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Introduction

Main question: does factorization of correlation functaf the XXZ model
first discovered for zero temperature work in the tempeeatase also?

Some important issues:
® M U|t| ple integ I‘al represe ntation works by Kyoto school (92—-93) and Lyon group (98-2000)

e Suzuki-Trotter formalism and TBA approach to thermodyrami

Suzuki (85), Kimper-Pearce-Batchelor (91-92), Destri-De Vega (93)...

e Generalization of multiple integrals to the temperaturgeca
Gohmann-Kiimper-Seel (04)

e Observation of factorization of multiple integrals ancatein to the gKZ
Takahashi (77), Korepin-HB (01-02), Korepin-Smirnov-HE3{04)

e Reduced gKZ, exponential form and fermionic basis

Jimbo-Miwa-Smirnov-Takeyama-HB (05-09), Jimbo-Miwa-8mov (08)

Temperature correlation functions of quantum spin chaimsaanetic and disorder field Stony Brook, 20/1/2010 [intro — 2/.




® The Hamiltonian of the infinite spié-XXZ chain

1 C Y Y 1 -1
Hyxz = 2 Z (GJGJ+1+GGJ+1+AGJ j—|—1) Azé(q+q )

e
g=¢l=¢"

® [ntegrable structure is generated Rynatrix of the 6-vertex model

(1 0 0 O

0 b(A) c(A) O

0 c(A) bA) O

\0 0 0 1

e C?°®C?

_ sh(A) _shin)
b(A) = shA+n)’ C(A) = shA+n)’
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Partition function of the 6-vertex model on cylinder

S S S Cylinder is infinite
N W W W N W W W W In spacial direction
[ \\ \\\ AV

R Cut corresponds to
\I \I Insertion of local operatad
i llll ----- - 0 S
1{ 17 7! 7 # We callq 2 'O quasi-local

77 77 777 operator with tailx

K —magnetic field
a —disorder parameter

o gi; " } Matsubara expectation values:
3 Z—I—G ot
ay o TrsTry (TSM q 2. :z‘“ O)

00 n
TS,M is the transfer matrixwith Hs= ® C2 and $Hy = ® C2
j=—00 j=1
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Density Matrix Elements in standard Basis
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Let us define the elements of density matrix takéhe- Eg,l X E,f,”

. ay o

Divet6n(Ea, &) == 20 = S B |
— (K+ 0| T2 (81, K) - Ter (€0, K)|K)

T(€1,K) - T(&n, K){K+aK)
with unique eigenvectok > of transfer matrix corresponding to the largest
eigenvalu€T (§,k) and 'horizontal’ inhomogeneitie; = €'i. First we take
arbitrary 'vertical’ inhomogeneities; = i j=1,--- N, so that the

monodromy matrix Ta({,K) = Ran(A —Bn)...Ra1(A —B1)g %, C=¢€
Density matrix fulfills reduction property

tr1{Dn(E1,. ., &nlK, 0)G* %1} = p(€1)DN (2, .., &nlK, @), P(Q) = T<‘|§&IZ< ::)O()

trn{DN<Ela <o 7En’K7a)} — DN(El) <o 7En—l’K7a)
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Q-matrix, TBA and auxiliary function «a

Let us introduce-matrix with eigenvalueQ(A, k) satisfying the Baxter’s

T Q-relation:
T(AK)QA,K) =g "d(A)Q(A+n,K) +g°a(A)Q(A —n,K)

with a(A) := [}L sinh(A — B +n) andd(A) := 1511 sinh(A — B;).

The right and left eigenvectorg) and(k + a| can be constructed by means of

the algebraic Bethe ansatz. They are parameterized by tad)se= {A j}'j\':/ i

and{p} = {H }'J\':/f of Bethe roots
N/2 N/2

QA K) =[] sinhA—Aj), QMA,k+a)=[]sinh(A—)
1 1
which are special solutions to the Bethe ansatz equations

a()\,K) — q—ZK d()\) Q()\‘HLK) _ _1, Cl()\,K—I—G) —

aO\) Q(}\ — 1, K)
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One derives the TBA-equation: (i(A,K)) =

shA—Bj) | dH
sh(A — Bj+n)] e 21 (A~

with  K(A) = cth(A —n) — cth(A +n) and the integration contour
Alm

(N—20)n + zln[ In(L+ a(iLK))
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Q-matrix, TBA and auxiliary function «a

One can introduce temperature via alternating inhomogenel

Bi=9. & , j=1,...,N/2

with the inverse temperatufie= T ! and then taking the Trotter limiti — oo

shin)e(A) [ au
T 2Tu KA -

with the ’bare energy’:  @\) = cth(A) — cth(A +n)
The functionp is given through the solution of the above equation

ol [ gy wn[FSEP]} e

Analytical property:a has essential singularity at= 0 in contourC as well as

In(a(A,K)) = —2Kn — WIn(1+a(p,K))

atA = +n outside the contour anpl— only outside the contour §t= q**.

Temperature correlation functions of quantum spin chaimsamnetic and disorder field Stony Brook, 20/1/20@amatrix, TBA and auxiliary functions: — 8/2F




The multiple integral representation of the density matrix
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One can adapt the derivation of the multiple integrals dged by ®@hmann,
Klimper and Seel to the case withand obtain the following expression

8 E
i 0 [ Lo ] ], foro e )

| |_|1§j<k§n5h(}\j — Ak — r])Sh(Vk_Vj)

dA
where dan(A ,  dm(A) = a(A,K)dm(A),
N = oy anng) MY T eRodm
N b1 n ref ji=1,....p
FEA) = [TshA—v) [] shra—wcFn), =3
k=1 k=¢;+1 €njt1 J=p+1...,n
\

with e* the jth plus in the sequendg;)j_,, €; the jth minus sign in the
sequencéa )j—1 andp the number of plus signs ifz;)i_;.
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The multiple integral representation of the density matrix

The functionG is a solution to the linear integral equation
G(Av) = g “cthih —v—n) —p(E)cthiA—v) + [ dm(R)Ka(A— WG(v)

where¢ = €’ and the kernel: Ky (A) =q~%cth(A —n) —g%cth(A +n)

Is deformed version of the original kerriel

The casen=1

There are only two non-vanishing density matrix elementsnithe reduction

we have Di(é) B 1 _q—O( 1 1
D=(¢)) a-a7\ o -1/ \p®©)

When we insert it into the integral representation, we gehtaresting identity:

/ dmpG(Kv) = 4" —pWv) and hence lim G(A,v)=0
e ’ g —q ¢ ReA—+o
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Factorization — preliminary remarks

e Factorization means certain reducibility of multiple integrals
representing correlation functions to a combination of-dmeensional

Integrals with some coefficients of algebraic nature.

1 9
Example for XXX atT = 0,a = 0,k = 0: <Va.C|S_ZL§JV8.C> — Z —41In 2+ ZZ(?))

Takahashi (77)

e We know that all correlation functions for the XXX and XXZ meldat

zero temperature factorize in this sense.
Korepin, HB (01-02), Korepin, Smirnov, HB (03-04), Jimboiwé&, Smirnov, Takeyama, HB (04-08)

e \We know that some particular correlation functions faa®ffor the XXX
and XXZ model at finite temperature and=0  Gohmann, kiimper, Suzuki, HB (06-07)

e The claim is that it generally works for all correlation fuilens for the
XXZ model with temperature, magnetic and disorder field. \Matimue
with then = 2 case.
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Factorization of the density matrix for n = 2
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There are six non-vanishing elements of the density matrx & 2: one for
p=0, four forp=1 and one fop = 2. We take the casp= 1. After

substitutingw; = eH; and{; =€'i, | = 1,2, the corresponding integrals are al
of the form

1
= o5 [ () [ (i) det Gl vio ] (we, we)
{5—¢1/ce C
where r(wg,Wy) = V'%i"flq‘z’vvzvi . P(Wp,Wo) = CoW3W2 + C3Wy + CoWy + C3
The coefficients; are different for the four different matrix elements.

Inserting dn(p) = Zm‘;*(l ) — dm(u) here and taking into account thate") is

analytic and non-zero insidewe obtain

G(Kv1) G(KVv2)
— dm(p) det
J(85— &) = / m() de WE) T

—/dm(ul)/dm(uz)det[G(pj,vk)}r(wl,wz), w= e
e e
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Factorization of the density matrix for n = 2
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The key idea is then to find rational functiohéy) andg(w) such that
r(wy,wz) —r(wo,wi) = f(wy) — (W) +9(wWi)Ka (b — ko)

—g(W2) Ko (b2 — b1 )
and taking residues at; = g°w, we obtain a difference equation fgr

2
a(cPwy "t~ gwyy = P W

S ¢
which can be solved: g(w) =g.w+go+ %
with the coefficients gy = 527, O = zroonz . G0 = (c1ta*co)y

2(1-y?)
w5

and hence f(w)=(y—y 1) (g = ) Collecting all terms, we arrive at

j_g(é%)lwzz,al)—g(é%)%h@ C q%c)(p(€1) —p(&2))
a £§2-¢2

co)( N (Y 1—pE1))(y—p(E2))f(E3) -
2083 -ED)(y-y 1)
where W(¢1,¢&2) /dm

(y 1 —p(&2))(y—p(&1))f(E3)
(E3—83)(y—-y 1) ’

G(H,Vv2) (CIO(Cth(H— vi—n)—p(&)cth(p— Vl))

Temperature correlation functions of quantum spin chaimsamnetic and disorder field
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From fermionic operators to fermionic basis

The factorized elements of the density matrix look compéidasince the
standard basis might be not so convenient. We suggesteldeaiatsis based
on fermionic operators.  Jimbo, Miwa, Smirnov, Takeyama, HB (08—09)

Consider a space W(@) — @D Wq_ss WhereWy_ss IS the space of
S——o00

guasi-local operators of spgwith tail a —s.
The creation operatots$((), b*({), c*({) and annihilation operatots (), c(()
act onW(@ . They are one-parameter families of operators of the form

Q) =Y (-1,
p=1
b'(Q) =Ly (-1t Q) =0y (@2-1)P g,
p=1 P
b(Q) =00 (1) Pbp, Q)= (@—1) P,

p=0 p=0
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From fermionic operators to fermionic basis

The operatot, commutes with all other operators, the operaliy,scy, by, c;,
with p > 0 are fermions with canonical anti-commutation relatidesurier
modes have block structure: ty : Wa—ss = Wq_ss

bT)an ! Wa—sr1s-1 — Wa—ss, CE,bp ! Woa—s—15+1 — Wa—ss.
0
a o4
We call the operatoqg 2. a primary field. The annihilation operators kill the
primary field. The creation operators acting on the primagigfproduce

different quasi-local operators. We proved that the opesat

0
ay of :
Tmtgl'“t};j al.“bakcrl.nc;ljk(q j==o J)) T:t;’f_/z, me Z, J,kGZZOv

pp=>--2>2pj=22, @h>-->hk=>1 rn>-->r=>1

constitute a basis oWy 0. Length of quasi-local operator is not bigger tha
Y Pm+ > Om—+ > I'm. Clearly, this description oV o reminds that of CFT.
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From fermionic operators to fermionic basis
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Important theorem was proved Bymbo, Miwa and Smirnov (09)
ZK{t* } 2p(0)Z"{X},
K [ < dg?
Z{b"(Q)(X)} = ﬁfooa,a)z {c®)(0)} 5
d 2
g GO Z (BO00}
where the contour goes aroun

2 =1 andw is some explicit function
These formulae allow one to explicitly calculate

(@)t @b+ b7 (@4)e Zq) ¢ ) (@ ="

(@)} =
_ _ﬁzp(z?)det|w( M,-‘)‘_ |

. generating function for series &f — 1
I,j=1q

Z*{c* () (X

Temperature correlation functions of quantum spin chaimsamnetic and disorder field
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The function w ‘%f;

The above theorem states that
e any correlation function corresponding to some guasitloparator® can
be reduced to a combination of two transcendental funcipoarsd w.
They depend on temperature and magnetic field in contrasetbdsis

which is pure algebraic.
e the basis is independent of inhomogeneities in the Matsuthagction
e one can take a finite Trotter numkédrand arbitrary inhomogeneities there

and findp andw. In this casav was found to be related to the deformed
abelian integrals. It satisfies the so-called normalirationdition

2
/r T(¢,K)w((,&)Q (¢,K +0()Q+(Z,K)¢(Z)dzi2, m=0,--- N

wherel g encircles 0 andl, encircle two pole€? = 12, and{? = 12 /¢f,
QT are eigenvalues @-matrices corresponding to two linear independe
N

solutions of thel Q-relation andp({) := |_| 2 1)(Z12/r2 D)
m=1 m m

Temperature correlation functions of quantum spin chaimsamnetic and disorder field Stony Brook, 20/1/2010 [The functian— 17/2¢




The function w
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The above formulation of the-function is very beautiful but it is not quite
clear how to take the Trotter limil — o after specifying the inhomogeneities.

The furtherTheorem stays: F. Gohmann, HB (09)
The functionw has an alternative representation in terms of the TBA-fanst

Wrat(§1,&2) = 2(81/82)* W(&1,&2) —AP(E) +2(p(&1) — p(&2) ) W(E)
W(&1,&2) = Wrat(€1,&2) + D¢Del; 'W(L/E)

where (&) = E;((;zzjll)) , [\s is the difference operator whose action on a
function f is defined byA¢ f(§) = f(q€) — f(q 1) and

D:9(0) = 9(ad) +9(a ) — 2p(L)g(Q)

Temperature correlation functions of quantum spin chaimsamnetic and disorder field Stony Brook, 20/1/2010 [The functian — 18/2¢




The function w

Sketch of the proof:

First we return to the case of finitd and arbitrary inhomogeneities. We use
the fact that the functiof /&) ~%w(Z, &) is a rational function of? of the form
P(2?)/Q(Z?) with polynomialsP, Q of degree at mosdtl 4+ 2. The zeros o
are theN zeros of the transfer matrix eigenvallie(, k) and two additional
zeros af2&2. Then we prove that the functiansatisfies the normalization
condition:  W(Z,&)|z—r, + P(Tj)W(Z,&)|z—q-1r, = O

corresponding to the contourrg, withm=1,--- N and

- —a _ 2q°" —a o ~—O _
im (2/8) (C.8) = o 9~ -+ (e ~a ) [ dm(uG(v)| ~0

corresponding to the contolip. All together we have to providd + 3
relations. We havél 4+ 1 normalization conditions. Two more relations come
from considering the residues&t= q+%&2.

Temperature correlation functions of quantum spin chaimsamnetic and disorder field Stony Brook, 20/1/2010 [The functian — 19/2¢
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The exponential form — preliminary remarks

The formula by Jimbo, Miwa and Smirnov makes possible theutalion of
arbitrary correlation functions because of completenéfseofermionic basis.
It also proves the factorization of the correlation funeioSometimes it is still
more convenient to avoid the creation operators and to haex@icit formula
for the correlation functions in the standard basis. We kti@at such a
formula exists in the zero temperature case:

0

(}_:z_mo]Z 0 .2
WEH DS e fexpi@) (a1 0))
(vagq == '|vac)
where Q= déy i ac; w(C1/C2,a)b(1)c(C2)
= ZWZ% 2T[iZ% 1/ K2, 1 2

with some explicit functiorw and

tré(X)=---tr§ tr3 trg--- (X), tr“(x):tr(q‘%aosx)/tr(q_%o“’g'), x € End(C?)
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The exponential form — preliminary remarks

Conjecture: Similar formula does exist for the temperature case also

0 0

a 0% a 0%
ZK{q 2 ’O} =tr“{exp(Q)(q 2 0)}
where Q=0Q;+Q
Q1 has a similar structure as'ih= 0 case
dif [ dg

Q= (w0(C1/C2|0) — wrat(Ce, (2/K, @))b(1)c((2)

2ric2 ) 2nic2

@\ 2
N e

: _ o d?
The second part should be of the form: Qo= | e log(p({))t(Q)
where the operatdris yet to be determined.
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The exponential form — preliminary remarks

Let us list some of the most important expected properti¢sabperatot.
First, we expect that lik&*({) the operatot(() is block diagonal,

t({): Was— Wa s

We will deal below mostly with the sectesr= 0. Then we expedi{) to have
simple poles af = ¢;. Let us define: t; = resgzgjt(Z)dZ—Z;, tj = t*(&;)

In contrast td; the operatot; is well defined only if it acts on the stat&g,
with m<n < j. Let us denotéy, y ({) and respectively;,y the operators
defined on the intervam, n| with m < j < n. We also expect thB-matrix
symmetry

Stimn () =tmn({)s for m<i<n, s= Ki,i+1Ri,i+l(Ei/Ei+1)
Rij+1(&i/&ie1)(X) = Riira(&i/&i+1)XR g1 (& /&iva)

Ki j stands for the transposition of argumegtand¢;.
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The further properties are:
o Commutation relations: [tj,tk]— = [tj,b({1)c({2)]- =
e Projector property: tf=t;
e Relations witht*: tjtﬁ _ tTtk for J # k

=17, tit

t:t ir L

it =0

j
e Reduction properties:

t1[1 r (qaoix[z i) =X

( 1X[2n]) q Git'[Zn](X[zn]) for 1< j<n
1 (X1n-17) = tjin-yXpn—g) for 1< j<n

n[ln](xln ) =0.
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The exponential form — preliminary remarks

Let us comment on these relations.
First of all the commutation relations lead to the factar@aof the
exponential
exp(Q) = exp(Q1+ Qo) = exp(Q1) exp(Q2).
As we know the operatdR, becomes nilpotent when it acts on states of finite
length. In contrast, the operatQs is not nilpotent, but due to the commutatior

relations and the projector property
c of n a % GJZ

exp(Q2) (qa"‘z‘” Kin) = ﬂ(l—t in + Pitjmwn) (Xwm)a ==
wherep; = p(&;). =
The reduction properties look standard except for the fmst dt is easy to see
that we need all of them in order to have the reduction prypdrthe density
matrix. For the moment we know explicit expressiort ohly for some
particular cases.
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Conclusions

e The main purpose of my talk was to show that the factorizatrorks for
the temperature case of the XXZ model at magnetic and distede
despite of all complications coming from the TBA-approalcthink it
could be a hint that factorization of correlation functiongyht be a
fundamental property of integrable models.

e In case of the XXZ model we could find rather suitable fermedmasis for
which the determinant formula is valid. It looks similar teet
Slater-determinant of the free fermion model.

e The whole non-trivial information about the structure of tiatsubara
space is hidden in two transcendental functipradw.

e Now we know that one can take the scaling limit of these fumstiand
get the results for the one-point correlator of CFT.

joint paper with M.Jimbo, T.Miwa and F. Smirnov (09)
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