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A duality cquation was dexived in |1] and [2], aud the physical interpresation of ils
intions (instacions) was clarfied and the simplest one-insianton solutikm was gbuined.
The genoral A-instanion solution wat obiained in 1571

A quaternion focmulation of such a solution was given in the lecture notes [3]. We meall
that an thﬂmmﬂuﬁmﬁurﬂwﬁlﬂ]alwhudepmdsmﬂﬁ—lindepmdnﬂrﬂl
parametcrs (see {9] and (10f). The cxphicit form of & Lhres-instanton solation wad chiained
in [11], but thswndinggmmhﬁaﬁﬂnmnﬂuﬁmﬂmwﬂﬂmm-
ton slution conscructed in lh#prﬂtﬂtplpﬂi&arﬂﬁmﬂfunﬂiﬂnﬂflmrﬂ]pumlﬂs
which vary in R*% + R, :

We pote that the potation of {12] i mcs convenient in Lhe present cOBIEXL.

Tlmprﬁmtpapumhuolmsmﬁnu.mmmin-gmmﬂwmmumﬁmof
imHMMiShﬂdlyuplﬁnedmﬂmfmsmﬂmThenpﬂitpnnmﬂﬂ:aﬁmmm
threc-instanton solution is described in the second section.

§t. Thee constrection of Atiyah, Drinfe'd, Masis, Hitckin and Ward
Weshalllnﬂnwuh:upndﬂnnu{[l!].“'nmmidu'th:dudiwqmﬁﬂn

FAx) = =" (x) = —t Laua Pz}
(suramation over repeated indices is assumed unless seated otirerwise), Hee
I ABETPRGEL PREIEJERESS Alx)]-
It follows from 1he conformal invariance tha the ficld 4, (x) can be regarded as defined
on the sphere 5 rather (hen R*; the quantities x, arc the sicrecaraphic coordinates on the
sphere.
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We consider the Yang-Mills field in the case of SUI2). Let us pass from S* to C* It is
comvenienl (¢ use quaternions ¢ tn writing explict fermulas. They will be regarded as

2 ¥ 2 matrices delined by
g =d, ¥ foay + fegd, +iogay.
Here ay,... .4, ate rexf aumbers, / is the imaginary unit, and o, are the Fauli matrices:
1% 1 {0 i _{1 ah
= (1 u)' = (r' 1 ol T
The quantity a, will be called Lhe real pan of 2 quaternion. We assign fach point in 5% a

qualemion
[

T=x,+i E L7
=i

A point in € is assigned two quaternions:
{a & I
= A Raiiofips T
The guantities 7, apé the coordinates of a peiot in C*. Each point of € is assigned a poinl
by ¥
of 3% by % =g EE-'.'

i 3 8g R =gi'e. (1)
To clarly cbject cormespoads 1 2 point in S, it is convenient o defme an
involution 2 in € * which acis as followa:

{Il" ::1 21. .:,‘} :' {“-E:.,j... -E', .-;_q}.

{t can be shoown that 2 e-invariant two-dimensional plane in C* passing through the origin
corTespomds to a poind in 5*. The equation of such a plane is given by (1)

Since multiplication of each £; by 2 common compicx factor does not change x, in {1},
squation {13 is simply the propection of a three-dimensional projective complex space CP?
onto 5%,

We define a field Ci(z, 2Yin €5

dx
Clz. 2} = B 5 oA, =) (2)
The strength of the Bekd
o, 90, aC
Fuf2.2)= 52— i, +{C.G

can be expressed m venms of £ (x):

dx, Ax ﬂ‘[-‘fr x,}
Fale.t)= L3 o) = L 5= A

where
Ox, dx, _ Bz, 3%
8z, 8z, @z, #2. )

D[.I:_“_r,]l 1
Mz, z) 2
This quantity has the following importani propeny:
Bz, x, Pix,.
| —{ - }' 'I'E'tp--:n- {2, IF]'
i D{:l‘:t} I ﬂt :I|:‘.j




A THREE-INSTANTON SOLUTION KTy
for sell-dual solutions F, (x) = -*F, {.::} wie obtain

e, 8y LT G T g () () =0 ()

Equatsion f3) cxpresses the cantent of the Alyah-Ward theorem, i.c, ficlds with £, =~ 0 in

P’ correspond 1o self-duzt fizlds in 54,
The soluzwon of {3} has the form

Gz 2) = bz, 2) oo (z, 5).

However, we are interesiad in C, which can be represenied in the form (2} 7.4, the Above
hution should be projectad inio §°.

The problem of projecting the sohution of the equaticn F, = @ in CP? iato self-dual
fiekds in 5 can be easily solved usmg the Atiyah-Drmtel'd-Manin-Hitchin construction. [t
i DEoESSAY in this construction to consder a vector space L of diowengion 2N + 2 in
wder 1o obtain the solution of the duality aqustion with a topobogical charge ¥ for 1he
group SEX2). The inner product { £, L,) of two vecioes L, 20d L, in L is lincar in £, and
umplinear in L -

(L), Ls)= {L'}I-Ll }.. “_}
{Lyely) = clly L3), (eby, Ro) = E(Ly, Ly), (L. L) 2 0.

(loosing two orthonormal vectors E (2, ) a=~1, 2 in L, {£,, E,) = &,,, we deline
oo By by
4

CHir 2= -(Eﬂ, %;E,). {5

It is clear thay {5) can be projected provided £,( 7, T is constam oa o-invarianl plaoes in
C'ie., it E| depends oaly on x) In that case, we obtain

BB a4t £ g0),

We first consoruct the orihogonal complement 1o the voiioms £, in L. 'We consider 1wo
sequenwes of linearly independen] vectors i L: iz and a}(F), & = 1..... V. We assmme

ihit they have the following propertics;
1} ¢2) is a lincar funciion of z, and pi(Z) is a linear function of 7.
1 Each vector of the first sequence iransforms 10 & veclor of the second saquenoc

under Lt invalulion o:
Aio(e}y =23, a=1,..N

3} Any vertor from the ficsl sequence is onthogoenal 1o any vector from the secoad
sequence:

{'?Iv “;] = 1.
Singe the dimension af L is equal to 2% + 4, we can find two veclors £, such that
{'E-ciII 'Eh} n'ﬁnhi {E.l ’TJ,}= {Eg-'ﬂi}_'u- (ﬁ]

[EErETEETN
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We shall now verily that the (wo vectors £, and E; thoy obtained are constant o
e-invanant planes; it follows from requirements 1), 23, and 3) thar
m, - ffa, ¥ Eai, o2y, + Zatas n; - —Eaf, By, — I, + LA (7

where ther, are constant veciors, We shall commbire the vectors vl and 2 into pairs
-2

i '
3 &y "
. -.qle'i -I-lifll',, .I':.(‘l J, i':-:: (f J_

Hencs

oy y

Multiplying 5, from the left by ¢;'. wr obtain a pair of vectars £, B2 which are linear
combinations of 7! and 57

o8 e TR o,

and depend onty on x, ;
The vectars £, 212 orthegonal 1o &% and k2, and thercfore they also depend only on x

and are constant on o-invariznt planes in 74,
Fialty. we shall show that the fickds Cf2. 7} defined by (3) construciad from such -

veetors £ ane solutions of the equation £f.=40
For d £, we obtain
WE, = -LCPE, + Earalia) + § yronit ), {9}
Since a. depends only on 2, we have
C
[‘nf_fz],ﬂ.ﬁ'.} - EH:“]' £.)=10

We have made uss of (he :.:mliru:ar Propenty of the inner product defined by (4,
Multiplving (%) from he left by 5L(z), we oblain ¥ = g, Differeniiating (9) with -
respect 0 -, we abiain
' BAE, = ~LACHE + ECCE, + T Famalz).

Making usc of the symmerry %y £, = B AL, and the arthogonality of £, and 42, we
cbiain
fE.,ﬂ,,ﬂ',E, = ﬂ,ﬂif_} = {Fri]“ =

It follows thal C is a solution of the equalion £, = 0 and it can be projecied onta &% the ;
Alryah-Ward 1hcorsm hen implies thar 4_ is a soluton of the duality equation, By the
Atiyeh-Dirinfel'd Manic-Hitehin theorem, Lthe fislds A, consirucied by this method rcpre-
sent the complete solution of the duality equation. We shall oot Prove Lhe compleleness of
ihe solutions but mercly show thay lizey depend on & - 2 pardmeiers.

We choose an orbonarmaj basis ef in L. where g = |, 2 and i =~ 1,__. & + 1. The pair
of veciors v, can 1hen be writtan as

M| I-E!' :
T = Z {ql-"'!-ﬂ + qlﬂﬂ}rﬂ = l I:) {lﬂ} ?
PN | 3
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Here. A and B are ¥ % (N + l}mtﬁmwilhrcspmtﬂlh:mdm::nndfmdthﬁr
mainx ckements 4 and 8,; are quarcrmicns. The form of {10} ensures that conditions 13
and 1) are savisfied, Condition 3) is satisfied for o = A since A, and B, are quaternions.
The comclition (1], 43} = 0 for « < P imposes the folkowing restriclions:
M4l Ml Nl N+l
E A g = 'J"..ﬂfr E Bnﬂif =g oad, E ""!-r'ﬂ,ﬁ-'; = E Ay, 87, 1)
[ A | 1= J=]
wheten < B4 _yand p_; are real aumbers.
wnmt:thalno:llllh:pnr:mtminthemuinujmmdﬂdhavem:ffmmftmd
£, The seruciure af { M0} remains uonchanged upon the stbstitution
An = Ay =Y Gad7.  GeGL{N),
Bu= B, = EGpBu¥y.  ¥eSpl¥+1),

where F iz & numerical marwix and fisau{ﬁ+l]x[ﬂ+1} malrix whoss maidx
chiments are quaternions and » ¥+ = {. The group GL{ N} cotresponds ta kinear transfor-
mations oF the veclors 5! and of, and the groap SHA + 1} is the grows of rotations of the
orthomernal basis ¢,

The numiber of perameters in Lh:ma:ri:ﬂ..{andﬂianuﬂ m2=4-N-[H’+l}|-
ENT + BN, lh:numbunrpaﬂmemwuldumﬁuﬂ}isﬁr{ and the number of
ParRmAters Of Sp(N + 1) is AN + 12 + [N + 1) the pumber of conditions imposed on
tbe paramciers £ and B_ in (11) is {3M? — 3¥). Finally, the oumber of independent
parameters in Ihemlutinnﬂﬂ}ianu:lm ; d

BN? 43N~ M2 - 2N+ 1P — (N 4+ )= 5N 4 5N = BN = 3,
e, it follows from the number of Faramelers that the solukon (10) correspomds o (he
vompleic solution of the duality equation,
§I;Expﬂﬁt!u-ﬂth'mund1ﬂu
Uﬂngdwtrmfmﬁnm!mfjl{ﬁ]andﬂp{ﬂ+ 1}, we can simplify (1),
Let ug consider a quaniity »_ defined by
1 L2y
"n e (";) - E Al!’l'
H iml
Itis clenrly possible 10 find a malrix 7 € GL{ ¥} such thal

L
H, —+ E‘. = E, 'G".I-l’ and {E:. E:} - '.!-"B.li'
A=

We then obiain for the pair n,
Ra "'1- . 'rl.il + i’zzﬁﬂ%r‘a- []1}
We naje that lhemmﬁxldinilllmmmh
We incoduce a basis vecior fx. Dormalized o wnity fie, (B 8.1 =&,) and
erthagonal 10 aHl the &, Wemnthmui:udlh:mndmmin{u]inumsufme
wthonormal basis {4,,... &, ), which vields

N+l

f=qmb v L B, {13)

=l
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where the B are new quatermions, For 4, expressed in Lhe nodation of {10}, we obtain
"-qul e ﬁll' []‘]
For A, defined by {14, the first eguation of {111 is satnsﬁnd ioivially with Az = O for
a < f, [he third squanion in {11} yvields

i Hu.ﬂ' it .ﬂil-' -
and the second yields
: ¥t

T BBy, =il {15y
=l

We nmit @ < # since {13) becomes an identity for 2 = 2 {for o = 8, e lefi-haod sde of-
(15 s pmpﬂnmnal fo a unit mairix; the prepordonalily factor is denoted by 2,,). Thﬂ
ALK g is'z eal symmetnc ¥ % M matiy with pumerical matnz demenis. We nole
this is thp;fnlm of the equations sasiied by the param:m of the N-inslanter sohtion
which wn&quulﬂ:l n {8]
. Let us now discuss the remaining symme wps. Fizsily, the group GL{N) has beem
n:duc:d Io O{ ¥ ),bu to preserve the form of &, given by (13). il is aecessary ot only w
ratate 7, but ales to petfnfm the same muw;n of the basis (Lhe group, Sp{# + 1) coolnine

AT T

M) A asuhgml.rp] 3 z
Tk a
Ao § g, = E L Fe N, i
. 8| .
i-l . . .
#o -:'*.;.":-""‘ €. L Fogéa dusy = bnoy T luly.
gl - .
Ax a result of such rptabons, we nhl;hin s _,.;-J
EEI [} - 4 L
1. .-.-1.; - ‘?l" * g E B, e, (16.1)
5 ) . 1=l
: =1 F 3,-1"’1]. B vur= E .BBF LR b {16.3)

[t folbows I'mm { lj] Lhat Lhe new par:.m.em £, saisfy 3
: F' May

. f.' Y BB =g, k= VAVl
' it rel

We now mmsc the ma:ru: F.LeL ¥ be a malnx which d;agamlm the real symmeing
mainx ji: : .
: p= VP diag(p,. o)
Such a choice redaces Of M) ta the group ﬂf‘ reflections, i, the transformations define

by {16) with a diagonal matrix

W ‘_: 1}”-: f17
alf nJi

are admissible and the dizgonal mairix demencs of the matnx ¥ arc powers of (-1). W
shall employ 1he group of reflections ta transform the real parts of certain guatemiod
INLO posilive quantitics.

|

L]



A THREE-TMSTANTOMN SOLLUFTION T3

s the basis defuved by (16), 1he group Spd¥ + 1) reduces to the group of roladons of
i ¥ + 1)th axis

I} y
Gt fm[u m]. e = Ehyat = ML,

where i 15 3 quatermion whose modulus 15 oqual to 1, s ™= 1. The aforementonsd
goup 2615 on the matns 8, as follows:

By, T []S:I

E.r“.B.r'-!B J:=]..,._.|,N_

we chioose w2 From the condition
ISR T

st By e 3 2 feal positive pumber. Haviog ¢limingisd the arbitrzriness due 10
symmieery grotps, we find thal the system (11} assumes Lhe form

Ml

Y BB =0 a<p,  By=B, Bua=b gl (19)

pul
Explicit parametrization of instanlons can be obizined from the solution of (19). It 15 then
ecassarTy [0 Lake care that (he weclors v, and 42 defined by (7 arc indeed Linearly
wdpendent. The dimension of Lhe space spanned by these vectovs should be 28,

Let us First consider the case of two instaninns: A = 1, The syst=m (19) astumes the

form

B, B+ BoBh 4 byBh =0, (20}

The quaitxnions §,, B and By, and the nomiber f1, can be regardad as free parameters.
The quaternion &), can be obiained =xplicithy from (203:

By, = (B, B + b, B} B 2

An explitil expression for A,(x) is discused a1 the end of (his section. We have Lius
confiricted (he complele two-instanton solution depeoding on 13 real parsmelers. It s
showa in Appendix 1 Lhat the cormesponding vectors w and w2 are lincarty independant in
\be most general silvation. The dizcnsion of the spac: of parameiers far which the vectors
v, are hinezzly dependent is aqual 10 9. [t follows that the comespokling codimens o £
cqual -t 4, whoch is & sufficient condition for the set of parsmetars 10 be Houbly
conumectid.

We now discuzs the true thuee-instanton case The sysiem (19) asumcs the firm

BB+ B Bh + BBy + by By =0, {21)
By By + Bplify + BBy + by By = 0. {22)
By By + By By + B liyy + By, « 0. {23}
We choase the: qualermions
By, By B By By {24)

and 3 number
IR {23)

o gy
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AR I

Sy



- p.r

T4 ¥ E KGREFIN AND S i SHATASHYILI

as independent pacameters. The remawing guaterions &, .
teemingd fram the above sysiem of equations. The quawrmion &,, can be calcu

Fram (21}
: . By = - 838, + 8,8, + bHH"-i-J{B!IJ
We nqte that the remnaimning aquadions {22} and (23) are linear in the quaternions #;
8., and also Lhat these 1o qualernions are mulliplied by gther qualtrmions ondy fron
-beftand, therefore. can be readily determined
Bv . E , B + -1
{ By By + HLJBrlji' An By = B Bn || B - —2== .

'b“_ b"‘-

1, > o -
Hy= - 31-'-3:33:: + By By £ 8,8

We note that the group of rellections defined by (17) ahd (16.2) can I used Lo achie
. Re B = 0 B’ERI; ] ﬂ
Smce tach qua!trnml'ﬁd:pcnds on 4 teal’ PATAMELETS. We lind that 1he toal num:
independent real parameters is cqual [0 21 where three pzramelers assume values -
real sermiaxis and the rermaining 18 parameters assume values on the real axis. Equ
(28] 28) represent a parametrization in the general situation. Degencrale cases
thése equations arc ndt applicable {for example, 5,; = 0} a7c discassed in Append:
win be shiwn that the dimension of such a manifold of pararmeness is equal 1o 17,1
vorresponding mdlmmmn B equal te, 4. Therefore we can clairm thai the ‘mani
pArAMesrs is douhlymmmgd . ,-..

« [t iomains’ G venify thay the conupundmg YECILOES 1, dl:fmt-i by (7} are
-ndtp:nd:nt ":‘F: show in Appendu I that the veclars n are linearly md:pd:ndcn
pendral Ellualldn 'l'lmﬂlmmunn of [hr.'lnamfnld. of ‘pararnerers for which the v
are linearly mdepmdtm ] DQL&I to 17, L Follows that the corrssponding codime

Finalty, foliowing the getneral meihod of consinwcting instanton salutions, we q .

£ phm [oem of ll'u.-.tr coordinate repus:maunn : e
J

-r-.:ﬂ .i“*[.,t]==—~£[..{{.x}u,i -45,,.3,5_,1. kmb2Rab=1.:

) i_":‘ = mer: E is Eiven h;r (6), ) Z

R R P :

pau L-el us oW constiyct the vectors 4, usmg{El 4 . ;
; - 2 ' - . .

.:I & I ! 'hrl = q.;_'qﬂ ™ .I.'t"" & E B.ir'er'

L R

We consider 4 pair of vectors £ = (4 ]
E e * By L] .‘
Eom —"'—"'"-._—":.. K_—K_'Flzq,ﬁj.

Here the X, are quatemmn.t i
We assume that E, and E. are orihogonal w whe vectors &, and A7 This

forlfowi ng equation for the mancix £

T o(ab .t BIK, = -8,
A=

cquat 4o 4, which implies that the manifold of parameters remains doubly connecie
1

By, and £, can be :
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rbe arthogonality of E, and £, is irivial since Lhe K are quaternions. An explicit solution
A1) can be oblaised; cleardy such a solublion iz a ravonal function of independent
parAMALELS. The Yang-Millx fizlds are given by

dE}-KI .

Asix) = EE‘“""TK;K;' {12}

Here. Waa, 15 the 't Hoofi tensor {13] given by
faaat A= L3

= Eljll | B 4,
LY -5, Xl
o, Aoy,

fquations (26){28) and {30}{32) define (he general form of the theee-instanton solution
in terms of independent parameters defined by (24, {25). and {29). The coprimction of
ihe 't Hooft solution i given in Appendix 3. We note thot the general solution 4 {z) 132
mtional function of independsnt real parameters.

We are grateful to E. [). Feddeey, 5. P. Novikov, A. M. Tyunin, B. B, ¥enkov, and A_ Y.
Mikhailow For their hedpdul comenenis,

Appendix 1

The dimemsion of the spacr spanoed by the vectors n, should be 14 However, the
weiors 1, become linearly dependeni for centain values of the free parameters defined by
1) and £251. We now determine the dimension of soch 2 space of patameiers.

First we discuss general problems. Sivoe the vectors o, of the fire series are arthogonal
i the veciors Wl of the second serizs, veztors belonging 1o differsnt series cannol be
inearly dependent. We shall now state the condition of lineawr dependenes [we: comsider
e case of n-fokd degeneracy, iz, 3 space spanncd by the vectors wh is (N —a)
dimeneioonal)y: , ;

N
Voot =0, k=1._..a.
a=1

There are only r differeni sets of the coeflicients 2, 2nd they are labelled by 1the upper
index %. We can bring the cocflicicats 2 16 the camonical form a* = 82 fera = 1,....4.
uch # normalizaton mmiquely determines all the other eoefficienis a'*!, We can oblain
oibey sets of o from the canoaical set using arbitrary linear combinatons Eal'le, (the ¢,

ane compex aumbers).
It can be easily shown tha the vectors 42 also become linearly dependent:
o
Y aftal =0.
a=1

Here 1he ai*" are complex numbers, and 75" are their complex conjugates.
The above coaditions can i writlen o the form
& .
YAy =0, (23)
a=]

Here the 31*" are quaternions of the form
LY
U4 = {"L : ] - ()
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It ts €asy to show thal the linear dependence condition expressed in terms of the
#, 5 Analogous:

;

¥ .
Fitg e
=l

Here the &1 arc quaternions of the form (34), In fact, we can casily show that 2! the
components of the vectors 4, are orthagonal 1o all the second componemis of &y, We
notc that the vecoors k, are # times degenerate, ic., there are oniy n sei1s of b, such
condition {35} is satisfied togeiber with the normabization condition 51 = B* (bere.
atsumes # differenn values)

We now show that the quatermions 3% and 3*' are rcal. Equation {33} r
conditions on 2[*" and on 7, ie. we require coefficients g% and points i, in C* satishy
(33). Let us consider all the paints in £* belonging 10 the same a-invarniant plans. If
coefficients o[*! can be found for at Icasi one point of the plane. they exist for all 1he
points sinee all such points are prajecied onie the zame point in 5%,

Len us consider & a-invariant plane defined by

k= gi'q,.

Here & is fiked. We shall parameerize the poinis of such a plane by mcans of
guaternion ¢;. We use the relation #, = g7'n, 1 rewTite (33} iz the form

W
L a5k, ~ 0, (
a=|
Companing (36) and (35), we obsain 5% = §* fora = 1__. .., and
B0 = g0
Here 4.* and bik}, are ixed qualemions of the form (M), and 4: is an arbitrary
quaternion. Such a condition nan be satsfied oaty if the qualernions 457 and 41%7 are real.
Fingily. we rind that the condition of linear dependence assumes the form

L
E -ﬂ'-h“ = n'
-1

where the a,_are rezl nunibers {we shafl om the index & ),

Using the relation
LED |

F,=de,+ } B,
J=1

we A
Ly N
agk + 3 a,8.4=0, b3 By pay =0 £
a=1l o= |
Let us firsi consider the case of teg instantons, The system (37} assumes the form
dAX + B, ) +u B, =0 a Bt aiF B~ b+ aa By =0 (3
We first consider the case a,g. » (1, We introduce a veniable ¢ = a,a;*, Equation (18

yiclds
t= By -8B, Bag--th,  Bny=8, +lc' —c}B,.
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Sumiuﬂng, Lhese exprastions in (20}, we ohiain
BB+ BB+ BLAnfe —e)— b=

Regarding thus as an equadon for ¢, we find that i1 has vwo real solutions, We have thus
jund the sutkm of the onthoganalicy condition (20) and of the lincar dapendence
adition (38); we chooss e qualcrions By, 8|, and (he number &; as [toc parameters.
i gan be seen that thess equations have a 9-parameter (amily of solutions. The complete
woeinstamon sohilion depends on 13 parameters. It Joliows that the comesponding
cadimension it equal to 4. The cages 2, = 0 or 2; = 0 can be disrussed separatcly, and it
= be shewn that the corresponding codirwision is alsa oqual to 4.
Wwe shall now consider the caze of thres instanions Theno (37 assumes the form

a(t+ 8,} +a,8,,+ a,8,, = 0. {19}
Etﬂlj +ﬂ'!{_E +Bn] +|'.'|'3513 =ﬂ', ["ﬂ]
ay By + a By, + ﬂs{i + Hii] =g, ["“J

ﬂ..b""f'ul.ﬂ';,. +ﬂ'3.ﬂ},|," ﬂ. {11}

te shall saek the solulion of this sysiem Lopether with the ecthogeazlity sonditions
+211-123). We shall first consider m:ﬂnulnza} » (. Lot us renite (39}—{41}in the form

We now traneform (22) and (23); we multiply {22) by 2,/a; and add it 16 (21); lisli.ng (423,
1421, and (22}, we oblan

blll+ |B|1|1+|B:3|‘ +iB||.|z 'I-ﬂj- (44)
similarky, we multply (11) by &, /a9, and add it 10 the equalion conjugaie 1o (23), which
11chds

1Bl + | Bl® + | Bn| + 1B = 1% (45)

We now requure the solption of (43), (42), (21), (44), and (45). We shall show that such a
<item of equalions is equivalent to & single rezl equanon involving 18 real parameicrs.
Wr shall chooss sich parameters to be the four quatzmions

By, By By By
and v real pucsbers

i .
a;’ ody

We can detcrminge &, and 8y, [1om (43}, The quantity &, can be cakulated from (44} We
oaleae By, from (21). Using (42), we determine 8, [1 follows that we have delenmined
L the required quantities, and one real equation. namely {45), still remains. This
procedure proves that the solution of the sysiem (39)-(42), {21)-{23) depeds 0o 17 real

paramclers. The general threc-instanton solution depends on 21 paramelers. [t follows
that the comesponding codimention i equal to 4. The: casss when several a_ vanish can be

treated ceparately. Such sivwanions do oot alter the value of the codimension
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Appendix X i

As already discussed, aqualons (16)-{28) determine the parameinzation of the probien
in he generai situation They contzin singularities in the cases when any of 1he quaterny,
ons B, &, — (/8 ) By, By5, and 3.7 are equal ta zero. Tt is therefore necessary 13

investigate al} the deganerate cases, ;
We shall discuss in detail the ease wheny Bi; = 0 and &, + 0. Then {21)-(23) assumf
the form §
BB + b, 87 =0, 4'

8,85 + H By, + by =1, 1

[t iz casy 1a salve the above system: when B, w 0, we can write

- 1 * + l
By, = “E:{Hnﬂu + 8B40,
Bp v -{ By B, + By Bu ) B5) € |
. 1 +
'H.!-II - _‘b_ﬂuﬂzy
14
il §oy = 10, then
. I - +
'Eh = ﬂb B]l = —E{E“Hu L HI_‘I-"E]-]:.:I‘ {"TA
The quaternions

Fiav By, By, By, byf.
Fepresent independent parametcrs for the sohution defned by (4£), and the quaternions
B, 8. B B [

art mdependent parameters for Lhe solution (47). In Both cases. the number of fres v
PARmMCcrers 15 equal 1o 17. :

A similar approach can be used 1o study the caze &,, = 0, 1t is passibie 1o make thal
Guatermian By, (or B..) reai B2y = b, 1, wing the method that was applied in (18) to
make H,, real; the number of parameters then reduces by 1. Salving (21)-(23) with
by = 0 and By, = b7, we find tha) Lhe: nurber of free paramerers is then-at mosr 17.

Finally, if !

By = D2

E']-l

we can determine lrom (21) and (22) the quaternions By and 7,,:

B N P
8y = —[Bu(L;:_ + bu] + 'E'I.]B'IJJ[ B3) i .

1
By = ‘_'[Buﬂﬁ * 8,8+ '!_BHBHB’E]'
bu, ﬂ'I-!

The fret paramcters
E‘12I' BI!'I IEIl:~|'| EH‘ Bj]! lE.I-l'
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which ipvolve 21 real varizbles then satisfy the following quaternion equation {provided
B {) which can be denived from (21}

+ T | -
BB BLEL (B} + BBl - b8l

1 - ¥ w4+ .
+ ,,—uﬂu'ﬂl.ﬂuﬂuﬂui B (1Bl +iBa® + 6 =0

we can usc this squation, which is a linear equanon for the componcnis of By, t0
Jiermine Bf,, where By, = B, + {Eo,ft},. It Follows from our discussiop that the number
of fiee real paramelers is at most 17. [t can be verifed that cos assertion holds for all the

SopeIGrae CALEE,
w¢|husmndudcthatih=sduﬁunoflhedmlityaquﬁunamhgllarpuénunﬂh:

wﬂmluﬁm{lﬁ)—{lﬁ}d:pmd:mntmtl? frec rexl parameters, Lc., the codimen-
aoa is greater tham or exqual to four.
Appenidix 3

The "t Hooft thres-instanton solution depends on 15 parameterss. W need Lo reduce our
»dimeasicanal manifold ta a 15-dimensiogal manifold, The parameters 24y, By, Bn. By
By, B0 By then cheardy becoime functions of 15 independent paramsters.

Let %, be quarernions and A, real numbers, o = 1. 2, 3. We iniroduce pumnbers p_and o

matrix W by
oLt AL. A Aghy
pomdeti, W= | AA, g Ay
Ahg, Ay, MTN
We delipt a mairix i as falkess:
VHFT = ding, V¥ =1
Let os now parametrize 8y, By, Bn. 8oy, By, and by, 35 lollows:
B, = ‘Er""l--i'«]"h: By, = —E Vit Fa:
By =-LWutte Bn=-LhiAM.

[Fiah sl
BII--. E]G.t-;". F:-'h-, 1 'b‘I#nIE-FI.l}'-I'

(48)

Substiluting (48) in the general solvtica (26)-(24), we obtain
Fiatal

By = HEFln’iiFl.‘ ;= "E Kui Ve Hy= E Fl-;"tﬁ'
v

Alter some Lrivial operacons, we oblain (be vector potcniial in the coordinate form

Ax) = -Fa a1 + KK}) = —En.,ﬁ.!n{l + E % ]

a=1 {x = .:,]
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whers 1
A g

Kl el hEd :

K, =- sl — x, )R ;

[ x,} ]

f{ithere 15 no summanon over repeated indices), 1e.. in the paramewnzation (48), 1he general

solution viglds the & Hoofi solution.
Received 24/ MAY /82
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