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The spin-1/2 XXZ Heisenberg chain

The XXZ spin-1/2 Heisenberg chain in a magnetic field is a quantum
interacting model defined on a one-dimensional lattice with M sites, with
Hamiltonian,

M M
. X X y -y z z z
HXXZ - E {Umgm+1 + Jm0m+l + A(UmUM+1 - 1)} - h Z Om
m=1 m=1

Quantum space of states : H = @M_,H,, Hm ~ C? , dimH = 2M.

oX%¥+% . local spin operators (in the spin—% representation) at site m
They act as the corresponding Pauli matrices in the space H,, and as the
identity operator elsewhere.

@ periodic boundary conditions
e disordered regime, |A| < 1 and h < h.
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Correlation functions of Heisenberg chain

o Exact results

o Free fermion point A = 0: Lieb, Shultz, Mattis, Wu, McCoy, Sato,
Jimbo, Miwa ...

e From 1984: lzergin, Korepin ... (first attempts using Bethe
ansatz for general A)

o General A: multiple integral representations (for building blocks)
* 1992-96 Jimbo, Miwa ... — from g-vertex op. and qKZ eq.
* 1999 Kitanine, Maillet, Terras — from Algebraic Bethe Ansatz

o Several developments since 2000: Kitanine, Maillet, Slavnov, Terras;
Boos, Korepin, Smirnov; Boos, Jimbo, Miwa, Smirnov, Takeyama;
Gohmann, Kliimper, Seel; Caux, Hagemans, Maillet ...

e Asymptotic results (0{c?) ~ ?
m— o0

o Luttinger liquid approximation / C.F.T. and finite size effects
Luther and Peschel, Haldane, Cardy, Affleck, ... Lukyanov,

— Asymptotic behavior from exact results ?
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Correlation functions in the algebraic Bethe Ansatz framework STy Gf e mretied]

The tion functions g function

Algebraic Bethe ansatz and correlation functions

Compute (1), | of (rg+1 [g) ?

© Diagonalise the Hamiltonian using ABA
— key point : Yang-Baxter algebra A(X), B()), C(X), D())
— |g) = B(M)...B(An)|0) with Y(A;; {\}) =0 (Bethe eq.)

@ Act with local operators on eigenstates
— solve the quantum inverse problem (1999):
o/ =£f7(AB,C,D)=T[(AB,C,D)

— use Yang-Baxter commutation relations

© Compute the resulting scalar products (determinant representation)
— determinant representation for form factors of the finite chain
— elementary building blocks of correlation functions as multiple
integrals in the thermodynamic limit (2000)

@ Two-point function: sum up elementary blocks or form factors
— Master equation representation for the finite chain (2005)

@ Asymptotic analysis of the two-point function:
— Series expansion of the Master equation at the thermodynamic limit
— Asymptotic analysis of the series (2008 - 2009)
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Correlation functions in the algebraic Bethe Ansatz framework of the method
of the methoc

The oZcorrelation functions : generating function

The o* correlation functions : generating function

« T (14+k 1-—k 2
Ql,m:H( 5 a4 5 '(I,,)
n=1

Equivalently Qf,, = e”%'™ with Qi = 23" (1 —07) and = €”.

(oTome1) =2 D% 9? (Qrm) +2(c") — 1 with DAtm = Um1 + Um—1 — 2Um

k=1
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Correlation functions in the algebraic Bethe Ansatz framework - R
Summary of the method

The oZcorrelation functions : generating function

The o* correlation functions : generating function

,{ T (14+k 1-—k 2
Ql,m:H( 5 a4 5 '(I,,)
n=1

Equivalently Qf,, = e”%'™ with Qi = 23" (1 —07) and = €”.

+2(c%) — 1 with D2 Um = Umt1 + Um—1 — 2Um

k=1

(0 0mi1) =2 Dy, 07 (Qf' )

@ Inverse problem: Qrm=T.(0)" T=1(0)" "
with 7.(v) = A(v) + kD(v) twisted transfer matrix

> Tow) [9s({n})) = me(w{u}) |9x({1}))

if {pu} is solution of the k-twisted Bethe equations Y. (uj[{p}) =0

d
dTJ, log T=1(k)

@ Act with 7,,(0)™ - 7.,=1(0)"™ on |¢g ) or
Sum over x-deformed form-factors

—> Master equation
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The Master equation and its thermodynamic limit T2 Witz Gartitam oy i i @isin

r Equation

Master equation for the finite chain

(Y ITe(0)" - Tuca(0) ™| )

(QUm) =

(Velg)
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The Master equation for the finite chain

The Master equation and its thermodynamic limit Series Expan ter Equation

Master equation for the finite chain

(Y ITe(0)" - Tuca(0) ™| )

(QUm) =

(Ve ltbe)
— (Qf'm) polynomial in x

— for k small enough the spectrum of 7, is simple, well separated from the one
at k = 1, described by r-twisted Bethe equations V. (uj|{x}) =0, and k-twisted
Bethe states |v.({i})) form a complete basis
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The Master equation for the finite chain

The Master equation and its thermodynamic limit Series Expa ter Equation

Master equation for the finite chain

(g | T5(0)™ - Toe1(0) ™| tg )

(QUm) =

(Ve ltbe)
— (Qf'm) polynomial in x

— for k small enough the spectrum of 7, is simple, well separated from the one
at k = 1, described by r-twisted Bethe equations V. (uj|{x}) =0, and k-twisted
Bethe states |v.({i})) form a complete basis

Ye)  Te(0{pu})"

. (Wilbe e} - )
(@)= 2 ve) T

; (Wr({pDln({1})) - (e

{p} solutions of !
twisted Bethe eq.
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The Master equation for the finite chain

The Master equation and its thermodynamic limit Series Expa Vlaster Equation

Master equation for the finite chain
Q) = (Y5 |7:(0)" - To=1(0) ™| g )

(Ve ltbe)
— (Qf'm) polynomial in x

— for k small enough the spectrum of 7, is simple, well separated from the one
at k = 1, described by r-twisted Bethe equations V. (uj|{x}) =0, and k-twisted
Bethe states |v.({i})) form a complete basis

L (Weltbe () - (D)) 7e(01{13)"
Q= 2 o GaDlon () - Walte) TN

{p} solutions of * '
twisted Bethe eq.

— can be rewritten as a multiple contour integral around the solutions {4} of the
k-twisted Bethe equations, with the product of these twisted Bethe equations
YVi(zj|{z}) in denominator (the norm squared of these states is related to the
Jacobian of the x-twisted Bethe equations).

[ o] 2 )]
< 1’m>:m jé (2mi)V [ d(\ )} dy(A \{A})
r({n}) Hyn(zj\{z}) dety

solutions of
twisted Bethe eq
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on for the finite chain
laster Equation

The Master equation and its thermodynamic limit

Remark 1. 3 2 ways to write scalar product between Bethe state |¢({\})) and
k-twisted Bethe state | ¢, ({¢})) (cf. N. Slavnov's determinant formula):
e in term of dety Q. ({p}, {\}|{}) if we use the k-deformed Bethe eq. for {u}
e in term of dety Q({\}, {u}|{\}) if we use the (standard) Bethe eq. for {\}

~ different forms for master equation:

e with simple poles at {\} (parameters for the ground state) and {£}
(inhomogeneity parameters) + poles at {u} solutions of k-twisted Bethe
equations (initial form obtained from multiple integrals)

e with double poles at {\} (parameters for the ground state) + poles at
{p} solutions of k-twisted Bethe equations (form we use here)
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The Master equation and its thermodynamic limit

Remark 1. 3 2 ways to write scalar product between Bethe state |¢({\})) and
k-twisted Bethe state | ¢, ({¢})) (cf. N. Slavnov's determinant formula):

e in term of dety Q. ({p}, {\}|{}) if we use the k-deformed Bethe eq. for {u}

e in term of dety Q({\}, {u}|{\}) if we use the (standard) Bethe eq. for {\}
~ different forms for master equation:

e with simple poles at {\} (parameters for the ground state) and {£}
(inhomogeneity parameters) + poles at {u} solutions of k-twisted Bethe
equations (initial form obtained from multiple integrals)

e with double poles at {\} (parameters for the ground state) + poles at
{p} solutions of k-twisted Bethe equations (form we use here)

Remark 2. Integrals can be computed by residues inside or outside the contour:

U At ()] [t etz D]
(Qhm) = 7{( ’VH{ e ]d( )} A{A})|
r({2y) Hyh(Z/HZ})det MJ

~> contour around double poles at the parameters )\1 ..... , An describing the
ground state

Asymptotic behavior of correlation functions - Stony Brook, January 2010



The Master equation for the finite chain

The Master equation and its thermodynamic limit Saves Sprieen o Mesier Egreten

The series expansion: thermodynamic limit

~ Single out the poles “z; = \/":
dety ({2}, {A}[{z}) = detn [ =] - detn Tu({z}, {A}|{2})
~~ Reorganize and expand determinants — Series expansion
~» Thermodynamic limit (N,M — oo, N/M — D, {\} — p(}) on [—q, q]):

n eimlpo(ze)—po(Ae)]

3Q1m d"\ % d"z g
Z n! / (2im)n (2im)n E sinh (z; — \¢)

r([—a,q])
<ot | 7 (1)

with ") symmetric in {A\} and {z} + satisfy reduction properties at “z; = A"
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The Master equation for the finite chain

The Master equation and its thermodynamic limit Saves Sprieen o Mesier Egreten

The series expansion: thermodynamic limit

~ Single out the poles “z; = \/":
dety Q. ({2}, {M}{z}) = detn [ =] - detw T ({2}, {A}{2})
~~ Reorganize and expand determinants — Series expansion

~» Thermodynamic limit (N, M — co, N/M — D, {\} — p(\) on [—q, q]):

n eimlpo(ze)—po(Ae)]

3Q1m d"\ % d"z
Z n! / (2im)n (2im)n E sinh (z; — \¢)

r([—a,q])
<ot | 7 (1)

with ") symmetric in {A\} and {z} + satisfy reduction properties at “z; = A"

> if F = I, [4)0()\ ) es(@)] decoupled —  Fredholm determinant :

e791m) Z n'/ [V(N, )]
VO p) = p(A)efO { ; [po ) Wifrf:()}\—_igg(k) — g}

*x F not decoupled ?
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The Master equation for the finite chain

The Master equation and its thermodynamic limit Saves Sprieen o Mesier Egreten

The series expansion: decomposition into cycle integrals

— Cycle expansion of the determinant

%/d"A/d"z gn({i}) deta[g(z}, Ax)]

Z,Hc nl{¢}) /d/\/dn ({A}> SH“Hlﬂg(zw on)

Zk/k n K
symmetric

in {\} and {z}
cycles labelled by (s, p), variables labelled by (s, p,j), 1 < p <4, 1</ <s
s=length of a cycle £s=number of cycles of length s
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The Master equation for the finite chain

The Master equation and its thermodynamic limit Saves Sprieen o Mesier Egreten

The series expansion: decomposition into cycle integrals

— Cycle expansion of the determinant

%/d"A/d"z gn({i}) deta[g(z}, Ax)]

ZH)C nl{¢}) /d/\/dn ({A}> Hgﬂg(zsm on)

Zk/k n K
symmetric

in {\} and {z}
cycles labelled by (s, p), variables labelled by (s, p,j), 1 < p <4, 1</ <s
s=length of a cycle £s=number of cycles of length s

ehomy = 3 ZCan}){f[HJSP} n

n=0 ¢q,...,4,=0 s=1p=1
Skly=n

Each Js , integrates over the variables X ,; and z; ,; with 1 < j <'s.
q
o [ &z [ a7 e dim () — po(z)]}
o 7[ 7{ ]()2"7)5 / (2im)* ’ ({z}) H sinh (zj — Aj) sinh (zj — Aj11)
M([—q.q —q
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Asymptotlc expansion of cycle integrals
s summatio s

Asymptotic study of the series

Cycle integrals and generalized sine kernel

s

q
R P (N o4 d°A {A} exp {im [po(A;) — po(z)]}
2161 = § 5257 | iy o ((3) ists - asmnce
M(-aq) = —a i
with G5 symmetric separately in {\} and in {z}

o if Gs ({)\}) = H [(p(/\ )ef ] then J5[Gs] can be obtained in terms of the

{z}
Fredholm determlnant of a generalized sine kernel :
3G = id"AH VR ) = D P det[/ + v“é](
R 5 ) = (e e o8l FVEL
4 =

sin {7 [po(A) — po(w)] — 1 [8(N) — g(w)]}
msinh(\ — ;L)

Ve (N, 1) = F(N)
with F(\) = p(1)es™
@ density theorem in the general case: G ({A}) ZH [cpg e8e(@) ]

— Analyze the asymptotic behavior of the generalized sine kernel and apply the
density procedure to get the asymptotic of Js
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Summationlo
e series

tors

o Asymptotics of the generalized sine-kernel
— Matrix Riemann-Hilbert Problems (generalization of the
procedure of Deift, Its, Zhou (1997) for the sine-kernel)

o Application to cycle integrals
— take the nt" v-derivative
— specialize to V(#:8)
— apply the density procedure (corrections remain corrections)

J5[Gs] = Hs[Gs] + Ds[Gs] + Os[Gs]
Hs[Gs] = % / d)\{impf)()\) — bslog(msinh(2q)pj(N))
T b0 a+a0 -l (V) + ol
dA AMA A
[g5]7/2/ dg5</\+e,)\,...,/\>

Os[Gs] = terms of order o(1) (contains oscillating contributions e™o(£4))

- (derivative)

e=0
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ycles int grals

(e Z Z Cn\{ﬁ} HH{HS,,+DS,,+OS,,} |77
1p=1

Sum up successively (use binomial formula) Hs, then Ds, then Os
+ use the reduction properties of ]—"ﬁr‘) at z; = )\,

the series of Hs exponentiates

the series of successive actions of Ds is a continuous generalization
of the multiple Lagrange series : its sum is expressed in terms of a
solution of an integral equation

!

!

—  sum-up Os pertubatively
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Lagrange series
Asymptotic study of the series Results
Form factors

Asymptotic summation of the series

The series we have to sum up is in fact a functional version of the
standard Lagrange series of the type

6 =% = (5 +h) (Foe)

n!

e=0

n=|

where F(z) and ¢(z) are some functions holomorphic in a vicinity of the
origin. If the series is convergent, then it can be summed up in terms of
the solution of the equation z — ¢(z) = 0 and the sum is given by

ot _ F(z)e”
0 1—¢ (z)

In the correlation function case, z becomes a function and ®(z) an
integral operator acting on this function; hence the summation is given
as the value of some functional in a point determined by an integral
equation.
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Asymptotic study of the series Results

Form factors

Generating function

(e79my = GOB, m[1+ o(1)]+ > GV (B+ 2ima, m)[1+ o(1)]
o==+

non-oscillating terms oscillating terms

G(3,m) = C(8) e™P 2 2007

q
@ Z() is the dressed charge  Z()) +/ ;—ZK(A —u)Z(p) =1
—q
q o z
@ D is the average density D = / p(p)du = 1T<U> — Pe
™
J—q

@ The coefficient C(3) is given as the ratio of four Fredholm determinants.

@ sub-leading oscillating terms restore the 2mi-periodicity in 3
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Asymptotic study of the series

Generating function

(e79my = GOB, m[1+ o(1)]+ > GV (B+ 2ima, m)[1+ o(1)]

non-oscillating terms oscillating terms

‘ B2
GO(B,m) = C(B) e™P M2 2’

q
@ Z() is the dressed charge  Z()) +/ %K(A —u)Z(p) =1
—q

q 1 _ z
@ D is the average density D = / p(p)du = % — Pe
J—q ™
@ The coefficient C(3) is given as the ratio of four Fredholm determinants.

@ sub-leading oscillating terms restore the 2mi-periodicity in 3

2-point function

2
2
(ofotun) = @D - 12 = 2L 4 op, . lme) | (L 1)

T2m? m2Z(a)? m?’ m2Z(a)?
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Asymptotic study of the series

Form factors

The umklapp form factor

(M @D ODE
.t”h’k”% (27r) DI e =
22% = 7(q)* + Z(—q)°

@ {A} are the Bethe parameters of the ground state

@ {u} are the Bethe parameters for the excited state with one particle and
one hole on opposite sides of the Fermi boundary (umklapp type
excitation).

Asymptotic behavior of correlation functions - Stony Brook, January 2010



Asymptotic study of the series

Form factors

The umklapp form factor

. (M)sz [W{ D)o [

@ (& c - = IR
N.M—oo \ 2 I ({eD)I? - I{ADI]
with

22 = Z(q)’ + Z(~q)’

@ {A} are the Bethe parameters of the ground state

@ {u} are the Bethe parameters for the excited state with one particle and
one hole on opposite sides of the Fermi boundary (umklapp type
excitation).

< It means that the above form factor behaves as M~2%" for M large. Hence,
the exponent 222 governing the modulus squared of the form factor power-law
decrease in terms of the size M of the chain is exactly equal to the exponent
for the power-law behavior of the corresponding oscillating term in the
correlation function. Can be generalized to n-particle form factors.
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L
Asymptotic study of the series Results
Form factors

Some open problems . ..

@ Limit h=0: check of Lukyanov's predictions for the amplitudes
e Other correlation functions (o{c,..1), ...

@ Other models (already done: density-density correlation function of
the quantum one-dimensional Bose gas)

@ Simpler method using form factors as suggested by the result
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