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Quantum affine algebra U, (sl2).

The algebra U, (Elg)is generated by e;, fi, h; ( = 0,1). We consider the
case of central charge equal to zero: hy = —hg = h. Two Borel

subalgebras U,(b") and U, (b~ ) are generated respectively by e;, h and
fi, h. We have the commutation relations:

where t; = ¢™. The deformed Serre relations are

e,:;’ej + (q2 +q7 %+ 1)(6?€j67; — eieje?) — eje,f’ =0,

Ffi+ @+ a2+ 0)(f2fifi = fifif2) = fifP =0
The comultiplication is

Ale;)) =6, 1+t ®e;,, A(fi)=/fi® ti_l +1® fi, At;) =t; @t;, oo



The universal R-matrix intertwining A and A’ = A o Perm is complicated.
It can be written as follows:

hQh

R=Rq = |,

o 1

R=1-(q—q¢ ") ei®@fi+- € Ug(bT) @ Uy(b™),
1=0

Representations.

1. Evaluation representation

eve(eo) = CF, eve(er) =CE, eve(fo) =C'E, eve(fi)=C¢'F, eve(h)=H,

2. Finite-dimensional representations 7(?*) correspond to (2s + 1)-

dimensional representation of E, I, H.
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The first L-operator:

L(¢) = (eve, @ TN R) = (O L(C) s ¢ =(i/Ce,s

1 — (2 H+1 (g — g HCF\ .3
LO@)::(—@IEQZUCE7 193&%‘g§1>t0/2’

3. g-oscillator representation of U,b™*. The g-oscillator algebra Osc is an

associative algebra with generators a, a*, ¢, and defining relations
D:q—la’ qDa*q—D:qa*7

a-a->l<:1_q2l)—|—27 a*azl_QQD

q¢"aq”

Representations of Osc relevant to us are p* : Osc — End(W¥)

W+ = Pr>oClk), W™ = @reoClE),
q"|k) = ¢"|k), alk) = (1 —¢*")|k — 1), a*|k) = (1 — §p —1) |k + 1) . —pano



There is a homomorphism of algebras o : U,b™ — Osc given by

—2D

1, OC(tO) —dq ) OC(tl) — q2D .

OC(QO) — 1 OC(el) —

q4—4q q4—4q
We define representations oét : U,b7 — End(W¥) by

OZF = p* oo, 0f =p 00coL,
where . denotes the involution e; — e;_;, t; — t;_; of U,b™. L-operator

(07 @ me)R = 0 (C/€) - L (C/€),
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Trace functional Tr(¢?“P.) : Osc — C(q%).

For each z € Osc and y € C, the ordinary trace +£Try = (y”x) on W is
well-defined for sufficiently small |y|*!, and gives the same rational
function g, (y) in y. By definition, Tr(¢**Pz) means g, (¢**) € C(q®).

Notice that Tr(¢?>".) is a purely algebraic operation characterized as the
unique linear map with the properties

Tr(¢?*PXY) = Tr(¢**P PNy X) (X,Y € Osc,¢PXq P = 4?0 X),

(874 m 1
Tr(g**P ¢gmP) = T (m € 7).
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Fundamental fusion relation.

By direct computation one gets

Liaa1,;(¢) = (Faa) 'La;(()La;(¢)Faa

3
_ 1 0\ (Laj(aC)g 7" o
oy ] . 0 La;(g7¢)q% /2 i

where F, 4 =1 — a0 .
This implies, in particular, Baxter's T'()-equation.
| shall need one additional property (crossing):

. 1 .
Lg,j(C) ! — (CQ . qg)(cg . q_g) U?Lg,j(C) J0-32'7
1
L5 ;07" = o7Ly;(¢)oj .

(¢ =1)
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Operators on finite lattice.
Consider Vig j = Vi, ® Vi1 ® --- @ Vj, with V; ~ C?. Let
Ttk (€) = Ly 1(C) -+ Ly 1 (€)

and similarly for the g-oscillator (index A). Let X ; € End(V}; 7). Our
main arm is the adjoint monodromy matrices:

3 —
To(¢, @) (Xpkq) = Tupre)(Q)a* e Xy To ey ()7
Ta(C o) (X)) = Ta e (O P4 Xy Ta e (€))7

Notice that T, (¢, «)(Xj ) has high order poles at (* = ¢*2,
Ta(¢, &) (Xp7) has high order pole at ¢* = 1, Define

S(X1k,1) = Sis Xkt Stt] = 3 2 ey 0
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Due to the universal fusion relation we have

Tia,a3(C ) Xpy) = (Faa) ' (Ta(¢, )Ta(S, ) (Xky)) Fa,a

(AA(Q a)(X[k,l]) 0 )
Ca(¢, ) (X)) Da(C ) Xwy)/)

where

Aa(C o) Xpy) = Ta(q¢, a)g* > (X)),
Da(¢ o) (Xpy) = Talg ' ¢ a)g (X y)-

Operator k(¢, ).
K(C,a)(Xppy) = TrA{@A(g, 0)¢o8 (g~ 2tk X[k,l])} |

Important: k(¢, a)(Xx,) has poles at ¢? = 1, ¢*2.
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Reduction relations.

1. Left reduction relation.
By the very construction it is quite obvious that for an operator

X[k,l] — q2(a—|—1)5[k,m_1] &) }/[m,l] with £ < m < [ we have

k(¢, o) (¢t mm—11 @ V], 1) = ¢** =1 @ K((, @) (Vi)

2. Right reduction relation.
Much less obvious thihg. Let X, j = Y[ 1) @ L4147 then

(C Oé)( [k,m] ®I[m—{—1l) (Ca )( km)®l[m—{—1l]+ACV(C7 )( km]®1[m—|—1,l])7

where v is rather messy operator, but its only property which interests us
here is that it is singular at ¢? = 1 only,

Acf(€Q) = f(Ca)— f(Ca™ ).
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g-exact form.

We call A;f(¢) ¢ -exact form if f(¢) = ¢*R(¢?), and R(¢?) is a rational
function with pole at (2 = 1 only.

Definition of annihilation operators.

(¢ ) (X)) = 2
(¢ ) (X)) = 7

p(C/E a+S)k(E, a)(X kz)gia

5
g Y((/§, a+8S) {k(Q§a o) + k(q_lﬁ,a)} (X % l])dg_52

P(¢) = (¢ 2&22 13, and I' goes around (? =1. Then

c(¢, o) (TSm0 @ V], 1) = ¥ =1 @ e((, @) (Vi)
(€, ) (Y, m] @ Ipmy1,)) = () (Yim)) @ L1,

and the same for ¢(¢, «).
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Non-violent thermodynamic limit.

Consider the infinite chain, and introduce the space

W(a) — é Wa—s,s:

S=—00

where W,,_, , is the space of operators ¢2(@=)3(0) 95 with ©* being local
of spin s.

The inductive limit ¥ — —oo, | — oo of ¢((, ) is well-defined as operator
acting from W, ;1,1 to W, o. Similarly, we define blocks c(¢, a — s) acting
from Wq_s4+1,s—1 to W,_ 5. Combining these blocks we define

c(¢): W — Wl

The important property of this annihilation operator is that it kills the
primary field:

c(O) (@) =0.
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The second annihilation operator is lowers spin and raises «. It is defined
as follows:

b(¢, @) = ¢(c)(¢, ),
$(x)(C,a) =¢q  'N(a—=S—1)oJox((,~a)ol, N(z)=q¢ " —q".

Creation operators.

The construction of creation operators is a result of experimental work. Its
mathematical meaning is a mystery. Consider the reduction relation:

(Ca )( [k,m] ®I[m—|—1l) (C? )( km)®l[m—|—1l]+ACV(C7 )( km]®][m—|—1,l])'

It gives a temptation to take the "primitive function” Aglk(c, a). The prob-
lem here is what to do with singularities? They will lead to transcendental

functions. We proceed as follows.
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Define
f(Ca a)(X[k,l]) — Agl ({k(<7 O‘) T E(Ca Oé) T C(QC: Oé) o C(q_1C7 Oé)} (X[k,l])) y

It is clear that f({, o) = ¢*R((?), and R((?) is rational with pole at (% = 1
only. Now we define

b™ (¢, ) (Xp,pp) == (f(QCa a) +£(g7 ¢ o) — (¢, )f (¢, 04)) (X)) -

where

t*(¢, ) (Xpry) = Tro {Ta k(¢ o) Xpeyp) -

Reduction relations.

1. The left reduction is the same as before:

b* (Ca a)(QQ(a_i_l)S[k’m_l] ® Y[m,l]) — QQQS[k’m_l] ® b” (Ca O‘) (Yv[m,l]) )
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2. The right reduction relation is more complicated:

b* (C, Oé) (X[k,m] %Y I[m_|_1,l]) — Trc {Tc,[m—l—l,l](C) (gC(C7 a)(X[k,m]))} ?

where g.(¢, a)(Xix,m)) is regular at ¢* = 1. Recall that

Te,fmt1,0(¢) = Lt (€) -+ - Lem+1(C) -

Let us think about L. ;(¢). We know that L. ;(0) = P, ;. Introduce

Lei(¢) = Lo (QPe,

and move the permutation to the right:

AN AN

b* (C? a) (X[k,m] %Y I[m—l—l,l]) = Tr. {LC,Z(C)El,l—l(C) n Lm—l—Q,m—l—l(C)
X (gm+1(Ca O‘)(X[k,m]))} '
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Clearly,
Li;(¢) =1+ (¢ — 1)L ;(C),
with 1; ;(¢) being regular at ¢* = 1, and

L,; (O ®I;) =0.
This leads to the important conclusion:

b* (Ca a)(X[k,m] <Y I[m—l—l,l])

l
— 9 Z =) 1 (Ol 1—2(0) - Lyoma1(€) (gm+1(C, O‘)(X[k,m]»

n=m-41
+ (¢ = DT, {lc,z(C)lz,1—1(C) Lo mt1(C) (gmH(C’ O‘)(X[km]))} '

So, in the limit [ — oo the Taylor series are well-defined. Thus we obtain
the operator

b*(¢) : W — W)

.—p.16/19



Similarly,

(G ) (X)) = —o(b™) (¢ ) (Xky)

produces the operator
c*(¢): W — Wl

with block structure opposite to that of b*(¢). For the same reasons as
before the following operator has nice limit as Taylor series:

t*(¢, &) (Xey) = Tra{Ta k(¢ ) (Xpey) b

giving rise to block diagonal operator

t*(¢) : W — Wl
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Commutation relations.

Strangely enough the proof of the following simple relations is very hard.

The operator t*(() is in the center

[£7(C1), t7(C2)] = [t7(C1), €*(C2)] = [t7(¢1), B™(¢2)] = O,
t7(C1), e(C2)] = [t7(C1), b(¢2)] = 0.

The rest of the operators b, c, b*, ¢* are fermionic. The only
non-vanishing anti-commutators are

[b(C1),b™(C2)]+ = —¥(C2/Cry ), [e(Cr), €7 (C)]+ = (1 /G2, ),

Completeness.

The space W(®) s created from the primary field ¢>*5(%) by action of
Taylor coefficients at ¢* = 1 of t*(¢), b*(¢), c¢*(¢).
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Application.

Consider s = QR C2, Hv = &Q C?%T1 and define

Jj=—00 j=1

TraTr (T 2/@5’4—2045(0)0)
Zﬁ{q2a5(0)o} _ S4+iM S,M{

Trg Tra (TS,MQ%SH(XS(O)) |

We prove that

26 (0)(X)} = zp< )Z(X},

2 (00} = o fol¢ 927 ele)0)}
Z" e (O(X)} = 271m w(§0)Z"1b(E) }dfi |

where T" goes around &2 = 1. ~paong



	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

