PHY505
Homework No. 7 Solutions

1. Jackson 4.8

There are 3 regions

(a) r > b, €
(b) a<r<b,e

(c) r<a,eé

Let the axis of the cylinders be the z-axis. Take the applied field to
point in the x-direction. That is, £y = EpZ corresponding to a potential

¢y = —FEyz = —Eyrcost.
The potential in each of the regions can be expanded as
o1 = —Eyrcosf+ A(DI) + Bél) Inr

S {BWr~"cosné + DMr~" sinnf)}

n=1

¢ = AP +BPInr+
S {(APr* + B&r ™) cosnd +
n=1
(CPrm 4 D@ r=m) sinng}
¢y = AP + > {A® ¢ cosnd + CPr" sin nf}
n=1
There is no Inr term in ¢; because it would give a 1/r singularity in

the electric field at the origin. Since the potential is defined only up to
an overall constant, we can set A((;,l) =0.



The boundary conditions are:

¢1(0,0) = ¢(b,0)

¢2 (an 6) = ¢3 (a: 9)
oo _ ok
’ 6T r=h Br r=bh
or |,_, " ar o

Since sinn@ and cosnf are orthogonal on 0 < @ < 27, these equations
must be satisfied separately by the coefficients of each trigonometric
term (including 1 = cos06). Except for the cos@ terms the boundary
conditions give sets of 4 independent homogeneous equations in 4 un-
knowns. Only the trivial solutions with all coefficients equal to 0 are
allowed.

For the cos# terms we have inhomogeneous equations. Relabeling the
coefficients

BY = B
AP = 4
B = B,
AP = A4

the boundary conditions can be written as

B, — A  — B, = Eyb*

B+ EA262 — kBy = —Egbz
A2(12 + B2 - A3(12 = 0
ﬁAzﬂz - K)BQ - A3(12 = 0
where £ = ¢/¢y. The solution is
2 2 _ 2 .2
Bl — (KJ 1)(b a )E0b2
A
-2 1
4y = Z2EFD g

A



—2(s — 1)a?  ,
By = ———
2 A Eob
—4
A3 = Aﬁ; E0b2

where A = {k + 1)26% — (x — 1)2a2.

We have two checks on these results.

a} If k = 1, there is no interface, and we obtain B; = B, = 0, and
A; = A3 = — Ey. Thus, ¢ = —Eyz everywhere.

b) f b=a, B, =0, and A3 = —Ej.
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o = -l

In general we have

I
|
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H

2 _ N -
Vv T . (¥ — 2%)T — 229§
($2 + y2)2

2+ y2|
the electric fields in the three regions are given by

. . 9 2__1 2 2432 .
E, = Eo—l(’“ )(b a).b]EgV
A .
= [2(x+1)0?] 2(k = Da®*| =
Bz = [T] Eq l—a— EoV

. 4kb?] =
B = [T] :
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2. Jackson 4.10 ~Q

rQ

(a) & (b) Choose the z-axis to be perpendicular to the plane where the
2 hemispheres meet as shown above. Then we have axial symmetry
and can expand the potential in Legendre polynomials in each half.

;= A7 + B /r + 3 (AP + BPr~'"!) Pcosh), j=1,2.
=1

At the conducting surfaces, r = a, r = b, the potentials are constant.
Hence,

AV + B e = v,
Agj)+Béﬁ/’b = V

while for [ £ 0

Afj}a‘ + JB’,(J"')G,‘I'1 =
AP + BPp =

[ aaw)

For I # 0, all the coefficients are zero, and the potentials are

¢; = A + BY Ir.



On the interface we have ¢;(r) = ¢2(r) for @ < r < b. Hence the
coefficients are equal, and we have everywhere

¢=A+DBjr.
The electric field is
—+ —B .
E= — 7
r

To find the value of B we apply the boundary condition for the normal
component of the electric field. Let oy and o denote the free surface
charge densities at r = ¢ on the two hemispheres of the conductor.

The boundary condition is
E.(a) = -B/a* = 0yfeg = 0 /e,

which implies
€0p = €EpT .

Charge conservation gives
2ra(oc + 00) = Q.

The solution to these equations is

i «Q
0 (€ + €)2ma®
g = _ @
(€ + €)2ma?
and the field is A
i

2m{e 4+ €p)r?
(c) The total charge density at r = @ must be the same on both halves
of the sphere since E' is the same. Therefore,

c+op =0y

which gives
_ —(e — €)@
(€ + €)2ma?’
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