
cated geometries [24]. For example, consider the local CP? geometry. As shown in Figure
15, we can obtain this geometry as the ¢; — oo limit of a geometry with three compact
CP!’s, and each of these CP'’s in turn can be obtained by a geometric transition from an
S3. In this way the closed string on local CP? is related to the open string on a geometry
with three S3’s, each supporting a stack of branes. Naively, then, we would expect that the
closed string partition function would be the product of three copies of the Chern-Simons
partition function. However, we have to remember that the Chern-Simons theory is corrected
by worldsheet instantons. One can show that the only instantons which contribute are ones

in which the worldsheets form tubes connecting two S®’s, as shown in Figure 16. Each such
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Figure 15: The geometric transition and ¢; — oo limit relating local CIP? to a rigid geometry

with N; — oo branes.

tube ends on an unknotted circle in S®; so in a generic instanton configuration each S® has
two such circles on it, and a careful analysis shows that they are in fact linked, forming the
“Hopf link.” One therefore has to compute the Chern-Simons partition function including
an operator associated to the link, given by a sum of link invariants [25]. The full partition
function at all genera is a sum over representations of U(N):

Z= > e RIS, p e RISy, p e tRslG, & (4.25)

R1,R2,R3

where Sgp is the Chern-Simons knot invariant of the Hopf link with representations R and
R’ on the two circles, as defined in [26], and |R| is the number of boxes in a Young diagram

representing R.

4.5 The topological vertex

Although the geometric transitions we described above lead to an all-genus formula for

the A model partition function in the local CP? geometry, the method of computation is
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Figure 16: Worldsheet instantons, with each boundary on an S3, which contribute to the A

model amplitudes after the transition, or dually, to the A model amplitudes on local CP2.

somewhat unsatisfactory: we obtained local CP? only after taking the ¢; — oo limit of a more
complicated geometry. One might have hoped for a more intrinsic method of computation.
Indeed there is such a method, and it generalizes to arbitrary toric diagrams, whether or
not they come from geometric transitions! This method exploits the similarity between
the toric diagram (with fixed Ké&hler parameters) and a Feynman diagram with trivalent
vertices and fixed Schwinger parameters. Namely, one can define a “topological vertex,”
CR,Rryr3(9s), depending on three Young diagrams R;, Rs, R3 and on the string coupling g
[27]. See Figure 17.  Then the full partition function is obtained by assigning a Young
diagram R to each internal edge of the toric diagram, with a propagator e ‘El+mC2(F) and
a factor Cr, r,yrs(gs) to each vertex. (The integer m appearing in the propagator is related
to the relative orientation of the 2-surfaces on which the propagator ends.)

Of course, the actual vertex Cg, g,rs(gs) is extremely complicated! It was originally
determined in [27] using Chern-Simons theory along the lines discussed above. Since then

two other methods of computing the vertex have appeared. One way uses the W, symmetry
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Figure 17: The topological vertex, which assigns a function of g to any three Young diagrams

R17 RQa R3-

of the target space in the mirror B model [17], as we discussed above.

One can also obtain the vertex by a direct A model closed string target space computation
28, 29, 30]. Namely, the target space description of the A model is a theory of “K&hler
gravity” [31], which roughly sums over Kéhler geometries with the weight o I
fact, we can describe exactly which Kéhler geometries contribute to the A model sum that
gives the A model partition function, at least if we restrict to studying quantities which are
torically invariant in a suitable sense. For example, consider the case of the A model on the
non-compact Calabi-Yau C3. In this case one can obtain a new Kihler geometry which is
still toric by blowing up the origin; this replaces that point by a CP? as shown in Figure
18.  Of course, this new geometry is not Calabi-Yau; the only Calabi-Yau geometry which
is asymptotically C? is C? itself. Nevertheless, it should be included in the target space
A model sum; this is not unexpected, since a theory of quantum gravity should sum over
off-shell configurations as well as on-shell ones. One can also do more complicated blow-
ups. Such blow-ups are more difficult to describe in words, but their algebraic description
is straightforward: the possible blow-ups correspond to toric ideals in the space of algebraic
functions on C3, i.e. invariant ideals in the ring C[X,Y, Z] of polynomials in three variables.
Such ideals correspond to 3-dimensional Young diagrams D, or equivalently to configurations
of a melting crystal; this was the point of view taken in [28]. (The simplest blow-up which we
discussed above corresponds to the Young diagram with a single box, or the ideal (X, Y, Z).)

The weight e~ J¥19 for such a geometry obtained by blowing up an ideal is simply ¢/”!,

where ¢ = e7% and |D| is the number of boxes of the 3-dimensional Young diagram D, or
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Figure 18: Blowing up the origin in C? gives a new geometry which is not Calabi-Yau but

still contributes to the target space sum in the A model.

equivalently the codimension of the corresponding ideal. The sum over all such diagrams

with this weight gives the A model partition function on C3,

n

Zes =Y ¢P' =T[(1 —¢m)™ (4.26)
D i=1
This is the special case of the topological vertex where all three representations R;, Ry, R3
are trivial. More generally one can consider infinite 3-d Young diagrams, which asymptote to
fixed 2-d diagrams R;, R,, R3 along the x, y, z directions; in this case the sum over diagrams

gives the full topological vertex!

5 Physical applications

So far we have mostly discussed the topological string in its own right. Now we turn to its
physical applications. At first it might be a surprise that there are any physical applications
at all, but they do exist; speaking broadly, the reason for this is that the topological string
is a localized version of the physical string, i.e. it receives contributions only from special
path-integral configurations as we discussed above, and there are some “BPS” observables
of the physical string which are also localized on the same special configurations.

The main examples which have been explored so far are summarized in the table below:
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physical theory physical observable | topological theory

N =2, d = 4 gauge theory prepotential A model

N =1, d = 4 gauge theory superpotential B model with branes
spinning black holes in d =5 BPS states A model
charged black holes in d =4 BPS states nonperturbative?

Now we will discuss these applications in turn.

5.1 N =2 gauge theories

One area in which the topological string connects to ordinary physical theories is in the
context of NV = 2 gauge theories in d = 4. To understand this connection we begin by
discussing the physical theory obtained by compactifying the Type II string on a Calabi-Yau
X. The curvature of X breaks 3/4 of the supersymmetry, leaving 8 supercharges which
make the N' = 2 algebra in d = 4; the massless field content in d = 4 can be organized into

multiplets of N' = 2 supergravity as follows:

vector hyper gravity
ITA on X | hM(X) | R2Y(X) + 1 1
B on X | h2Y(X) | AMY(X) +1 1

The topological string computes particular F-terms in the effective d = 4 action. They

can be written conveniently in terms of the A/ = 2 graviphoton multiplet, which is a chiral

superfield W, 3 with lowest component F,5. '® Namely, forming the combination
W? = WaphasWaipha g €** €, (5.1)
the F-terms in question can be written as
/ die / d40F, (XT) W2, (5.2)

The crucial link between physical and topological strings here is as follows: the F,(X’) which
appears in (5.2) is precisely the genus g topological string free energy, written as a function of
the vector multiplets X7 (so if we study Type IIB then the F} appearing is the B model free
energy, since the vector multiplets in that case parameterize the complex deformations, while
for Type IIA it is the A model free energy that appears.) Arguments for this statement can

be found in [32, 10]; one can also see it more directly using the Berkovits hybrid formalism.

6Here the “graviphoton” F is the field strength for the U(1) vector in the supergravity multiplet, and «,
B are spinor indices labeling the self-dual part of the full field strength F),,, i.e. F,, = ag(’yu)a"’(’yy)fz +

Fd,ﬁ? ('Yu)g('yu)ﬁg-
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It is noteworthy that each F, contributes to a different term in the effective action and
hence to a different physical process. To see this more clearly we can expand (5.2) in

components; one term which appears is (for g > 1)
/ dizF,(XT) (R F272), (5.3)

so Fy(X') contributes a gravitational correction to the amplitude for scattering of 2g — 2
graviphotons. In the application to N' = 2 gauge theory we will mostly be interested in Fp,
which gets identified with the prepotential of the gauge theory.

Now let us focus on the specific geometries which will lead to interesting N = 2 gauge
theories. In order to decouple gravity we should consider a non-compact Calabi-Yau space.
The simplest example is an ALE space; these are four-dimensional Calabi-Yaus obtained as
C?/G, where G is a finite subgroup of SU(2) acting linearly on C2. More precisely, the ALE
space is not quite C?/G; that quotient has a singularity at the origin, and one obtains the
ALE space by resolving that singularity, introducing a number of CP'’s localized near the
origin. For each such CP! obtained by resolving the singularity there is a Kahler parameter
t; for its size; in the limit ¢; — 0 the metric reduces to that of the singular space C?/G.
In this sense one can think of the singularity of C?/G as containing a number of zero size
CPYs. Then considering Type II string theory on C?/G one obtains a gauge theory in six
dimensions; the massless gauge bosons arise from D2-branes which wrap around these zero
size CP'’s, and the particular gauge group we get depends on the group G. The simplest
example is G = Z,,, which gives SU(n) gauge symmetry in the six-dimensional gauge theory,
but one can also get SO(2n) or Eg, E7, Eg; this is called the “ADE classification” of finite
subgroups of SU(2).

But C?/G is not quite the example we want; we want to get down to d = 4 rather than
d = 6, and we also want to get down to 8 supercharges rather than 16. These goals can be
simultaneously accomplished by fibering C?/G over a genus g Riemann surface X,; this can
be done in a way so that the resulting six-dimensional space is a Calabi-Yau threefold X,
and the Type II string on X gives an N' = 2 theory with gauge group determined by G and
with ¢ adjoint hypermultiplets [33]. (The origin of these hypermultiplets can be understood
by starting with the gauge theory in d = 6 and compactifying it on ¥,; then the electric
and magnetic Wilson lines of the gauge theory give rise to the 4¢g scalar components of the
g hypermultiplets.)

An interesting special case is ¢ = 1. In this case the fibration of C?/G over the Riemann
surface T2 is trivial, so the A/ = 2 supersymmetry should be enhanced to AN/ = 4; this
agrees with the fact that we get a single adjoint hypermultiplet, which is the required matter
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content for the N' = 4 theory. Furthermore, there is a relation
Vol(T?) = 1/g3-5,- (5.4)

T-dualizing on the two circles of T? then implies that the theory with coupling gyas is
equivalent to the theory with coupling 1/gy s — so the existence of a string theory realization
already implies the highly nontrivial Montonen-Olive duality of N' = 4 super Yang-Mills!
One could also consider the case g > 1, but in this case the gauge theory is not asymp-
totically free. We therefore focus on g = 0, which gives pure N/ = 2 gauge theory; and for
simplicity we consider the case G = Zy, which gives SU(N) gauge theory. To “solve” this
gauge theory a la Seiberg and Witten [34], one wants to compute its prepotential Fp, as a
function of the Coulomb branch moduli. As we remarked above, this prepotential coincides
with the Fjy computed by the A model topological string; namely, the Coulomb branch mod-
uli get identified with the Kéahler moduli #; which give the sizes of the CP'’s resolving the
singularity, while the volume of the base CP! controls the bare gauge coupling at the string
scale,
Vol(CPY) = 1/g3 - (5.5)

So we have two different kinds of CP! in the geometry, playing quite distinct roles. Indeed,
from (5.5) one sees that the worldsheet instantons which wrap n times around the base CP*
contribute with a factor e /9% to Fo, and hence they should correspond to target space
instanton number n.

So far we have elided one subtlety: at generic values of ¢%,, and t;, the string theory
actually contains more information than just the 4-dimensional gauge theory. This is to be
expected since the Fy of the gauge theory depends just on the moduli ¢;, while our Fy also
depends on the size of the base which we identified with g#,, at the string scale. To isolate
the 4-dimensional content we have to take a decoupling limit in which ¢2,, and ¢; approach
zero, which sends the string scale to infinity while keeping the masses of the W bosons on
the Coulomb branch fixed [35]. If we do not take this decoupling limit, we get a theory
which includes information about compactification from 5 to 4 dimensions; from that point
of view the instantons can be interpreted as particles of the 5-dimensional theory which are
running in loops.

We have just reformulated the problem of solving the IR dynamics of the NV = 2 gauge
theory as the problem of computing the A model Fj in a particular Calabi-Yau geometry.
Let us see how this procedure works out in the simplest example, namely the pure SU(2)
theory. In this case we have to consider the A; singularity fibered over CP!, and it turns

out that this geometry is nothing but the local CP! x CP' geometry we discussed before.
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The two CP! factors appear symmetrically in the geometry, although we are interpreting
them quite differently (one of them is the “base” which controls g%, while the other is the
“fiber” which gives the Coulomb branch modulus) and in particular the decoupling limit
breaks the symmetry between them. Now we want to obtain Fj for this geometry, and this
can be done using mirror symmetry; recalling that we have a toric realization as shown in
Figure 11, the techniques we illustrated in Section 4.1 can be straightforwardly applied. The
mirror geometry is again of the form F(x,z) = uv, where the Riemann surface F'(z,z) =0
is precisely the Seiberg-Witten curve encoding the solution of the model [36].

A similar procedure can be applied to any ADE gauge group by choosing the appropriate
geometry, and conversely, anytime we have a toric geometry where the Kahler parameters
arise by resolving some singularity, we expect that that toric geometry can be interpreted in
terms of gauge theory. The zoo of NV = 2 theories one can “geometrically engineer” in this
way includes cases with arbitrarily complicated product gauge groups and bifundamental
matter content, as well as some exotic conformal fixed points in higher dimensions; see e.g.
(35, 36, 37, 33, 38, 39]. To obtain the prepotentials for the geometrically-engineered theories is
in principle straightforward via mirror symmetry, and it has been worked out in many cases,
but it is not always easy — e.g. for the Ej singularities one would have a more difficult
job, because to realize these geometries torically one has to include a superpotential, which

makes the mirror procedure and computation of the mirror periods less straightforward.

5.2 N =1 gauge theories

So far we have discussed geometric engineering of N' = 2 theories, but it turns out that
string theory also has something to say about the N' = 1 case. How can we geometrically
engineer an A/ = 1 theory? Starting with compactification on a Calabi-Yau space, we need
to introduce an extra ingredient which reduces the supersymmetry by half. There are two
natural possibilities: we can add either D-branes or fluxes. In both cases we want to preserve
the four-dimensional Poincare invariance; so if we use D-branes we have to choose them to
fill the four uncompactified dimensions, and if we use fluxes we have to choose them entirely
in the Calabi-Yau directions (i.e. the 0, 1, 2, 3 components of the flux should vanish.) In
fact, the two possibilities are sometimes equivalent because of the possibility of a geometric
transition in which branes are replaced by flux, as we discussed above.

Let us first focus on the case where we introduce a stack of N branes, which are wrapped
on some cycle in the Calabi-Yau and also fill the four dimensions of spacetime. Then we
obtain an N = 1 theory in four dimensions, with U (V) gauge symmetry. (Note the difference

from the geometric engineering we did in the N = 2 case; there we obtained the gauge
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symmetry from a geometric singularity, but in the A/ = 1 case it just comes from the usual
Chan-Paton mechanism, while the geometry is responsible for details of the gauge theory,
specifically the form of the bare superpotential.)

Now what does this have to do with topological strings? We have seen above that the
free energy F, (and particularly F) compute F-terms relevant for the N' = 2 theory. After
introducing D-branes in the topological string, we need not consider only closed worldsheets
anymore; an open string worldsheet naturally corresponds to a Riemann surface with bound-
aries. Therefore we can define a free energy [, obtained by integrating over worldsheets
with genus ¢ and h holes, with each hole mapped to one of the D-branes; and we can ask
whether this F, ;, computes something relevant for the A' = 1 theory. The answer is of course
“yes.” As we did in the N' = 2 case, we will focus on g = 0 at first; higher genera are related
to gravitational corrections.

To write the terms which the topological string computes in the AV = 1 theory with
branes, we need the “glueball” superfield S, with lowest component Try,y®. Then we

organize the Fy ), into a generating function:
F(S) =" Fyush. (5.6)
h=0

The F-term the topological string computes in the A/ =1 theory can then be written [10]

/ die / d%NZ? (5.7)

This is a superpotential for the glueball S, and it turns out that the this superpotential
captures a lot of the relevant infrared dynamics. More precisely, in addition to (5.7), one

also has to include the term
/ diz / 42978, (5.8)

which is simply the super Yang-Mills action in superfield notation, with

471 0

Y=g o

(5.9)

After including this extra term, one can determine the vacuum structure of the theory just
by extremizing the glueball superpotential — different vacua are distinguished by different
values of the glueball condensate.

Now what about the case where we introduce fluxes instead of branes? Consider Type

IIB on a Calabi-Yau X. Recall from the last section that this theory has a prepotential term

/ die / d19Ey(Xx7), (5.10)
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where Fy is the B model topological string free energy at genus zero, and the X! are the
vector superfields, whose lowest components parameterize the complex structure moduli of
X. How does this term change if we introduce N! units of three-form flux on the I-th A
cycle?!” In the N/ = 2 supergravity language, it turns out that this flux corresponds to the 62
component of the superfield X’; turning on a vacuum expectation value for this component
absorbs two 6 integrals from (5.10), leaving behind an F-term [40],
0Fy

/d”‘a:/dQHNIaT. (5.11)

There is a natural extension of this formula to include a flux 7; on the I-th B cycle (which

need not be quantized since the B cycle is non-compact):

F
/ die / d29N! gX(} g FL (5.12)

This form of the superpotential was derived in [41].

There is an obvious analogy between (5.7) and (5.11). Note though that the lowest
component of the X which appears in (5.11) is an honest scalar field parameterizing a
complex structure modulus, while the S which appears in (5.7) is a fermion bilinear, which
naively cannot have a classical vacuum expectation value. Nevertheless, the analogy between
the two sides seems to be suggesting that we should treat S also as an honest scalar, and we
will do so in what follows.

So what do (5.7) and (5.11) have to do with one another? The crucial link is provided
by the notion of “geometric transition” which we discussed before, but now in the context
of the Type IIB superstring rather than the topological string:'® start with a Calabi-Yau
X which has a 2-cycle. Then wrap D5-branes on these 2-cycles, obtaining a U(N) gauge
theory. There is a dual geometry where the D5-branes disappear and are replaced by a
3-cycle A; in this dual geometry there are N units of flux on the dual cycle B, the remnant
of the vanished D5-branes. The claim is that the string theories on these two geometries
are equivalent, after we identify the glueball superfield S with the period of €2 over the A
cycle in the dual geometry.'? With this identification (5.7) and (5.11) are identical. One can

therefore use either one to compute the glueball superpotential.

17Recall that in writing the V' = 2 supergravity Lagrangian we have chosen a splitting of H3(X) into A

and B cycles, with the X' representing the A cycle periods.
18See [40] for a detailed discussion of the superstring version of the large N duality in the Type IIA case.
190n the face of it this claim might sound bizarre since the theory with branes should have U(NN) gauge

symmetry in four dimensions; but since we are now talking about the effective theory in d = 4, what we
should really compare is the IR dynamics, and we know that A" = 1 gauge theories confine, which reduces
the U(N) to U(1) in the IR.
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The simplest example of this phenomenon is provided by the geometry we discussed
before, namely the resolved conifold, which just has a single 2-cycle CP!. So suppose we
wrap M D5-branes on the CP! of the resolved conifold. As one might expect, this simplest
possible geometry leads to the simplest possible gauge theory in d = 4, namely N = 1
super Yang-Mills. Now using the glueball superpotential we can recover the standard lore
about this theory’s infrared behavior. Let us derive this superpotential from the geometric
transition and (5.11). The dual geometry after the transition is the deformed conifold, which

has a compact S? and its dual B cycle, with corresponding periods
X:/ 0=, (5.13)
A

F:/ Q = plog p. (5.14)
B

Here to compare with the gauge theory we have to identify © = S as we stated above.
(A simple way to check the formula for F' in terms of p is to note that it has the correct
monodromy; as pu — 2™ the B cycle gets transformed into a linear combination of the B
cycle and the A cycle, corresponding to the fact that F' gets shifted by the A period pu.)

From the periods we immediately obtain the closed string Fj,

1
Fy= 5XF = i log (5.15)
which leads to the superpotential
OF
Na—s0 — 78 =NSlogS —75. (5.16)

This is the standard Veneziano-Yankielowicz glueball superpotential for A' = 1 super Yang-
Mills [42]. By extremizing it as a function of S one finds the expected N vacua of N' =1
super Yang-Mills,?
S = A3 exp (27ij/N), (5.17)
where j =1,..., N.
So far we have not used much of our topological-string machinery. But now we can

consider more elaborate examples: instead of the singular conifold geometry
w vy 2% =0, (5.18)
which just has a single shrunk CP!, we could look instead at

w? +v? 4+ + W (x)* =0, (5.19)

20We have not been careful to keep track of the cutoff Ag; if one does keep track of it, one finds that it
combines with the bare coupling 7 to give the QCD scale A which appears in (5.17).
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for some polynomial W (z) of degree n + 1. This geometry has n conifold singularities at the
n critical poitns of W. The singularities can be resolved by blowing up to obtain n CP!’s at
these n points (all these CP’s are homologous, however, so in particular there is only one
Kéhler modulus describing the resolution.)

We want to use this geometry to engineer an interesting N' = 1 gauge theory. Namely, if
we have M Db5-branes we can wrap M; of them on the first CP', M, on the second and so
on, obtaining gauge symmetry U(M;) x - - - x U(M,,). Actually, all such configurations could
be viewed as different vacua of a single gauge theory describing the M branes; this is natural
because the gauge theory on the branes should include an adjoint chiral multiplet ®, whose
lowest component represents the z-coordinate of the brane. ' Now what can we say about
this gauge theory? The supersymmetric vacua should arise from configurations in which the
eigenvalues of ® are distributed among the critical points of W. It would therefore be natural
to guess that the gauge theory in question has a bare superpotential Tri¥ (®). This is indeed
the case; one can derive this result from the holomorphic Chern-Simons action which, as we
discussed earlier, is the topological open string field theory of the brane [43]. Namely, one
shows from the holomorphic Chern-Simons action that, as one moves the 2-brane along a
path, sweeping out a 3-cycle C, the classical action is shifted by [~ (2; combined with the
explicit form of  in the geometry (5.19) this gives the classical action for the brane at z as
W (zx). This classical action in the topological string turns out to be the superpotential of
the physical superstring. This superpotential computation can also be interpreted directly
in the worldsheet language as coming from disc diagrams with boundary on the brane; to
see this from the topological string one notes that Fp; contributes an S-independent term
to (5.7), which gets interpreted as the desired bare superpotential.

So we have geometrically engineered an AN/ = 1 gauge theory, with U(M;) x --- x U(M,,)
gauge group, one adjoint chiral multiplet ®, and a superpotential TrIWW (®). To answer
questions about the vacuum structure of this theory we now want to find the appropriate
glueball superpotential. As in the case of the simple conifold geometry, one way to do this is
to consider the dual geometry in which the branes have disappeared and each of the n CP!’s

has been replaced by an S3: this geometry is written
u? + 0 +y* + W(z)? = f(x), (5.20)

where f(x) is a polynomial of degree n — 1 giving the deformation. This f(z) depends on

the M; and is completely fixed by the requirement that the period of Q on the i-th S® is

21The adjoint scalar ® is present even in the conifold case which we considered above, but there (as we will
see below) it is accompanied by a quadratic superpotential W (®) = ®2, so ® can be harmlessly integrated

out to leave pure A/ = 1 super Yang-Mills.
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M;gs. This approach was followed in [44].

Alternatively, one can avoid the geometric transitions altogether and compute directly
in the gauge theory on the D5-branes. Since the glueball superpotential is computed by
the topological string, one can avoid all the complexities of Yang-Mills theory, and use
instead the topological open string field theory; as we explained above, in the case of the B
model this is (the dimensional reduction of) holomorphic Chern-Simons. Working this out
one finds that the whole computation of the topological string free energy is reduced to a
computation in a holomorphic matrix model [45, 46, 47]. Specifically, to compute the planar
free energy [y one is interested in the planar limit of the matrix model, while the higher
F

g
These models have turned out to be a quite powerful tool, which is applicable to geometries

1 correspond directly to higher genera in the 't Hooft expansion of the matrix model.

more general than the case we described here. They are also related in a beautiful way to the
geometric transitions we described above: namely, the planar limit of the matrix model can
be described as a saddle-point expansion around a particular distribution of the eigenvalues,
and this distribution turns out to capture the dual geometry in a precise way. In this sense

the smooth geometry seems to be an emergent property, which only makes sense at large N!

5.3 BPS black holes in d =5

So far we have discussed applications of the topological string to gauge theory, which
(at least if we do not ask about gravitational corrections) involved only the genus zero free
energy Fy. Now we want to discuss an application to black hole entropy, which is somewhat
more sophisticated in the sense that it naturally involves all of the F;,. We ask the following
question: given a compactification of M theory to five dimensions on a Calabi-Yau threefold
X, how many BPS black hole states are there with a particular spin and charge?

First, what do we mean by “charge”? M-theory compactified on X has a U(1) gauge field
for each 2-cycle of X, obtained by dimensional reduction of the M-theory 3-form C' on the
2-cycle, i.e. via the ansatz C,n3 = A,wqg, Where wyg is the harmonic 2-form dual to the cycle
in question. So we get U(1)" gauge symmetry, where n = by(X) is the number of independent
2-cycles. We also naturally get states which are charged under this U(1)™; namely, an M2-
brane wrapped on a 2-cycle gives a particle state charged under the corresponding gauge
field. Hence the charges in the theory are classified by elements of the second homology,
Q€ Hy(X,Z).

So we could ask for the number of BPS states with given (). But actually there is a finer
question we can ask: namely, it turns out that in five dimensions it is possible for a black

hole to have spin and still be BPS. The little group for a massive particle in this dimension
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is SO(4) = SU(2) x SU(2)g, giving rise to spins (jr,jr), and one can get BPS states so
long as one requires either j;, = 0 or jg = 0. So fixing, say, jg = 0, we can ask for the
number of BPS states with charge ) and spin j.

A convenient way of packaging this information is suggested by the notion of elliptic
genus, which we now quickly recall in a related context, namely N = (1,1) theories in
two dimensions [48]. The partition function on a torus with modular parameter 7 with the
natural boundary conditions is

Tr(—1)F¢logho. (5.21)

This partition function is relatively “boring” in the sense that it just computes the Witten
index [49], which is independent of ¢ and . But in an A/ = (1,1) one can define separate
left and right-moving fermion number operators F, Fg, and we can use these to define a

more interesting object, the elliptic genus,
Tr(—1)Frgtogho. (5.22)

The usual argument shows that (5.22) gets contributions only from states which have Lg = 0,
so it is independent of g, but it is a nontrivial function of ¢, which has modular properties.
Like the usual Witten index it has some rigidity properties, namely, it does not depend on
small deformations of the theory (moduli of the target space); this follows from the fact that
the coefficients in the ¢ expansion are integral.

Returning to the d = 5 black hole, note that we have a splitting into left and right similar

to the one for N' = (1, 1) theories, so instead of computing the ordinary index
Tr(—1)7e " (5.23)
we can consider an elliptic genus analogous to (5.22),
Tr(—1)rq re=PH, (5.24)

Like (5.22), this elliptic genus has a rigidity property: it is independent of the complex
structure moduli of X, although it can and does depend continuously on the Kéahler moduli.
This property is reminiscent of the A model topological string, and indeed it turns out
that the A model partition function Za(gs,t;) is precisely the elliptic genus (5.24), with the
identification

qg=e%, (5.25)

as we will see below. In this sense the spin-dependence of the BPS state counting gets related

to the genus-dependence of the topological string.
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Now, why is the A model partition function counting BPS states? Such a connection
seems reasonable; after all, the A model counts holomorphic maps, and the image of a
holomorphic map is a supersymmetric cycle on which a brane could be wrapped to give a
BPS state. There is a more precise argument which explains the relation; it was worked out
in [50, 51] and goes roughly as follows. If we are interested in computing (5.24) we should
study the five-dimensional theory on a circle S* of radius 3. However, since (5.24) is an index
it is independent of 3, and can be evaluated in the limit 5 — 0 in which the theory becomes
four-dimensional. Interpreting S! as the M-theory circle, in this limit we are studying the
weakly coupled Type IIA string on X. As we mentioned earlier, there are certain F-terms
in the effective four-dimensional action of this theory which are computed by the A model

topological string, namely

/ dig / d40F, () (W) + c.c., (5.26)

which give rise to

/ A1z F, () (R2F%2), (5.27)

If we consider the Euclidean version of the theory, then in four dimensions we can turn on a
self-dual graviphoton background Fos # 0, Fy5 = 0, i.e. W # 0, W = 0. Substituting this
background into (5.27) we get a sum correcting the R? term,

(f: Fg(t)F29_2> R?. (5.28)

Note that in (5.28) we get a sum over all genus topological string amplitudes, with the role
of the topological string coupling played by the graviphoton field strength F'.

To establish the relation between the topological string and the elliptic genus, we now
want to show that one can compute the R? correction in a graviphoton background in a
different way which manifestly gives the elliptic genus. This second computation is based
on Schwinger’s computation of the correction to the vacuum energy from pair-production of
charged particles in a background electric field. In the present context the relevant charged
particles are the BPS states we have been considering; for a D2 brane wrapped on the cycle
@, bound to k£ DO branes, the central charge is

7 = (Q,t) + ik, (5.29)

and the mass of the corresponding BPS state is m = |Z]. We compute the corrections
to the effective action due to pair production of such states in the self-dual graviphoton
background F. Since these states come in hypermultiplets of the N' = 2 supersymmetry,

their contribution to the vacuum energy cancels, but it turns out that they make a simple
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contribution to the R? term: for example, a multiplet whose lowest component is scalar
contributes precisely as a scalar would have contributed to the vacuum energy.

Let us focus on the contribution to the R? correction from a particular homology class @,
supporting a BPS hypermultiplet with lowest component scalar. Actually, we will get one
such hypermultiplet for each value of the DO brane charge k. The Schwinger computation
expresses the contribution from each of these hypermultiplets as a one-loop determinant;

summing over all k gives

—2ms({Q,t) —Hk)

dse

k=—o00 §

(Here F' enters the determinant through the non-commutation of the covariant derivatives
which appear in A.) The integral appearing in (5.30) looks formidable, but luckily we do not
have to do it: the sum over DO brane charge k gives a d-function which cancels the integral

and also removes the awkward dependence on the cutoff e. We get a simple result,

| 6727m<Qt> 2

- 5.31
“— n (2sinh %) (5:31)
This is the contribution to the R? correction coming from a single BPS multiplet with scalar
lowest component. Now identifying F' = ¢, to compare with the topological string, and
taking the g; — 0 limit, we recover

1 e—27rn<Q,t)

? — T, (5-32)
which is precisely the formula we wrote in (3.24) for the contribution of an isolated genus
zero curve to the A model Fy! In particular, the counting of BPS states reproduces the
tricky 3, 1/n3, which arose from multi-covering maps S* — S? in the A model. Indeed,
from counting BPS states one obtains formulas for the multi-covering contributions at all
genera, as well as “bubbling” terms which occur when part of the worldsheet degenerates to
a surface of lower genus.

Looking at (5.31) one does not see any obvious integer structure, but after exponentiating

to get Z one finds

o0

[1(1—qre @iy, (5.33)

n=1
which indeed has integer coefficients. This is an expected property, because from what we
have said, (5.33) is supposed to be the contribution to the elliptic genus from an M2-brane

wrapped on the homology class (). At first glance this formula might be surprising — one
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might naively have expected to get simply e~ ‘9" — but one has to remember that the M2-
brane gives rise to a whole field ¢ in five dimensions, and this ¢ can have excitations which
are not Poincare invariant but are still BPS. Namely, choosing complex coordinates z, 2o for

the Euclidean time-slice R*, we can write

¢ = P(z1, 22, 21, 7)), (5.34)

and the BPS excitations are the ones where we only excite the z;, so expanding

6= Y bmAd (5.35)
1,m>0
we get a collection of fermionic creation operators ¢y,,. The operator ¢y, creates SU(2),
spin [ + m, so there are n + 1 of them that create spin n. The second quantization of these
operators then accounts for the degeneracy (5.33). From this discussion one easily sees how
to modify the answer if the lowest component were not scalar but rather had SU(2), spin
j: one just has to replace ¢" by ¢"*/ in (5.33).

Now we are ready to write the general form of the topological A model free energy
in terms of the five-dimensional BPS content. It is convenient to choose a slightly exotic
basis for the representation content: namely, we introduce the symbol [j] for the SU(2).
representation [2(0) & (5)]®/. Any representation of SU(2),, can be written as a sum of the
representations [j] with integer coefficients (not necessarily positive). Then write N g for
the number of times [j] appears in the SU(2);, content of the BPS spectrum obtained by

wrapping M2 branes on (). Combining our results above we can now write

Ft,gs)=> > N (Z <2sinh ?)2j2 e_”@’t)) : (5.36)

>0 QeHs(X,Z) n>0

The formula (5.36) expresses all the complexity of the A model topological string at all genera
in terms of the integer invariants N . Conversely, it gives an algorithm for computing the
numbers N g, which capture the degeneracy of BPS states, using the topological string.

Despite the formidable computational techniques which are known for the topological
string, it has not yet been possible to use it to verify one of the simplest predictions from
black hole physics: namely, the asymptotic growth of the N o with @ should agree with the
scaling of the black hole entropy.

5.4 BPS black holes in d =4

Remarkably, it turns out that the topological string is also relevant to black hole entropy

in d = 4! This application is somewhat subtler than the d = 5 case, however. In the d =5
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case, one could recover the number of BPS states with fixed charge and spin j just by looking
at the A model amplitudes up to genus j. In d = 4 the perturbative topological string will
only give us coefficients of the asymptotic growth of the number of states as a function of
the charge; to get the actual number of states with a given fixed charge would require some
sort of nonperturbative completion of the topological string.

What kind of black holes will we study in d = 47 Unlike in d = 5, there are no spinning
BPS black holes, so we just want to determine the number of BPS states as a function of the
charge. The charges in d = 4 are also a little more subtle than in d = 5; each U(1) in the
gauge group leads to both an electric and a magnetic charge. In Type ITA on X, there would
be a natural splitting into electric and magnetic charges; namely, DO and D2 branes on X
give electrically charged states, while D4 and D6 branes give magnetically charged states. In
Type IIB, on the other hand, all of the charges are realized by D3 branes wrapping 3-cycles,
and a splitting into electric and magnetic is obtained only after making a choice of symplectic

basis (A and B cycles), as we've discussed before:
AN B’ =47. (5.37)

So a general combination of electric and magnetic charges can be realized by a D3 brane
wrapping a general 3-cycle, i.e. a choice of C' € H3(X,Z). Now, how can the Calabi-Yau
space X give us the number of BPS states, as a function of this C?

The crucial ingredient here is the attractor mechanism of N' = 2 supergravity [52].
Namely: suppose we consider the supergravity theory obtained by compactifying Type 1IB
on X and look for classical solutions describing a BPS black hole with charge C'. There are
various such solutions, depending on a choice of boundary condition: namely, the supergrav-
ity theory includes scalar fields corresponding to the moduli of X, and we can choose the
expectation values of those scalar fields at infinity arbitrarily. Then studying the evolution
of the scalar fields as we move in from infinity toward the black hole horizon, one finds a
remarkable phenomenon: the vector multiplet moduli, describing the complex structure of
X, approach fixed values as we approach the horizon. These fixed values depend only on the
charge C of the black hole; they are independent of the boundary condition.?? It is not easy
to describe the map from the charge C' to the holomorphic 3-form 2 (which determines the

complex structure), but the inverse map is straightforward: choosing a basis of 3-cycles and

22This statement needs to be slightly qualified: the moduli at the horizon are locally independent of the
moduli at infinity, but there can be multiple basins of attraction [53]. This phenomenon is related to the

existence of lines of marginal stability for BPS states in N' = 2 theories.
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corresponding electric-magnetic splitting C' = (P!, Q;), the relation is

Pl = /A Re®,  Qr=/ ReQ, (5.38)

By

or more invariantly, ReQ2 € H*(X,R) is the Poincare dual of C' € H3(X,Z). (Note that the
counting of parameters works out correctly: the complex structure moduli, when augmented
to include the choice of overall scaling of €2, make up 2b3(X) real parameters, and this is
also the number of possible black hole charges.)

Given the black hole charges C' we now want to compute the number of BPS states. In
fact it will be convenient to express the answer in terms of S, the entropy, To leading order
in ', the answer is remarkably simple: the entropy is given by the “holomorphic volume” of
the Calabi-Yau at the attractor value of €2,

S(Q) = IZ/X QAQ. (5.39)

Note that this entropy has the expected scaling with the size of the black hole: namely, from
(5.38) we see that a rescaling C' — AC' (which also rescales the size of the black hole by
A thanks to the BPS relation between mass and charge) rescales the attractor moduli by
Q — AQ, and hence S — A2S. This is the expected behavior for the entropy of a black hole
in four dimensions.

Now we want to highlight a connection between (5.39) and the topological string. To do
so, we begin by noting that if we choose an electric-magnetic splitting we can rewrite (5.39)

as )

S(P,Q) = %T(XIF, — X'F)). (5.40)
This expression is quadratic in the periods of {2, which is reminiscent of the tree level B
model free energy Fy. Indeed, form the combination

i _ 1m

0 (Fo(X) — Fy(X)) 1 (X'F; — X'Fy). (5.41)

Now (5.40) and (5.41) are not quite equal, but they are related, as explained in [54]: namely,
beginning with (5.41), we introduce the notation ®’ = X! — X7 and then make a Legendre
transform from ®! to a dual variable Q;. We call the dual variable @; for a reason: namely,
according to (5.38) the black hole electric charge Q; = F; + F}, and substituting this for the
Q@ we just introduced in the Legendre transform of (5.41) one recovers (5.40)!

One thus obtains, to leading order in P and @, the relation

3 p(P,Q)e 4 = |Zp(P +1®)|2 (5.42)
Q
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On the left side of (5.42), p(P, @) is the number of BPS black holes with electric and magnetic
charges (P, ()), while on the right side Zg(P+i®) is the B model partition function, evaluated
at the complex structure determined by the A cycle periods X! = P! 4 i®!.

In other words, the partition function of the grand canonical ensemble of black holes
where we fix the magnetic charges P and the electric potential ®, then sum over all electric
charges, is given by |Zg|*! This is a beautiful relation and it is very natural to conjecture
that it holds not just at tree level but in fact to all genera [54].

Now what is the evidence for this conjecture beyond tree level? The major source of
evidence comes from a reconsideration of the corrections to N = 2 supergravity computed

by the topological string, which we wrote in (5.2):
/ dix / dU9E,(XT)Y W2 + c.c. (5.43)

In the background of the charged black hole, the graviphoton field W and W both have
nonzero expectation values (and create a nontrivial gravitational backreaction.) The terms
(5.43) therefore lead to terms proportional to F,(X'). A careful study of these terms shows
that they correct the black hole entropy, as explained in [?], and these corrections can
be shown to be consistent with the conjecture. There are also formulas for the one-loop
correction to the black hole entropy which agree with the conjecture.

Finally, there is at least one example (so far) where one can see directly that the square of
the B model partition function is related to counting of black holes. This example, studied in
[55], is obtained by putting the B model on the Calabi-Yau threefold geometry LHL™ — T2,
where £ is a particular complex line bundle over T?. First consider the counting of black
hole BPS states in this geometry. The relevant black holes are obtained by wrapping D4
branes on £~! — T? as well as wrapping D2-D0 bound states on 72. One can then argue
that the theory on the N D4 branes is a topological U(NN) gauge theory, and furthermore
that it localizes to a bosonic U(N) Yang-Mills theory on T?%. The latter theory was studied
in detail in [?], where it was shown that the exact partition function can be obtained as a

sum over representations of U(N):

Zyn =Y o Ca(R)+i0|R| (5.44)
R

where |R| is the number of boxes in the Young diagram representing R. Furthermore,

expanding around the large N limit, one finds that this Zy,, is the square of a holomorphic

function to all orders in 1/N, Zyy = |Z|*>. (This splitting into “chiral” and “anti-chiral”

parts is obtained by splitting up the Young diagrams R into short diagrams, with a finite

number of boxes, and large diagrams, for which the size of the first column differs from N
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by a finite number; from this description it is manifest that the splitting only makes sense
in the large N limit.) So the partition function on the branes, which counts BPS states, is
indeed of the form |Z|%. Furthermore, using the topological vertex techniques we mentioned
earlier, one can see that this Z actually agrees with the B model partition function, Z = Zp!

The example of Yang-Mills on 72 thus provides a striking confirmation of the conjecture
that |Zg|? counts BPS black hole states. It also gives us some insight into the nonperturbative
topological string. Namely, as we noted above, the factorization of Zy s into |Zz|* is only
valid in perturbation theory; but whatever the nonperturbative topological string is, we want
it to count BPS states and hence to agree with Zy ;. Therefore we might expect that Zp
itself probably only makes sense perturbatively in general — the object that has a chance to
have a nonperturbative completion is |Zz|?, but the nonperturbative completion probably is

not generally factorized into chiral and anti-chiral parts.
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