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Abstract. The repulsive case of the quantum version of the massive Thirring
model is considered. It is shown that there is a rich particle spectrum in the
theory. The S matrix of fermions proves to be a discontinuous function of the
coupling constant. These effects are the result of the qualitative change of the
physical vacuum in the limit of the strong repulsion g-+ — π.

1. Introduction

The massive Thirring model abounds in interesting results. In [1] the classical
equation was shown to be integrable. In quantum version there is no multiple
production, N particle S matrix is the product of two particle S matrices due to the
infinite number of the integrals of motion [2]. It was shown in [3] that in the
quantum case the massive Thirring model is equivalent to the sine-Gordon model,
the same problem was considered in [4]. Classical integrability of the sine-Gordon
model was established in [5]. The quasiclassical mass spectrum and the S matrix
of the sine-Gordon model were calculated in [6, 7]. Quantum version of the
massive Thirring model is investigated quite well in the attractive case #>0. The
mass spectrum and the scattering matrix were calculated in [8-10], respectively. A
direct way to exact quantum results for the sine-Gordon model is provided by the
quantum inverse scattering method [11,12], In particular in [11] the value of the
generating function for the integrals of motion on the physical particle state was
calculated.
In present paper it is shown that in the repulsive case of the massive Thirring
model 0<0 the mass spectrum and the S matrix are of essentially new form. We
study only the zero charge sector of the theory. The main idea is to use the Bethe
ansatz, i.e. all eigenfunctions of the quantum Hamiltonian of the massive Thirring
model [13] and the method of constructing of physical states developed in [14].
The technical aspect of this paper is a direct matrix generalization of [15, 16].
The plan of the paper is the following: In Sect. 2 the main results are described.
In Sect. 3 we describe all the eigenfunctions of the quantum Hamiltonian. In Sect.
0010-3616/80/0076/0165/S02.40
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4 the physical vacuum is constructed as a Dirac sea. In Sect. 5 the mass spectrum
of the excitations are calculated. In Sect. 6 the S matrix of the physical particles is
calculated. Section 7 is conclusion.
2. Main Results
First of all let us remind the reader the known results in the attractive case. The
Lagrangian of the massive Thirring model is
Se= J dx {iψyμdμιp - m0ψιp - ^g(ψyμιp)2}
(1)

yO=σi9yl=iσ29iί)=lp*yOm

Here σ are Pauli matrices, ψ(x) is a two component quantum, fermion field with
the anticommutation relations :
{Ψϊ(x,t),ψβ(y,t)}=δ*β

δ(x-y)ιoι9β = l,2.

(2)

We consider this model in two dimensions, one space and one time. This model is a
relativistic one. The massive Thirring model is equivalent to the sine-Gordon
model :
^=$dx£(dμφ)2-(l/y)M2(l~cos(yll2φ))}.

(3)

Here φ(x) is a quantum, one component, boson field. The form of the connection
between the coupling constants depends on the renormalization scheme [3, 9].
The quantization by means of the Bethe ansatz leads to the coincidence of mass
spectra in both models if (see [16] for example):
(4)

g =π-γ/4.

It is also convenient to use values ω and μ :
(5)

Notice that the fermion in (1) is equivalent to the soliton in (3).
To describe the mass spectrum in the attractive case it is convenient to divide
the whole interval 0<#<π(0<ω<π/2) into an infinite number of segments
q=l,2,....

(6)

The mass spectrum on these segments consists of fermion and antifermion of mass
Mf and q neutral particles with masses
Mn = 2Mf sin(n//16), «=!,...,#
/ = 8πω/(π-ω).

(7)

Neutral particles are bound states of fermion and antifermion. The fermionantifermion S matrix is equal to Zamolodchikov's one :
Sff(θ\ω) = Sz (0|ω), θ = θf-θf.

(8)

Here θ is the rapidity of the particle (fermion or antifermion). The velocity v is
equal to u = tanh0. Zamolodchikov's S matrix has its simplest form in the fixed
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parity basis [17]:
Sf(θ|ω)=l/±(0|ω)S(0|ω),
τr (M \ sinh4π(iπ + 0)//

cosh4π(0 + ϊπ)y'

?<** sinh((4πx//)-x/2)sinh(8iθx//;
- J —
h(χ/2)cosh(4πx//)
sin
This mass spectrum and S matrix may be simply calculated by means of Bethe
ansatz see [15, 16], respectively. It might seem plausible that formulae (7) and (8)
are correct in the repulsive case also. However this is true only in the interval
— π/3<#<0. In the interval —n<g< — π/3 the answers are essentially changed.
We show in this paper that the mass spectrum and the S matrix in the repulsive
case — π< # < 0(π/2 < ω < π, 0<μ<π/2) is constructed as follows. To describe the
mass spectrum it is convenient to divide this interval into an infinite number of
segments
,q = \,2,....
(10)
The mass spectrum on this segment consists of fermion and antifermion with mass
Mf
π / π_
+
ta
J
smμ
smμ
2 \μ
and ( q — l ) neutral particles with masses:
Mrι = 2Msin(wμ)/tanμ,w=l, ...,q— 1 .

(12)

The scattering matrix is constructed as follows. The S matrix for two neutral
particles is :

The neutral particle-fermion (antifermion) S matrix is :

The fermion-antifermion S matrix is equal to Zamolodchikov's S matrix (9) with a
modified (renormalized) coupling constant ω-*ωq:
Sff(θ\ω) = Sz(θ\ωq).

(15)

The renormalized coupling constant ωq is ^-dependent (10):

ωq =π ----.
(16)
π-μ(q-l)
We shall note that the S matrix (13)-(15) has no poles on the physical sheet. So the
particles (12) are not bound states. We shall also note, that while μ change through
segment (10), ωq (16) change through segment
π/2<ω β <2π/3.

(17)
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3. Bethe Ansatz
The eigenfunctions of the quantum Hamiltonian of the massive Thirring model are
[13]:

£

= Π ^k(χk\βk) Π
k=1

j >n

:0.

(18)

Here ε(x) is the sign-function, /? - is the pseudoparticle rapidity, exp{iΦ(^ — βk)} is
the two pseudoparticle S matrix :

Note that the coupling constant dependence of the Bethe ansatz in [15] is different
from (18), (60). The reason is the problem of definition of the product of two
generalized functions ε(x) and δ(x). This problem was solved in a correct way in
[13]. In spite of this difference the final answers are essentially the same in both
cases [15, 16]. The scattering matrix of JV-pseudoparticles is equal to the product
of two-pseudoparticle S matrices. The energy and momenta of the wave function
(18) are
€

£

E = m0 Σ coshj8 Λ ,P = m 0 £ sinh/S Λ .

(20)

If Imj8 = 0 the energy of a pseudoparticle is positive, if Imβ = π the energy is
negative.
A bound state may be formed by n-pseudoparticles if the values of
sin(μp)sin(μ(n — p))

at

p= 1,2, ..., w — 1

(21)

are all of the same sign [16]. To analyse the bound states let us divide the repulsive
interval 0 < μ < π/2 into segments
π/te + 2)<μ<π/te + l),g = l,2,....
It is evident that in the segment π/(q + 2)<μ<π/(q+l)
states of n pseudoparticles for
n=l,2,...,4+l.

(22)
we have (g+1) bound
(23)

There also exist other bound states with some n in the region
(24)

n^q + 2.

The n pseudoparticles which form a bound state (23) have complex rapidities :
- 1 - 2/)mod(2πi)
0.

(25)
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The energy of each bound state (23) is negative
E — m coshB, P — m sinh£, m = — m 0 —:
smμ

.

(26)

The scattering matrix of ft-th bound state (23) with rapidity β^(B = β^) on /-th
bound state (23) with rapidity βj(B = β^) is equal to the product of the constituent
pseudoparticle S matrices (19), (25):
S

n-#)}>

(

27

)

n-1 / - I
j=0 p=0

4. Construction of the Physical Vacuum
The physical vacuum is a state of minimal energy. It is shown in [8, 15] that in the
attractive case the vacuum is the Fock space vector with all pseudoparticle states
of negative energy filled in. In the repulsive case this is true only up to the point
g = — π/3 (on the interval — π/3 < g < 0). In the region — π < g < — π/3 the situation
is essentially different. The old vacuum is unstable. If we insert a bound state of
two pseudoparticles in such "vacuum", the energy of this state will be lower than
the energy of the vacuum. (One can also show that the perturbation series is
divergent in the point g — — π/3.) We'll show that each segment (22) requires the
construction of its own vacuum. On the interval (22) the vacuum is constructed not
only from the elementary pseudoparticles, but also from the bound states of
pseudoparticles. A bound state of n-pseudoparticles is present in vacuum with
ft = 1,2,..., q see (23). So the vacuum is a ^-component condensate. Moreover, all
permitted states of these composite particles must be filled in. Let us calculate β"
the real parts of the permitted values of the rapidities of the ft-th bound state in the
vacuum. To regularize the calculations let us put the system in the periodical box
of length L and make a cut in the rapidity |β" < A. The periodicity conditions for
the vacuum wave function are [see (18), (26)]:

jn=-Nn9-Nn + l,...,Nn-l,Nn.

(29)

Here Φln(β) is the scattering phase of ft-th bound state on /-th bound state (28), Nn
is the maximal admissible integer βnNn<A. In the limit L-»oo we transform this
equation into an integral one like in [14] :

smμ

-βJ)).

1

(30)

We want to solve this equation in the limit A-+CO. But we must remember that m0
depends on A so as to make finite the energy of the observable particles. We can
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calculate dependence m 0 on A in independent way. In Sect. 5 it is shown that to
calculate the excitation energy we do not need an explicite knowledge of the
functions ρn(β) (30). Analizing the dependence of the physical particle energy on A
(38)-(41) one can see that the Λ-dependence of ra0 is as follows
w 0 ~exp{(π — 2μ)A/2μ}. Now we solve (30) by means of Fourier transform, as in
[11]:
z
71

"

4πcosh(/cμ)
ίsinh(/cμ/)sinh(/cπ — kμn)n^^
^ ~ sΓnh (kπ) sinh (kμ) jsinh (kμn) sinh (kπ - kμt) f^n

fl
+

Φ\n(k).

(31)

The functions ρt (β) are determined by the zero of the quantity det(2π<5" + Φ//I(fc))
which is nearest to the real axis [16, 11, 15]. This quantity is equal to
sinh(/cπ)λ

sinh(/cπ - kμq) coshg(/cμ)

(32)

and the nearest zero on the segment (22) is
(33)

k0 = iπ/(2μ).
So one can show that in the limit A-+CO the solution of (30) is
ρn(β) = 4μ sin(nμ) cos μ cosh (πβ/2μ)M/π(π

+ 2μ) sinμ

2μ Mcosh(πβ/2μ)

π(π 4- 2μ)

sinμ

snqμ
n n
tan — -- c\ — 1
sinμ
2 \μ

n - 1,..., g - 1, m 0 - (π - 2μ)M exp{(π - 2μ)A/2μ] .

(34)

It is interesting to note that one can solve (30) without reference to Sect. 5, i.e. we
can elucidate the A dependence of m 0 directly from (30). Let us demand the
vacuum to be stable in the limit A\->ao. In other words m0 must depend on A in
such a way that ρn(β) are A independent in this limit. In this way we can obtain (34)
also. We see that the mass renormalization formula is the same as in the attractive
case [16]. In the next section we shall prove that all excitations with vacuum
charge have positive energies.

5. Excitations
Let us make a hole in the n-ih component of vacuum with rapidity βn. The
permitted values of the condensate pseudoparticle rapidities will be changed. Let
us denote their real parts by β". The periodicity conditions for the wave function of
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such configuration are :
s
^
^
£ Σ'<W-#)-Φ£GSj-/υ
smμsinh =2π;j ) + z = 1 f c

moL

(35)

In the limit L-»oo these equations turn into integral equations [14, 15] :
q

co

Φ'an(β-βn) = 2πF'a(β\n)+ Σ

ί Φ2ΌS-α)F t (α|n)dα.

(36)

b= 1 - oo

Here
J I n) = (# - $)/(#+ , - #) =/,($ - j8» .

(37)

Let us solve this equation by means of Fourier transformation. To do this we must
invert the matrix (31). One can show that the matrix inverse to (31) is a Jacobi
matrix (three diagonal one). So the nonzero components of the solution are

(38)
q

2 cosh(/cμ) sinh(/cπ— kμq)'

Here
(40)
— oo

Let us calculate the observable values of energy, momentum and charge of
these hole configurations. The observable value of these quantities is the difference
between the value of these quantities on the hole configuration and the value of
these quantities on the vacuum. By means of (20), (26) one can show that [14, 15] :

smμ

'"

w

ί α
^ smμ j^

(41)
b=ι

sm

J
M -

f

sinhβF b(β\n)dβ.

We must calculate the charge of these configurations carefully. While we make a
hole in the vacuum some condensate pseudoparticles go out of the cutoff. The
number of *f-th bound states pushed out over A or — A equal respectively to [16] :

ΔN(A)=-Fl(A\n)

(42)

So the whole change of the quantity of the condensate pseudoparticles (the
observable charge) is
(43)
b= 1

-Λ
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By means of these formulae, and formulae (37)-(40) and (34) one can show that Pn,
En, Qn and masses Mn are equal to :

z

= 2Msin(μO/tanμ>0, ^ = 0^ = 1,. ..,4-1,
— l)μ
smμ

singμ
smμ

(44)

π In
- - - - 1 >0
2 \μ

(45)

Here θ is the observable rapidity
θ = πβ/(2μ).

(46)

We see that the holes in the first (q—i) components represent neutral particles.
The hole in the last q-th component represent a charged particle. The situation is
just the same as in the attractive case.
We'll analyse all other excitations. Let us put an elementary pseudoparticle
with positive energy in the vacuum. In this situation we also can construct a
function fn(β\p) like (37). In the same way we can calculate the Fourier transformation of f'n(β\p) denoted by f'n(k\p) :
fn(k\p) = δnq smh(μk)/sinh(kπ - kμq) ,

(47)

and Ep9 Pp, Qp
Qp = π/(π - μq) >0,Ep = 0,Pp = Q.

(48)

The pole of (47) is situated farther from the real axis than (33) so this exsitation has
no energy. Now let us put in the vacuum a bound state of (q + 1) pseudoparticles
(23). In this case we have

(50)

At last let us put in the vacuum any other bound state (24). One can show that in
this case
(51)
We study only the zero charge sector of the theory. So the states (45), (48), (50), (51)
are not interesting. We shall regard only the configurations of holes and bound
states with zero charge.
It is important to note that if we put several bound states in the vacuum and
make several holes, no new effects will take place. In this case the value of the
observables is an algebraic sum of their values on the individual holes and
particles, due to the linearity of all equations. For example let us make two holes in
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n-th and /-th component of vacuum with rapidities /?* and βf. One can show that
the corresponding function
Fm(βf) = (βJ-βJ)/(βf+l-βJ)

(52)

is equal to the sum (37)
Fm(β) =fm(β ~ βln I") +L(β ~ βϊW

(53)

So by means of (44), (45), (48), (50), and (51) we prove that every excitation in
the sector with vacuum charge has positive energy. Thus the vacuum is constructed correctly. We also have shown that the formulae (11), (12) give us the mass
spectrum of the theory in the interval (10).
The last problem is to construct the scattering state of a fermion on an
antifermion. We shall do this in the usual way [8, 15, 16]. Fermion-antifermion
state is represented by two holes in the q-th component of vacuum (45) with
rapidities β^ and β2 plus a "binding element". This "binding element" is the
elementary pseudoparticle with positive energy (48) or a bound state of (g-fl)
pseudoparticles (50) with rapidity ( β l + β 2 ) / 2 (this depends on the parity of the
fermion-antifermion state). The total charge of this state is zero.
6. 5 Matrix
Let us calculate the scattering matrix of the physical particles. The construction of
physical particle states shows us that we must calculate the scattering phase of two
(dressed) holes and the scattering phase of a hole and a "binding element". Bethe
ansatz shows that the S matrix is diagonal. When we discuss the scattering of two
pseudoparticles inserted in the condensate we must remember that the firstly
inserted pseudoparticle is scattered not only by the secondly inserted pseudoparticle but also by all condensate pseudoparticles. So one can show that the
scattering matrix of a hole in the π-th component with rapidity β^ on a hole in the
/-th component with rapidity βf is the product of three factors [16]:
S"(βn ~ βl)

== CX

P {ίΦΐ(βn

~ β?)} 'S2 l(βl > βf} ' S\(βn) '

(54)

The first factor is a bare pseudoparticle S matrix (27), (28). The second factor S2 is
constructed as follows. Let us consider a two hole wave function. The permitted
values of rapidities in the condensate are given by (52), (53). S2 is the scattering
matrix of the bound state of ^-pseudoparticles with rapidity β(β-*β^) on all
pseudoparticles in the condensate. The third factor S1 is defined similarly. Let us
consider the one hole (in n-th component with rapidity /?*) wave function. The
permitted values of the rapidities in the condensate are given by (37)-(40). S1 is the
scattering matrix of the bound state of n pseudoparticles with same rapidity
β(β-*β^) on all pseudoparticles in the condensate in this case. So we have [16]:
q

— i\n8ϊl(β) — Φnl(β)— ]Γ

GO

J Φnc(β — a}f'c(oί\^)da.

(55)

c= 1 -oo

By means of (36), (37) we have
(56)
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ΐn the same way we shall calculate the scattering matrix of a hole and on
elementary pseudoparticle (47):
n

(lnS p(β)y = 2πifn(β\p).

(57)

The scattering matrix of the n-th hole and a bound state of (q+1) pseudoparticles
is (49)
n

QnS q+i(β)y = 2πif'n(β\q+l).

(58)

Formulae (57), (58) give us the S matrix of a hole and a "binding element".
Let us calculate now the scattering matrix of two neutral particles (44).
Formulae (56), (38) lead to the answer (13).
Let us calculate the neutral particle fermion S matrix. As we are in the neutral
sector we can only calculate the three body S matrix which describes the scattering
of a neutral particle on the fermion-antifermion scattering configuration.
Fortunately, formulae (57), (47), and (58), (49) show that the neutral particle "binding element" S matrix is equal to unity. So the three body S matrix is a
product of two factors. Each factor is a neutral particle fermion (antifermion) S
matrix. This 5 matrix is the q-th hole /-th hole (f=l,...,q—l)S matrix. By means
of (56) and (38) or (39) we obtain (14).
At last let us calculate the fermion-antifermion S matrix. This S matrix is a
product of two factors. The first factor is a q-th hole q-th hole S matrix. The second
factor is a q-th hole - "binding element" S matrix, which depends on the parity of
the fermion-antifermion state. In the case of positive parity the "binding element"
is a bound state of (q + 1) pseudoparticles. In the case of negative parity it is an
elementary pseudoparticle. Direct calculation of fermion-antifermion S matrix
leads us to the answer (15), (9), (16) on the interval (10). The "binding element" q-th hole S matrix gives us the factor U±(θ) in (9), (15) by means of (57), (47), and
(58), (49). The two hole S matrix gives us the factor S(θ) in (9), (15) by means of (56),
(39).
Bethe ansatz shows that the ^-particle S matrix is a product of two-particle S
matrices.

7. Conclusions
We have seen that the dynamics of the massive Thirring model is quite nontrivial
in the limit g-+—π.
All described effects have quite clear physical meaning. Really, one can show
that
HT(-g)=-uHT(g)u-1.

(59)

This is usual γ5 transformation.
Here Hτ(g) is the quantum Hamiltonian of the massive Thirring model and u is
unitary operator. First of all we see from (59), (4), and (3) that
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So the massive Thirring model is meaningless at g — — π + 0 (the Hamiltonian
unbounded from below). This explains the very complicated construction which
we used to give sense to the theory in the limit g-* — π. Everything becomes clear if
we remember that in the limit g-+π there is a rich particle spectrum (7). They
appear in the points ω = π/n(g = π — 2π/n) (6). The formula (59) shows that the
same particles appear in the points μ = π/n(g= — π + 2π/n) but with negative
energies. These particles must therefore form a condensate.
Finally, we shall note that one can write Bethe ansatz (18) in the form

[1 -itanto/^β^-XJtanhO^-β,)^)] .

(60)

So we see that there will be no new effects at any other value of the coupling
constant in the massive Thirring model due to the periodic dependence of the
Bethe ansatz on the coupling constant.
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