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Introduction

Thequantumfield theoryin its presentstateof progresshadbegunthesearchof non-perturbative
methods.They seemto provide the only hopefor this elegantmathematicalschemeto remain
the basisof the elementaryparticlestheory.

Indeed,the multiplicity of theelementaryparticlesandthe complicatehierarchyof their inter-
actionsmakeuselessthe conceptof the fundamentalLagrangianwhich is constructedin termsof
the independentlocal fields for each particle.To keepthe idea of th~fundamentalLagrangian
valid oneought to be able to composeit with asmall numberof fields and makeit capableto
describea widespectrumof particles’masses.

The mostpopularexpectationsof astronginteractionstheoryof this kind are connectedwith
themodelknown asthe “standardtheory” or quantumchromodynamics.Thefundamentalfields
of this model arerepresentedby themultiplet of the “colored” quarksand their interactionsare
maintainedby the masslessYang—Mills fields. The specialfeaturesof theseinteractionssuch as
the stronginfrared divergenciesare believed to provide the confinementof the quarks which
makeup asufficient numberof boundstatesrepresentingmesonsandbaryons.The confinement
mechanismis not yet workedout but mostof the theoreticianssupportthis hypothesis[1, 2, 3].
We arenot going to discusstheseproblemsin our survey.

The last three yearshad revealedthe developmentof someothermethodfor the description
of the elementaryparticlesmassspectrum,themethodthat is quitedifferentfrom the perturbative
ones.It is basedupon the existenceof the spatially localizedsolutionsof the nonlinearclassical
field equationsfor aconsideredmodel.Thesesolutionsdiffer from theusualdecayingwavepackets
by keepingthe physicalquantities,e.g.energydensity,in a compactspatialregionof aconstant
size that doesnot extendduring the time evolution. In the simplestcasethe time-dependenceof
thesesolutionsappearsto be the movementof an objectasawhole.

Thesesolutionshad beenknown to exist for abouta century in some problemsof applied
mathematicalphysics.Sometime agotheywerenamed“solitons” after the term “solitary wave”,
andwe aregoing to usethis term also.Between1958 and 1962someauthors,amongthemSkyrme
[4] andFinkelstein[5] (seealso [6]), declaredthat with everysuchasolutiontherecan be asso-
ciatedan elementaryparticlein the quantumversionof amodel.To theirpapershadnot beenpaid
theproperattentionat that time. Threeyearsagoa numberof groupsof authorsalmostsimul-
taneouslyhad demonstratedthat the quantum particles really correspondto these classical
solitons.

FaddeevandTakhtajan[7, 8] proceededfrom the exact solution of the sin p2-model,having
found the action-angletype variablesthatprovedthe particle-like behaviourof the soliton solu-
tions. Their argumentswill bediscussedin section1. Dashen,Hasslacher,Neveu[9, 10] developed
semiclassicalmethodsin thequantumfield theory,andwithin their generalmethodexhibitedthe
correspondenceof theparticlesto the solitons.JackiwandGoldstone[11] displayedthe samein
their variational approach.Afterwards, the attention of a great number of investigatorswas
attractedto the soliton quantizationproblemand quite a few paperson this topic appeared
[12—28].Now the principal pointsof this problemareclear.

The surveythatis presentedbelowsumsup this development.We aregoing to discussin detail
the connectionsof the solitonsandelementaryparticlesandpresentthemethodsof calculations
of the massesandthescatteringamplitudesof theseparticles.We shallnot describeall themethods
workedout in the recentliterature,but weaim to obtainall theknownresultsby thesinglemethod
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thatwas developedby the authorsat the Leningraddepartmentof the V.A. SteklovMathematical
Institute.This methodis basedupon the useof the functional integral for the quantumtheory
formulation. It is the functional integral formalism that enablesus to describethe quantum
theory in termsof the classicalone.No wonderthat the specific role of the non-trivial solutions
of theclassicalequationsof motion canbe displayedin this kind of theformalismmostclearly.

Now we shall explain why the spatially localizedsolutionsof the classicalequationshavean
influenceon the massspectrumof the quantumproblem.The connectionof the particlesandthe
fields in the framework of the perturbationstheory can be explainedthrough the asymptotic
behaviourat ti -÷ co of the fields thatobeythe equationsof motion.Let usconsider,for example,
the scalarfield u(x, t) with the equationsof motion

Du + v’(u) = 0. (1.1)

Within the limits of the formal perturbationtheory all thesesolutionsat ti —+ co are solutions
of thefree equation

u(x; t) i—. ±~ ~ t); 1 2

(fl + m~)u~= 0; v”(O) = m2.
out

Indeed,u canbe obtainedfrom u~by meansof the non-linearYang—Feldmanintegralequation

u(x, t) = u~(x,t) — J(fl + m2)~’. (v’(u) — m2u)dy (1.3)

andonecanseethatwhen ti —* cx this u is reducedto the solutionof the free equationwhich we
denoteby ~ The energy

J~u) dx = Jdx[4u~+ ~(Vu)2+ v(u)] (1.4)

andother observablesexpressedin termsof u~coincidewith the correspondingexpressionsfor
the free fields: Out

jir(u)dx = Jiro(u~’)dx =~j[(~-~
t)

2 +(Vu~)2 +m2(u~)2]dx =Jclkv’k2 +m2 ~ (k).
out 2 dt out out out

(1.5)

Herep~ (k) is the spectraldensityof the in (out) fields. ThisHamiltonianwhenquantizedexhibits
out

the spectrumof the particlesof asingle sort.The only quantumcorrectionis the massshift dueto
the self-actioneffects.

The existenceof solitons makesthe asymptoticrepresentation(1.2) invalid. Indeed,the main
property of a soliton is that it doesnot decayas the wave packetdoesand the nonlinearterm
—m2u + v’(u) at u = u~doesnot disappearin (1.1) at ~i—~ co. The simplestexampleof asoliton is
the stationarysolution with the finite energy

—L~u,+ v’(u~)= 0. (1.6)
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Accordingto the Lorentzinvarianceevery suchasolution generatesasetof solutions

u,(x, tiv, q) = u5~vt2~), (1.7)

which is parametrizedby the phasespacepoint (v, q) that is the position and the velocity of the
soliton’scenterof mass.The solitons’energiesare

J~‘(u~)dx = M/\/i~
17. (1.8)

Another typical exampleis given by a family of the time-periodicsolutions

~ T) = w(x~4~T)~ (1.9)

thatgeneratea set of solutions

w(x, tjv, T q, c~)= w(xvt~ t—vx — f—; T)~ (1.10)

whichareparametrizedby pointsin the four-dimensionalphasespace(v, q, T,x). Thenewvariables
T, z are connectedto the internalmomentumand the initial phase.In generalwe canimaginea
solitonas afinite-dimensionalset of non-decayingclassicalsolution u~(x,ti{p~},{q~~)thatdepend
on v, q andalsoon the internalcoordinatesandmomenta.The energyof asolitonof that kind is

= ~ (1.11)

whereM({p
3}), v~ {p~}is the soliton’smass.The importantpropertyof thissolution is the possi-

bility of making the solitonto rest.
When a soliton solution is properly localized in space,asum of a numberof thesesolutions

with thecentresseparatedsufficiently would satisfyamotionequationwith highprecision.Solitons
that movewith differentvelocities aregetting fartherandfartheras ti —+ co, sowe can assertthe
asymptoticsof eq. (1.1) solutionsto havethe form

u(x,t) ~ u~(x,t)+ ~u~(x,t~{p1},{q1}) (1.12)

as long as the solitons exist. Theseasymptoticscontain the sum of the one-solitonsolutionsin
addition to the free equationsolutionsup,, . In generalcasewe havethe different setsof solitons

out

in the (1.12) at t -+ — cc, t —~ + cc. The solution energyis expressedthrough its asymptoticsas
follows:

J~u)dx = J~ro(u~)dx + ~J~r(u~)dx = + m
2p

10(k)dk + M1({p~}) (1.13)
out i out i

Here we assumethe wave packetand the solitons to move away asymptoticallywith different
velocitiesandso to belocalized far apart.We seethat the phasespaceof this systemis bigger than
that of the free scalar field. It is parametrizedby the numberof solitons of everykind by their
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internalandLorentzmomentaandtheir coordinatesin addition tothe generalizedmomentaand
coordinatescontainedin u1~,andu0,~.

The energycontributionfrom the solitons looks like the energyexpressionin the occupation
numberrepresentationof the quantumfield theory.This implies thatthe particlespectrumof the
systemprovided by the consistentquantizationshould containa set of soliton particlesalong
with the particle, correspondingto the original field in perturbativesense.Every structureless
soliton generatesparticlesof onesort while a solitonwith internal degreesof freedomgenerates
afamily of particleswith differentinternalstates.It’s worthmentioningthattheenergycontribution
of solitonslooks like quantizedin theclassicalfield theoryalready.

Thesegeneralobservationshadbeentakenup as the basisof the solitonquantizationproblem
technicalaccountthat is given belowin this review. The consistentdefinition of the S-matrix by
the functional integral method makes use of the classical solutionsasymptoticsat largetime.
Regardingthe nontrivial propertiesof theseasymptoticswhenthe solitons exist we can modify
theS matrix definition in a naturalway. The stationaryphasecalculationof a functionalintegral
makesit possibleto developaperturbationtheory that manifestlyexploitsthe solitons’presence
andthat is an expansionover the coupling constantlikewise. The physical observablesof the
solitionssuchas e.g.particlemasses,scatteringphases,arefoundto benot analyticallydependent
on the coupling constant, they contain a contribution inversely proportional to the coupling
constant.It is interestingthat all the non-analyticcontributionsare of a purely classicalorigin
andthequantumcorrectionsto themareanalytic.Owingto this semiclassicalcontributionsolitons
interactstrongly whenacouplingconstantis smallandgeneratea rich spectrumof boundstates
[29].

Let usmentionthat in somemodelsthesolitons possessthe “topological charge”,i.e. theycan
not be deformedcontinuouslyinto thevacuum.So webecomesure thataquantizationwill leave
thesesolitons stableandnot reducethem by the fluctuations.

At last we shouldoutline the surveycontents.In section1 we aregoing to describesomewell-
known classicalsolitons including the sin P2 model solutionswhich will be usedto examplify
thegeneralexpressionslateron. The role of the topologicalchargein thequantizationof solitons
will be explainedin the samesection.

In section2 wegiveageneraldefinitionof theS-matrix for aclassicalsystemwith solitons.
Section3 is devotedto thediagrammatictechniqueof thephysicalobservablescalculationfor

solitons.This techniqueis basedon the stationaryphasemethod calculationof the functional
integralwhichdescribesthe soliton’spropagation.

In section 4 the semiclassicalcontributionsto the solitons’ massesandscatteringphasesare
derived,theyarefound to be inverselyproportionalto the couplingconstant.The numberof the
periodicsoliton’squantumstateshappensto be inversely proportionalto the couplingconstant
too, hencereaffirming the stronginteractionof solitons with the smallcouplingconstant.All the
generalformulaeareillustratedby thesin p2 model.

In section 5 we calculate the one-loopcorrectionsto the physicalobservableson the pattern
of an arbitraryscalartheoryof a two-dimensionalfield.

Throughoutthis paper we chooseh = 1, c = 1. Every paragraphhasits own numerationof
theformulae.Theindexof aformulacontainstwo numbers,thefirst is thenumberof the paragraph
andthe secondthat of the expressionitself. Formulaefrom anothersectionor appendixare
referredto by meansof the index of threenumbers,the first beingthe numberof the sectionor of
that of the appendix.
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1. The classicalrelativisticsolitons

This sectionhasanumberof objects.Firstly, it suppliesan informationon theclassicallocalized
solutionsthat will be usedin the discussionof the quantumtheory in othersections.Secondly,
it will illustrateby theconcreteexampletheintroduction’sformulaeabouttheasymptoticproper-
ties of an arbitrarysolution of the classicalequationsof motion. At last, the importantproperty
of the most interestingsoliton solutionsthat is called the topologicalchargewill be discussed.

Thissectionis an auxiliary for the following material,so it will presentjust abrief surveyand
the readercanfind moredetailsin the original literaturewe refer to.

1.1. Thesin ~P2model

All the soliton activitieshadagreatstimulatingencouragementin a field model that supplies
most of the soliton solutionscalculableanalytically. This model is the famous“Sine-Gordon”
equationin the two-dimensionalspace—timethat wasnamedsoby Rubinsteindueto an obvious
alliteration in [30]. The title “model sin ~P2” seemsto be morerigorousfor this system.We will
useit everywhereavoidingthe slang.

In this paragraphwe will describethe known results on the classical sin P2 solutionsand
their interpretations.Thismodelwill be usedasamainillustratiOn of thegeneralquantumsolitons
theory formulaein the following sections.

Let usconsider,in the two-dimensionalspace—time,anon-linearchiral field which is associated
to the Abeliangroup U(1), i.e., a complexfield x(x, t) that satisfiesthe condition

Ix(x, t)j = 1, ~(x, t) ~ 1. (1.1)

It is possibleto deal insteadwith areal u(x, t) suchthat

x(x,t) = exp{iu(x,t)}; (1.2)

u(x, t) mustnot vanishat the spatialinfinity. Theasymptoticalconditionfor u is weaker:

u(x,t) IxI-~co’0(mod2ir). (1.3)

The Lagrangefunction

= ~ J~x~o~x~x*+ m2(~+ f —2)] = ~ Jdx[~(~u)2— m2(1 — cosu)] (1.4)

definesthemodelwith the massm andthe couplingconstanty. In the secondrepresentationthe
Lagrangianwould takea moreconvenientform after the renormalization

U -+ ~ (1.5)

but we shallnot do it. The classicalmotion equation

u~— u~+ m2sinu = 0 (1.6)

doesnot containy at all in our formulation. The y reappearsinsteadin thePoissonbrackets

{u,(x), u(y)} = yö(x — y); (1.7)
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this demonstrateswhy theperturbationstheoryin y will coincidewith the semiclassicalexpansion
in the nextsections.The equation(1.6) that looks in the light-conevariablesas follows

u~+ sin u = 0, ~ = ~m(t + x), r,’ = ~m(t — x) (1.8)

anddefinesherethe relativistic quantumfield theory modelhadbeenknown for a long time in
various branchesof the applied mathematicalphysicsandhad enjoyedmuch attention.Some
yearsago it was treatedsuccessfullyby the inversescatteringmethod [39, 35, 31] (seealso [32,
34, 37]). The explicit Hamiltonian dynamicsformulae that were obtainedin [7, 8] incitedour
formulationof quantumsoliton theory.

Let us now apply the inversescatteringmethodto equation(1.6). It can be representedas a
commutationcondition for the operators

X = — ~S3+ k1 cos~S1+ k0 ~sin~S2 (1.9)

1~ 1 U

~

Here S~= ~ a, are the Pauli matrices,k = (k0, k1) is an arbitrary vector on the mass shell,
k~— k~= m

2 andu(x, t) is an arbitraryfunction. Indeedit is easyto checkdirectly that

TX=XT (1.10)

if andonly if u(x, t) satisfieseq. (1.6). One can understandthe last relation in such a way: the
operationsX and T generatethe displacementsin the space—time.This observationpossibly
deservesmoreattentionbut we will not employ it here.

Owing to (1.10) the equations

= 0; (1.11)

~ TiJ,=0, (1.12)

arecompatible.
The first of them can be regardedasan eigenvalueproblemwith the vectork playing the role

of aspectralparameter.Meanwhile,theoperatorX is definedin termsof the initial datau andu
1

for the equation(1.6). The completeanalysisof eq. (1.11) can be performedas it is usually done
in the potential scatteringtheory,by introducing the Jostmatrix solutionsandthe transition
matrix for anyrealkandinvestigatingthe solutionsin searchof adiscretespectrum.This program
is carriedout in the mentionedpapers.We shall restrict our attention to listing the scattering
dataresemblingthat of the Dirac equation.

The two coefficientsa(k1) andb(k1) makeup the transitionmatrix

T=( ~‘ ~, (1.13)

v—b, aj

which connectsthe JostmatrixsolutionsG(x,k) andF(x, k) of eq.(1.1 1), definedby the asymptotic
conditions

~ —+~(x,k); G(x,k)l~.~,—*~(x,k), (1.14)
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wherethe matrix ~‘(x,k) is

~(x, k) = exp { —ik1S1[cos ~u(cc)] . x}, (1.15)

in sucha way that F(x, k) = G(x, k)T(k). Here a(k) andb(k) should obey the conditions

ia(k)1
2 + b(k)12 = 1, ä(—k) = a(k), b(—k) = +b(k) (1.16)

and a(k) hasan analyticcontinuationin the upperhalf-planeof k with conditionsthere:

a(k)—÷1, iki—*cc; ?i(+k)=a(—i~). (1.17)

The zeroesof function a(k) arelocatedsymmetricallyaroundthe imaginaryaxis. In the generic
situation a(k) hasa finite numberof simple zeroeswith none of them on the real axis andno
degenerateones.Let usdenotethe purely imaginaryzeroesby k = iic, andthe zeroesthatare in
the right half-plane by k = ~m The zeroesof a(k) correspondto the discretespectrumof the
problem(1.11). More strictly, atk = iK

1 thereexistsavector-solution~Ii1(x)of eq. (1.11) suchthat

~i ~ (~)eKtx; ~, ~ Ci(~)e~x (1.18)

with C1 a real number,andatk = ~m thereis a Il/rn that

Il’rn ~ (~)e_1~ Il’m dm(~)e~~~x (1.19)

with dm the complextransitioncoefficient.The data

S = (b(k), ic,, C,, ~m’drn) (1.20)

define the set of so called scatteringdata for the problem (1.1 1). The pair of functions u(x),
u0(x) = u~(x)from somespecialclassandthescatteringdatasetS arein oneto onecorrespondence
which is anonlineargeneralizationof theFouriertransform

u,u04—~S. (1.21)

Almost all the conditionson the u, u~and b(k) concerntheir smoothnessand their Fouriertrans-
forms’ smoothnessproperties.The only conditionof anothersort

ib(k)i < 1 (1.22)

follows from the “unitarity” condition al
2 + hi2 = 1. Wedid not includea(k) into the scattering

databecauseit is defineduniquely by b(k) and the zeroesic, and ~rn• The connection(1.21) is not
trivial, its evaluationrequiresthesolutionof thelinear integralequation.Thoughit makespossible
to expressthe Poissonbracketof the initial dataandeventhe Hamiltonian

H = ~ Jdx[~u~+ ~ + m2(1 — cosu)] (1.23)

throughthe scatteringdata.It wasfoundthatthe Hamiltoniandependson thecanonicalmomenta
only. This meansthat the scatteringdatadefine the variablesof the action-angletype. Let us
write downthe Hamiltonianin termsof thevariablesthataremostconvenientfor thequantization
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H = dpp(p)~Jp2+ m2 + ~ + M~+ ~ ~Jp~+ (2MsinO~)2, M= ~. (1.24)

This expressionof the Hamiltonianwas thefirst strict demonstrationof the fact that the solitons
really correspondto the particlesin thequantumfield theory [7, 8].

The quantity0 <p(p) < cc meansthe usual particlesdensity, — cc <p, < ~ is the Lorentz
momentumofasoliton,— cc <p, < cc is theLorentzmomentumofaperiodicsoliton,0 < 0 <ir/2
is the internalmomentumofaperiodicsoliton.Thesecanonicalmomentacanbeexpressedthrough

I a(p)~,~ciand i,, only. In the semiclassicalquantizationall thecanonicalvariablesbecomeoperators.
The p(p) operatorhasthe eigenvaluesof the form L 5(p — p~)anddisplaysthe contributionof the
basicparticles,theonly particlesthancanbeobtainedby theperturbationstheory.Theeigenvalues
of the Pt andp~operatorsmay be any realnumber.We shall seelater that the 0 operatorhasa
finite numberof eigenvalues.Thesevariablesbring aboutthe solitons’contribution.

The secondequation(1.12) describesthe time dependenceof the scatteringdata which cor-
respondsto the functionsu(x), u~(x)— changeaccordingto eq. (1.6). NQting that the operators
X andTlook especiallysimple when xi —* cc we find that

b(k, t) = exp{ik
0t}b(k,0); C,(t) = exp {ik01t}C,; d~(t) = exp {ik0~t}d5. (1.25)

The canonicalmomentaareexpressedthroughthe variablesthat do not dependon time:

a(k, t) = a(k), ic,(t) = Ic,, ~~(t) = ~,, (1.26)

ko,=.../m2_ic?, k0~=~/~2+~.

The squareroot valuesarechosensothat k0, > 0 and Im k0,,, > 0.
The last formulaeenableu~to examinethe solutionsof eq. (1.6) completelyand particularly

to find the two types of thesolitonsolutions:
1. A simple soliton without internal degreesof freedom(a structurelesssoliton)

u~(x, ti v, q0) = 4 tan~exp{ ±mX~ p = (1.27)

definedby theparametersp, q0 andalsoby an integer-valuedparametere = ±1with two values
thatcan beinterpretedas acharge,as wewill showin paragraph1.3.

2. A periodic soliton of velocity v = tanh.p

7 ~ ( sin [m cos0 — at] 1
w(x,tlv, T,q,cx) = wI r,—, T = 4tan’<tanO . (1.28)T j cosh[m sin 0(r — qcoshq,)] j

= t cosh‘p — x sinh ‘p, r = x cosh‘p — t sinh ‘p

T = —~-——, M = ‘-~sin0. (1.29)
mcosO y

Onecan exhibit the generalsolutionof eq. (1.6) at largevaluesof t as a free wavepacketanda
linearcombinationof the solitonsmentionedabove,

u(x,t) ±~ u~,(x, t) + ~ u~(x,tiVa, ~ + w(x, tiVb, Tb, qb, atb)Ifl . (1.30)
out a out out
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The distinctive featureof this model is the conservationof the numberof solitonsand of the
numberof the soliton types from t = — cc to t = + cc and also of their individual momenta.
The only changedue to interaction is the additional shift of their coordinates(comparingwith
their uniform motion without interaction):

Pin = Pout’ ~ = 0~, q?0 ~ q~1, at~� at~. (1.31)

In particular,therearesolutionswith purely soliton asymptotics.Theyarecalledthe polysoliton
solutions.The inversescatteringmethodprovidesthe explicit expressionsfor them. We present
two examplesnow.

1. Thesolution

U,,(X,t~v1,V2,q1,q2)= 4~tan’~ ±t12)/2)}~ (1.32)

d1,2 = m cosh‘p12(x — q12) — m sinh P1,2 t

describesthe scatteringof two solitonsof the samechargeandbehavesasymptoticallyso:

u(x,t~v1,v2,q1,q2)~ u~(x,t~v~~ ) + u,~(x,tlv?0 ,q?,, ), (1.33)
out out out out

where
1,2 — 1.2 — 1,2

Vout V1,~ —v

— q1
1~= 2___lncoth(~1 ~2) (1.34)

q~— = m In coth(~_~_!~),~P1> ~

2. The solution

u~
5(x,t~v+,v_,q+,q_)= 4tan_1{coth(!± 2 ~_).snh((d÷ (1.35)

describesthe scatteringof two solitonsof differentchargesandasymptoticallyis

u55(x,t~v+,v,q+,q_)~ u~(x,t~v~,qq~)+ u~(x,t~v~,q~), (1.36)
out out out Out

where
± — ±_ ±

~ =rn coh~ In coth ~ (1.37)

q~— q~0= lncoth( \~, ~p÷> q~.mcosh’p_ ~ 2 j

Notethat the solution(1.28)is derivedfrom thisoneby the analyticcontinuationin therelative
rapidity ‘p + — ‘p — —~ i(ir — 20). It is alreadyclearthat w is aclassicalsolution that corresponds
to the boundstates.
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The solutionwhich describesthe scatteringof a structurelesssoliton on aperiodic oneis also
revealablebutits expressionis toocumbersometo bewritten downhere.Justnotethatthemomenta
of both solitonsremain the same,i.e. P~ut = pt,,, P~t= p~,andthe internal motion period stays
unchanged,~ = °out (the internal momentumis conserved).But the coordinatesof the simple
soliton,q~,of theperiodic soliton,q~, andthe internalphaseof the latterat change.Supposingthe
simplesoliton’svelocity bigger thecoordinateshiftslook so:

— qS = (~)(pS, pW, 0), q~— qW = ~.. (~)(pS,pW, 0)

at
0~ — oc1~,= -~~(I)(p5,p5v,0); p~= Msinh’p5, pW = 2Msin0sinhcp~, (1.38)

82~i(pspw0) = — + ~ + K(—ie
10e~~”) (1.39)

y

K(x) = i~1d0ln exp{i0} ~ (1.40)yJ ~x+exp{—l0})
0

The scatteringof two periodic solitons looks similar. All the momentaare conservedand
coordinatesobtainthe following incrementsço~>

~ ~

(1.41)

at~— at~ = j2~-
0—F(P~1P~20102);at~— =

F(p1, P2,01,02) = K(e~~~~2. e~°’~°~)+ K(_e~1~2. e’~°’~°~)+

+ K( —e~~~P2 . ei(0i+02)) + K(e~‘P2 . ei(°2°~) — 16ir
2/y. (1.42)

Considernow thescatteringof anynumberof solitons.It turnsout that all the momentaremain
conserved,all the coordinatesbecomeshifteddue to the interaction,with the total incrementof
everycoordinatebeingthe sum of the two-bodyshifts

= ~ Aat~= >~t~atik. (1.43)
k k

The reasonof the solitons’ number,types and momentaconservationis the existenceof an
infinite numberof conservationlaws in this model. All the conservedquantitieshavethe local
densitiesthat areexpressedin termsof u, u~andtheir spatialderivatives.Insertingthe asymptotics
(1.30) of the generalsolutionu(x, t) into thesedensitiesweobtain

~ p2fl+l + Jdk’ k2~+1 p
1~(k)= ~ p~’ + Jdk k

2~+1 .

(1.44)
~ p~fl. p~+Jdk~k2~k

0p1~(k)= ~ ~ p~°0~+ Jdk k0 k
2~pout(k); p~= ~,/p2 + m~

with summingoverall thesolitonstypesin the initial and final states.Theseidentities ensurethe
conservationsmentionedabove.
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1.2. A briefsurveyof the known classical solutions

Many classicalsolutionsof soliton type havebeen found up to the presenttime. We arenot
going to undertaketheir generalclassification which was done in [36—41,42—51].Insteadwe
presentsomeremarksand referencesto original papers.

The fact of solitonsexistencedependsstronglyon thedimensiond of thespace—time,hencethe
casesof variousdimensionsought to be examinedseparately.

1) d = 2.
The existenceproblemof the structurelesssolitonsfor the scalarfields

~ — ~ + v’(u) = 0 (2.1)

is simplified by themechanicalanalogy.The substitutionof u(x, t) in the form

= (22)

transformseq. (2.1) into

= v’(u), (2.3)

which is the Newton equationfor a particle in the potential —v(u). Thus the soliton solutions
appearto existwhen v(u) hastwo nearbyminimaof equalmagnitude.

The periodic solitonsdo not seemto take the treatmentby the generalconsiderationsof that
simplesort. The numericalexperiment[52] provestheexistenceof theperiodicsolitons in models
otherthansin ‘pa, but theyarenot absolutelystable.Suchsolutionsmaycorrespondto the series
of resonancesin a quantumtheory.

2) d = 3.
The most interestingexamplewith soliton solutionsis the nonlinearchiral field n(x) with the

valueson thetwo-dimensionalsphere~2 (n-field).In the parametrizationof n = (n1,n2, n3), n
2 = 1

the Lagrangefunction is

2’ = dx(~n)2. (2.4)

The classicalequationsbecome

Un + n(ä~n,3~n)=0. (2.5)

The stationarysolutionsobeythe equation

n~ + n,,
3, + n[(n~ . n~)+ (n,, . n,,)] = 0. (2.6)

It is easyto verify that if n satisfiesthe system

In +nAn =0 27

L n,,—nAn~=0,
thenit satisfieseq. (2.6) too.The system(2.7) canbe reducedto the Cauchy—Riemannsetof equa-
tions. It canbe checkedby regardingS

2 asacomplexplaneC1. Substitutingformally
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2u 2v u2+v2—1
= 2 2’ ~

2 = 2 2’ ~k3 2 2 (2.8)
1+u +v 1+u +v u +v +1

we seethat the equations(2.7) reduceto the conditionfor w = u + iv to be theanalytic function
of the variablez = x + iy. Employing this observationwe arrive at the infinite set of solutions
of eq. (2.6) with the finite energy[53]

H = Jd
2x(n~n~+ n,,,,

3,). (2.9)

Note that this set is degenerate.If n(x) is a solution then n(~.1x)is a solution too with the same
energy.So then-field’s solitons do not realizeevena localminimum of energy.

3) d = 4.
The mostpopularsolitonwas foundin the systemof the Yang—Mills field interactingwith the

Higgs field. It is the t’Hooft—Polyakovmonopole[54—56].The Lagrangefunction in the caseof
0(3) groupslooks like

2’ = $d3xtr[ F~
2,,+ ~(V~q)2 — ~(~p2 — ~u2)2]~ (2.10)

wheretp~, a = 1, 2, 3 is the scalarisovectorfield and

V,~p= 8,~’p+ [A~,’p]. (2.11)

The stationarysolutionsarefound by

= ~L4(7~); A7 = Siabxb(afr) — _~); A°~= 0, (2.12)

which leadsto the next two radial equations

u” + ~u’ + (~2 — 2g2a2)u — ;Lu3 = 0;

4 3 2 3 22 (2.13)a”+—a’—--~a—gr2a —gua=0.

They areprovedto havethe solutionswith the boundaryconditions

u —~ ,w~h12, r —~ cc; a —~ 0, r —~ cc. (2.14)

Particularly,themagneticfield (F~’p’1)behavesin theinfinity asconst/r2andthisshowsthesolution
to representamagneticmonopole.Its massis of theorderof M/g2, i.e. very big for theusualtheory
of the electromagneticandweak interactions.HereM is amassof avectorparticle.

This systemalsohasa time-periodic solution that correspondsto a monopole with electric
charge— a dyon. This solution was found by JuliaandZee [57] by the stationarysubstitution
(2.12) changedso:

A
0 ~ 0, A~= x”h(r). (2.15)

It becomesperiodic in the physicalgaugeA~= 0.
Quite a numberof soliton solutionswhich are stabilized by an extraconservationlaw was
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describedby Lee et al. [18, 58]. The periodicsolutionswereinvestigatedin [60, 59].
Thenonlinearn-field doesnot producesolitonsat d = 4, asonecanseefrom the simplescaling

considerations[61]. But onemayget overthis hindranceby changingthe Lagrangian,by adding
a term with the higherpowersof derivativesinto it. An exampleof this was given by Skyrme [4]
with the n-field on the S3 sphere.Assume

= (q~
1,’p2,~p3,’p4), ~‘p~ = 1 (2.16)

andconsiderthe Lagrangian

2’ = d
3x[(ô,~’p)2+ ~2(ô‘pbo’pa — ô’pa~

5’pb)
2]. (2.17)

The sphericallysymmetricsolitons are foundby the substitution

= ~-~f(r), ‘p4 = g(r), f2 + g2 = 1. (2.18)

Onecanfind the Skyrmemodelgeneralizationfor the gaugefields in [62].

1.3. The topologicalcharge

The solitonsolutionshadexposedonemoreinterestingaspectof the nonlinearfields theory,
the existenceand the significanceof theso called“topological charge”.The nonlinearfields are
naturally connectedwith the mapsof thecompactmanifolds.The spacemanifoldor the vicinity
of its infinitepoint is regardedasapreimage,andthemanifoldof thefield valuesor its asymptotical
valuesat infinity form the image.The mapsof this kind areclassifiedin the topologyby integer
valued invariants— the homotopyclasses.Weshallnot go deepinto this branchof mathematics,
one can find a good introduction in Finkeistein’s paper [63]. We shall displaya numberof
characteristicexamplesinstead.The dimensionof spaceis of greatimportanceagain.

1) d = 2.
The field X(x) in themodelsin ‘p~definestheregularmapof thereal axisR’ onto thecircle S’.

The~regularitymeanstheidentity of the valuesx( — cc) and~(cc),so from the topologicalpoint of
view R’ actsas thecircle S1 too.Obviously,an integernumbern canbe assignedto thefield x(x),
a number that denoteshow many times the field circulates while x runs from — cc to cc. This
numberis calculatedby

n = ~—[u(cc) — u(—cc)] = ~- Ja~udx= ~- ~ dx. (3.1)

It maybe regardedasachargeassociatedwith the current

= ~— vô,,xx1 = ~ (3.2)

which is conservedirrespectiveof the motion equationsandexhibits the simplestexampleof a
“topological” current.The two characteristicproperties:a) the conservationirrespectiveof the
motionequations;b) theintegervaluesof thecharge;— maybeassumedasabasicof thetopological
chargedefinition.
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2) d = 3.
Regardingthe n-field examplefrom section1.2, onecanseethat the current

= ~ A E3,,n, n) = ~~abcanaanbnc (3.3)

is conserved.The less obviousfact is that

Q =~_Jfodx =~J~is(~inA o1n,n)dx (3.4)

can haveonly integer valuesfor the fields n(x) with a fixed asymptoticsat xi -+ cc. It can be
examinedby theparametrizationof n-field by

(sin p cos’p\
n = ( sin p sin ‘p j, (3.5)

cosp J
wherep and‘p arethe functionsof x. In this parametrizationQ becomes

Q = ~— Jdp A d cos ‘p (3.6)

andshowshowmanytimesn circulatesthe sphereS
2 while x ransthroughthe planeR2.

3) d = 4.
We can introduceacurrentsimilar to the onerenderedabovefor the n-field on the S3 sphere.

In the parametrization

X = {q’a}, ~~‘pac0a= 1; a = 1,...4 (3.7)

this current looks so:

= ~-~--~ ~ ~ ~c. ~pd (3.8)

andmakespossiblean importantgeneralization.Indeed,the 53 is amanifoldof the SU(2)group
parameters,andthe x field can be thoughtof as havingits valuesin the SU(2)so we canrewrite

in the parametrization— independentform

= tr [L
5, L~]LC, (3.9)

where

L~= ~xx
1. (3.10)

In this form the currentcan bereadily generalizedto an arbitraryprincipal chiral field x thathas
its valuesin acompactgroup Gwith the last formulaevalid (correctedby anothernormalization
factor)andthe tr regardedas the Killing form.

Another seriesof the topologicalcurrentsis yielded by the field modelswith non-trivial beha-
viour at infinity. In thesystemof the Yang—Mills AM and the Higgs ‘p fields with thevaluesin the
adjoint representationof agaugegrouponemayconstructacurrent
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~lL = c~5~0trF5~V0’p, \7,,’p = ä,1’p + [A~,’p], (3.11)

which is conserved.Indeed

= tr [(V~F5~V0tp)+ F5~V~V,,’p]. (3.12)

The first term in the right side becomeszeroaccordingto the Bianci identity. The secondterm
disappearsdueto theV~V0antisymmetrizationandthe fact that

(V~V,— VCVM)tp = [F~0,’p]. (3.13)

Unlike thepreviousexamples,the chargedensity5~is thetotal divergence

~~0 = ~ Pi = tr (F1~’p) (3.14)

andso the correspondingchargeQ doesnot vanishif only the FM,, and‘p do not decreasetoo fast
in the infinity. The chargeQ is identicalto the magneticchargefor the t’Hooft—Polyakovmono-
pole. The integervaluednessof this chargefor the SU(2) group follows from the equivalenceof
the current(3.11) of the ‘p field with asymptoticallyvanishingV~’pto the current

= ~PVP!7 tr [a,,p, o~~ço]80ço= ~ (3.15)

Here.f~is alsoa total divergence;in thiscase

= a,p1, P. = EIkJSOk’POJtP’p (3.16)

andcomparingit with (3.3) we see that P, is analogousto the current
5M definedbeforefor the

two-dimensionaln-field with valuesin the S2.The charge

Q = Jfod3x = fPidsi (3.17)

is not zeroif only ‘p ~ 0 andit is integerif
xl—’ ~

= const. (3.18)

Weconcludethediscussionof thetopologicalchargeexamplesby commentingon their importance
in the theory of solitons.It happenssothatif a modelpossessessolitonsandpermitsa topological
charge,thenusuallyasoliton hasanon-trivial topologicalcharge.What is more,its masscanbe
estimatedfrom belowby meansof the topologicalcharge[51, 53, 64,65,66,115].

The first of thesepropertiescan be verified directly. The expression(1.27), (3.1) exhibits the
structurelesssolitonsofthe sin ‘P2 modelto havethe charge±1. The t’Hooft—Polyakovmonopole
hasthe charge 1 that is associatedto the current (3.11). At last, the two-dimensionaln-field’s
solitonsmayhaveanyintegervalueof thetopologicalcharge(3.4).

Let us look more attentivelyat the secondproperty,beginning from the sin ~P2 model. The
stationarysoliton’smassis expressedby

M = ~ Jdx[~u~+ m2(1 — cosu)] (3.19)
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andallows the estimatefor amonotonousfunctionu(x) of the kind
u( ~)

M 2mJ~Jiii_cosUd = ~ J sin(~)ciu= ~cos~ (3.20)

u(— aD)

A non-monotonousfunction requiresan obvious generalization.For a soliton with charge 1
the last expressionhasthe valueof 8m/ywhat is exactly its.mass.

Considernow the two-dimensionaln-field. Apparently,we have

~— Jd2x(~n)2~~— Jd2x(ä~A ä,,n,n) (3.21)

andso

M ~ Q. (3.22)
4ir

This estimatebecomessaturatedby theexactsolutions,becauseif (2.7) is satisfiedthentheequality
in (3.22) holds.

For the t’Hooft—Polyakovmonopolethe massis estimatedfrom belowby the current’s(3.11)
charge;it can be seenimmediatelyby comparingthe expressions(3.11) with the energydensity

H = tr Id3xI~—
2F?k+ 1(V1’p)

2 +~(‘p2 — a2)21. (3.23)
J [4g 4 _J

In the limit of )~= 0 theestimateis saturatedby the exactSommerfield—Prasad[64] solutionwhich
satisfiesthe equality

~IkJFkJ = gV
1’p. (3.24)

At last, it maybeworkedout by similarconsiderations,thatthe chargeof current(3.8)estimates
from below the static Hamiltonian of the Skyrme model or its generalizationsto an arbitrary
chiral field that is definedby the Lagrangefunction

2’ = ~ Jtr L~d
2x + ~- Jtr ([L~L,,]2)d3x. (3.25)

This property is crucial for the existenceandstability of solitons.

2. The S-matrix definition within the functional integral formalism

In this sectionwe shall define the S-matrix for solitonsand outline a schemeof a modified
perturbationtheoryfor its calculation.We shallusethefunctionalintegralso thattheperturbation
theory will be given by the stationaryphasemethod.All the formulationswill be presentedfor a
two-dimensionalscalarfield with the Lagrangefunction

aD

ii 1 2
2’ = — jdxb(ôMu) — v(u)] (0.1)
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for simplicity but all the results do not dependon this particularexampleandcan be directly
generalizedto the four-dimensionalcase.

The couplingconstanty doesnot enterthe classicalequations,but it entersthe Poissonbracket

{u~(x),u(y)} = y~(x — y), (0.2)

so the quantummodel will dependon y. In our constructionsand definitions we shall usethe
experiencesof thefunctional-integralformulationof thequantummechanicsandof the quantum
field theory. The S-matrix is representedtherein a path integral form, as a functional integral
over the pathsthatasymptoticallycoincidewith the solutionsof the free motion equations,see,
e.g., [67, 68].

First we shall recall theseformulae and thenperform a naturalgeneralizationof them for
solitons.

2.1. The S-matrixdefinition within thefunctional integralformalism

Let us write downa form of the S-matrix in quantummechanicsandin quantumfield theory,
suitablefor thegeneralizationto the solitoncase.

The pathintegral

G(t”, q”~t’,q’) = exp{~f 18(q)dt} fl dq(t), 2’ = ~-~J—— v(q), (1.1)

q(t)~,~= q’, q(t)~~.~= q”;

expressesthe propagator(the transitionamplitude)in the configurationrepresentation

G(t”, q”~t’,q’) <q”I exp{ —i.r(t” — t’)} lq’>, ~* = f— + v(q). (1.2)

To obtain the S-matrixin the usualoperatorformalism we haveto evaluatethe limit

S = lirn exp(i~*’0t”)exp{ —i$”(t” — t’)} exp(—i~’0t’); ~°‘, = f—. (1.3)

In the functionalintegralformalismwe obtainthis resultby adoptingthe following rule: we have
to let the time variablesin the expression(1.1) go to infinity, t” —+ cc, t’ —+ — cc, making the q”
and q’ variablesdependenton t” and t’ accordingto the classicalequationsof motion

q” = ~—t” + q’,, q’ = ~ + q’0. (1.4)
m m

The limit of (1.1) will be proportionalto theS-matrix in the momentumrepresentation.More
strictly, theS-matrix is equalto the limit

K “I ~i ‘> = lim G(t”,p”t”/m + q’,~t’,p’t’/m+ q~) (1 5)

p P ~ ~/
5~G

0(t”,p”t”/m + q~~to,qo)~J~G(to,qolt’,p’t’/m+ q’~,)

The denominatorcontainsthe free propagators.This limit doesnot dependon t0, q0,q’0,q~.
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Weillustratethis by a single-particleproblemin quantum-mechanics.The transitionamplitude
(1.1) canbe representedas

G(t”, q”~t’,q’) = ~ J dk exp { —ik
2(t” — t’)/2m} [f(q”)g~(q’) + gk(q”)fk(q’)] (1.6)

+ ~ exp { — iE~(t— t )}‘p
0(q )tp~(q).

Functionsg, f and ‘p are the Schroedingeroperatoreigenfunctions,see Appendix (4.9). Their
asymptoticat I~l—~ cc is

__ j s(k)e~”, q —.÷ cc,

g~(q) ‘~)~e — ikq + r(k) e + ikq q —÷ — cc

(1.7)
- I ~+h’1~ ~ q —~ cc,

s(k)
q—~ —cc;

kço~= —E5ço~,E5> 0~J’P~dq= 1, ~g1 = ~—g1,kfk = ~—f1,k = — + v(q).

Let us calculatethe transitionamplitude(1.�)for a particlein apotentialwith the initial and
final momentap” > 0, p’ > 0. We obtain it by evaluating(1.6) in the stationaryphasemethod

G(t”, q” it’, q’) = \f2lrit”— t’) exp{ im ~ } s(m~ ~,‘) (1.8)

andsimilarly

G0(t”, q”~t’,q’) = t’) exp{im ~ (1.9)

Substitutingthe expressions(1.8) and(1.9) into the right-handside of (1.5) andusingthe formula

urn exp{ — iN = ö(x), (1.10)

we get thefollowing expressionfor the transitionamplitude

<~“ISip’> = ö(p” — p’)s(p’). (1.11)

The formula (1.5) was written for a nonrelativisticparticlein a potential,but it can be easily
generalisedfor the many-body problem in quantum mechanicswith a translation-invariant
interaction.Thecorrespondingformulalooks like (A. 1.9):

f ~ 5 ç ~ — U G(t, {q~} k’~{q~j}) . (112)<iP~i iPts> — t’~-aD fl7’J~G0(t”, q~to, q°)fl~’~/~G0(t0,q°~t’,q’)’

q’~= ~-t” + q~”; q~= ~!t’ + q~’. (1.13)
-‘ m m
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This formula is correct in the space of any dimension.The numeratorof (1.12) containsthe
N-particlepropagatorandthedenominatorcontainsthesingle-particlepropagators.Thisformula
statesthe S-matrix to be different from the propagatorby the externallines amputation.

Let us turn now to quantumfield theory.Themomentumrepresentationis not naturalin this
case.The generatingfunctional for the normal form of S-matrix is usedmost frequenty.This
functionalmakesit possibleto definethe S-matrixin termsof thefunctionalintegraloverthepaths
with the classicalasymptotics.The S-matrixgeneratingfunctional is [67]

S(A~,A) = limfexP{~J’dfi[(4a~~— apap)i~ + 2aapI,” + 2aap11’]

+ i J(it. — ~*‘)d2x} fl du(x, t) dir(x, t); ~ = 2~2+ ~ + V(u);

(1.14)

u(x) = 1 Idfi[4 exp { —imsinhfix} + ~ exp{im sinhfix}];

im C + .

I dficoshfi[a~exp{—imsinhf3x} — a~exp{imsinhfix}]. (1.15)

The quantitiesa (t), a~(t)at t” and t’ areequalto

a,fl1 = A exp{imcoshfJt”};

a~i~’= A~exp { —im coshfit },
when A+ andA are independentfunctionshere.The S-matrix elementsare obtainedby the dif-
ferentiationof the generatingfunctional

15N’+N’S(A+ A’
= VTN” -~A~’~’öA , p = msinhfi. (1.17)

1Ii1~’ ~jIlt p1A=A=0

The relation(1.17) showsthat we haveto useA~(fi)and A(fi) localized in momentumspace.Then
u and ir will be localizedin the configurationalspace,

JdfiA~(fi)exp{im(t” cosh$ — x sinh .- ~m~/(t~ — ~ exp{im~(t~)2—

(1.18)
tanh/3,~=

and the wave packetgoesto infinity faster than it decays.Note that.wecan performintegration
overall theinternalat in (1.14)andobtainamanifestlyLorentz-invariantexpression(exceptof the
boundaryterms).

Theseexamplesaresufficientfor theS-matrixdefinitionsfor processeswithstructurelesssolitons.
The solitons with an internal degreeof freedomcorrespondto periodic finite motion, andthis
motion is known to generateboundstatesin the usualquantummechanics.So we completethe
descriptionof thequantum-mechanicalresultsby the S-matrixdefinition for processeswith bound
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states.Classicalmechanicsregardsboundstatesto be the finite periodic motion so we can take
amotion of aparticlearoundacircleas asingle-particlequantum-mechanicalmodel.

The Schroeding,erequationof this model is:

r 1d2 1
+ v(at)jifrs(cx) = E~(at); ifr~(at+ L) = IJ/E(at). (1.19)

We shallstart from constructionof a single particlepropagatorwhich is non-trivial in this case.
It is expressedby a functional integral

G(t”, at”lt’, at’) = exp{~J2(at)dt} fl dat(t), (1.20)

= at”, at(t’) = at’; 2’ = ~2 — v(at).

We haveto integrateoverpathswith an arbitrarynumberof circulationsbecauseanytwo points
separatedby an integernumberof circulationsareidentical. Thisexpressioncanbe simplified by
the following consideration.Let ustakethe sameequationas (1.19)but on the wholeaxisandwith
a periodic potential

r 1d2 1

+ v(at)]iliv(at) = E,,~l/,,(at); v(at + L) = v(at)

Ili,,(at + L) = et~Il/,,(at). (1.21)

The propagatorof the last problem

G(t”, at”It’, at’) = Jexp {~J 2(at)dt} fl dat(t) (1.22)

is not equival to (1.20); roughly speakingwe do not consideridenticalthe two pointsseparated
by an integernumberof spatialcells,andso we integratehereover the pathswith [(at” —

“circulations” only. The kernels(1.22) and(1.20) arerelatedby

G(t”, at”It’, at’) = ~ G(at” + nL, t”Icz’, t’). (1.23)

The spectrumEk of theproblem(1.19) appearsto be easily calculableby examiningthe function
(1.22). It is derivedfrom Gby thefollowing formulae:

dF_i1n~(nT,nLl0,0)+ nET] ~
dT[ n

—ilnO~(nT,nLI0,0)+ nET (1.24)
= 2irk;

n

n —~ cc.

Let usexplainthisexpression.Wewrite t~7in abilinearform in termsof theSchroedingerequation
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eigenfunctions

G(t”, at”it’, at’) = J ~ ~,,(at”)~,,(at’) exp { —iE,,(t” — t’)}, (1.25)

~ dat = L.

Here v is the Floquetindex enteringthecondition Vi,,(x + L) e’~,/í,,(x).The spectrum(1.19)
is evidentlygiven by theequation

v(Ek) = 2irk. (1.26)

Theasymptotics of t7at largevaluesof t, cx is

O’(t”, cx” it’, at’) = L~/2~iE;~t_ t’) exp (at” — at’) — iE,,0(t” —

,, , (1.27)
E’ — ~ ~

— L(t” — t’) T

Thefunction ‘p,,(at) = Il’,,(cc) exp { —ivcx/L} is periodic.Substituting(1.27) into (1.24) we find (1.26).
From (1.24) we cancalculatethe spectraof energiesEk and of the correspondingperiods7j. So
this is a methodto obtaincharacteristicsofa periodicmotion by reducingit to an infinite motion
in aperiodicpotential.

Following this ideawe canwrite downa definition of theS-matrix for systemswith an internal
coordinatewhich is quite analogousto (1.12), (1.13). Considera number of particles with the

translationaland the internaldegreesof freedom.Let thefunction

G’(t”, {q~}, {at}It’, {q~},{at~}) (1.28)

be the correspondingpropagatorwith the internalcoordinatehavingits valueson line R’. Then

theS-matrix can be definedas(A.2.3)

1 “1 5 ‘k’ ~ ‘ ‘‘> — F [fl~,~’P~40)P~(0)] ~(t”, {q }, { at~’} It’, {q~},{ cc~})
~ J5~)PJJ ~ ~J’ )PJJ — ~ JJN’~~

(1.29)

Here we imply

q = p~’t”/m + q~”; q = p~t’/m + q~’;

at = LJt”/Tk.; at~= LIt’/Tk., (1.30)

aswe alwaysdo. The denominatorof (1.29) containsaproduct of single-particlepropagators.
The k1(k~)in the right-handside are the quantumnumbersof the ith(jth) soliton. The spectra
Ek, 7j of eachinteractingparticle aredefinedby thecorrespondingc70, and ‘P(0) = I Il’(O)I is the
wavefunction valueat at = 0.
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2.2. The S-matrixof solitons

Now keepingin mind the discussedformalism we are going to deal with the solitons of the
field definedby the Lagrangefunction (0.1). The field propagatoris describedby the functional
integral whereJ ,*‘ dx is the correspondingHamiltonian.This function

<~“~exp{ —i(t” — t’) J~ dx} i’p’> = ~ {~J18(u)dt} fl du(x, t), (2.1)

u(t”) = ‘p”, u(t’) =

defines the soliton S-matrix at t” —~ cc, t’ —~ — cc when the functions ‘p”(x), ‘p’(x) are properly
constructed.In analogywith (1.13) we haveto makethe functions‘p”(x) and‘p’(x) to bedependent
on t” and t’ in such a way that tp”(x, t”) and ‘p’(x, t’) will be solutionsof the classicalequations.
In the limit theymustturn into the sumsof purelysoliton solutions,and the continuousspectrum
degreesof freedom(the usualparticles’degreesof freedom)mustbe frozen.

At first we look at the structurelesssolitons.Let the function

(x — q — vt\
U~ ~ (2.2)

be asingle-solitonsolution. The configuration
N” / x—q

UN’S = ~ US~~
1 — (q~/t”)2)’

N’ ( x—q~ \ (2.3)

UN’S = ~ US~~(q;It,)2)

describesN”, N’ solitonssituatedat {q~} or {q~}pointswhen t = t” or t = t’ andtheset”, it’i are
largeenough.The function

G(t”, {q~}~t’,{q}) <UN”SI exp{_i(t” — t’) J ~ dx} UN’S> (2.4)

canberegardedasthe solitonpropagatorin the solitonconfigurationrepresentation.TheS-matrix
is definedby a formulaanalogousto (1.12), (1.13),namely [25]

{ ~ S I{ ‘} — li G(t”, {q~}~t’, {q}) . 25K I V~> — ~ fl7” v~G(t”,q~~t0,q0) fl~’J~G(t0, qo~t’, q’)’ ( . )

q~= v~t”+ q~”;

q = v~t’+ q~’, v = tanhtp.

Herein the denominatorstandsthe productof the single-particlepropagators.Their asymptotics
are, owing to the relativistic invariance:

G(t”, q”~t’, q’) = ~2ni ~(t” — t’)
2— (q” — q’)2 exp { —iM~(t” — t’)2 — (q” — q’)2}. (2.6)
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The massM is not necessarilyequalto the classicalsoliton mass,it is changedby thequantum
corrections.In contrastto the quantummechanics,our S-matrixis the function of velocities but
not of momenta;it is theuseof velocities whatenablesus to makethe perturbationtheorymani-
festlyLorentz-invariant.The calculationbelowwill showthe right-handsideof (2.5) to be asum
of productsof the 5-functionswhich meanthe conservationlaws, with the factors(the reduced
S-matrices)representedby the functional integralsin the vicinity of the purely soliton solutions.

We turn now to the periodic solitoncase.The function

w(x, tlv, 7’, q, cx) = w(~ f_ii2~,..,/1v2 — ~ T) (2.7)

is a solution of the classicalequations.We assumew to be localized at x = vt + q. The phase
valuecx shouldbe takenatthe spatialdensitymaximum.The functionw dependson cx periodically
with theperiod 2ir. Butaccordingto the quantum-mechanicalexperienceweconsiderthe variable
cx to bevaried alongthe wholeaxis, thusthe pointscx andat + 2irn beingnot equivalent.We define
asingle-particlepropagatorin analogywith (2.4)

O~t”,q”, at”It’, q’, at’) = exp{~J2’(u)dt} J]du(x, t);

~= ~t~, 2at~ (q”)
2

0 o)~ ‘p’= w(x~t~, 2at ~ (q’)
2 o) (2.8)

The periodicsolitonmassspectrumshouldbe calculatedjust as it hasbeenat (1.24), [25]:

d[_iln ~7(nT,0,2atni0,0,0)+ MnT1 .~.

dTL n

—i ln O~(nT,0, 2atnIO, 0,0) + MnT = 2atk; (2.9)

n —~ cc.

From this we derive Mk and Tk. It shouldbe notedthat the numberof the internal states(k} is
finite when the internal momentumvariesin the compactdomain (asit mayhappenin the one-
dimensionalcase).Next, the configuration spacepropagatorof an interactingperiodic solitons
group is:

~(t”, {q~},{at~}It’, {q~},(cx~})= tjexp {~52(u) dt} fl du(x, t); (2.10)

~= $~~ t~, 2ir .,,/(t”)2— (q’;)2
0

= ~w(x,t~,2at~/(t~)2: (q’)
2) (2.11)
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Theexpressions(2.11) haveall thetermsseparatedin spacewhen I ti —+ cc. To obtainthe S-matrix
we performtheusuallimit evaluation.In analogywith (1.29) the S-matrixis definedso

S 5k’ ~ — 1’ G~’(t”,{q’~},{at~’}lt’,{q}, {at~})[fl
1~~P~(0)tP,(0)]~~,1v~} ~J’ 1v~}>— ~ flf j5.~~0(t”, q~,cx~Ito,0,0)flr’/ ~0(t0,0, Oit’, q~,cx~)’

(2.12)
q = v~t”+ q~”; q~= v~t’+ q~’;

at’,’ = 2irt”/T~.; at’, = 2irt’/T~..

Calculatingthe expressionsof (2.8), (2.10) by the stationaryphasemethodwe haveto account
for only onestationaryphasepoint, becausethe pointsat andat + 2irn arenot equivalent.We do
not needto calculatethevaluesof’Pk(O) = IIl’k(O)l, theybecomereadyknownfrom the propagators
andthe unitarity condition.

At last let us look at the scatteringof the usualparticlesandsolitons.We takethe structureless
solitons for simplicity. Everything necessaryfor a generalizationto the periodic solitons case
was discussedabove. Consideran object which is an S-matrix elementfor solitons in velocity
representationandageneratingfunctionalfor the S-matrixof the usualparticles[25] (1.14)

<{v~’},A~I~i{v’,}, A> =; [ii \/~G(t”, q~~t°,q°) fl ~/~G(t0, q°~t’,q’,)]

x exp{* $ d$[(a~~atø— apap)~ + 2ap~a13~+ 2ap~ap~]+ i $(nu~— ~‘) d2x} fl du dat.
x (2.13)

The boundaryconditionsare to be specified in the following way. According to (1.18) we can
localize the solitonsand the wave packetsof the usualparticlesat different placesonefar from
anotherat large values of t”, — t’ andsupply them with the independentboundaryconditions
(2.3), (1.16).Thefirst boundarytermin theexponentof (2.13)is generatedonlyby thewavepockets.

Thesedefinitions provide the topological chargeconservation.Really, thereexists no time-
continuouspath that joins the field configurationswith different topologicalcharges;and the
discontinuouspaths have an infinite actionvalue so that their contribution to the functional
integralis zero [63].

All thedefinitionsgiven abovemakeit possibleto developaconsistentperturbationexpansion
in powersof y. To do this we mustevaluatethe integrals(2.1), (2.8), (2.10), (2.13) by the stationary
phasemethod.The right-handsidesof(2.5),(2.12)turnout to be proportionalto the delta-functions
with factors that arethe functional integralsover the vicinities of the purely soliton solutions.
The denominatorsof(2.5), (2.12), (2.13) and thenumeratorsin the one-loopapproximationsform
the conservationdelta-functions.The denominatorin the higher approximationsaccountsfor
the single-particlestatesrenormalization.This resultsare manifestlyLorentz-invariant.

The detailsof this techniqueandits diagrammaticrepresentationwill be describedin thenext
section.
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3. The diagram technique

In thissectionwe shalldescribethediagramtechniquefor thecalculationof thesolitonsphysical
observables.The definitionsof section2 will be exploited.The diagramtechniquearisesnaturally
asadescriptionof the expansionof thefunctional integral

G(t”,{q~}~t’,{q’,})= tfexp{iI2(u)dt}fldu(x,t); 2’ = ~$dx(~u~ - v(u)) (0.1)

with theboundaryconditions

(t”) — — ~-, ( t”(x — q’) ‘\u — ‘P — j4i uSL,/(t,,)2 — (qF~)2)’

N’ t’(x — ‘) (0.2)
u(t’) =~ = ~~ (q~)2)

within the stationaryphasemethod.The stationaryphasepoints of the integral (0.1) are the
solutionsof theclassicalequation

Du~+ v~(ud)= 0 (0.3)

with the boundaryconditions

~ = ‘p”, u~I,’= cia’. (0.4)

For the evaluationof the integral(0.1) we performthechangeof variables

u(x, t) = Udl(X, t) + ~/~‘p(x, t) (0.5)

andexpandthe actioninto aseriesof powersof ~ We obtaintheexpressionfor Gasan integral

over’p:

G(t”, {q~}~t’,{q’,}) = exp{iJ2(udl)dt}

(0.6)

x f exp{_ ~J’PH’Pd2x — ~ !~,n/2-1 .JVn(ucl)’pnd2x}I_Jd’p(xt)

with the boundaryconditions

~ie= ~ = 0. (0.7)

The quadraticform in ~pin theexponentlooksas

— ~5 ‘pH’p d2x = ~ 5 dt 5 dx[öM’pÔM’P — va(ud)’p2], (0.8)

H = U + v”(u’~) (0.9)
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anddoesnot dependon y. Thehigher ordertermsnonlinearin ‘p containthe higherpowersof y.
In the expansion(0.6) any y-powertermcan be expressedasaGaussian-typeintegral$ exp{— ~$çoHçod2x} fl (pnk(x1)fl d’p(x, t), (0.10)

which is easily calculableand is naturally describedin the diagramtechniquelanguage[69].
Finally G takesthe form

G(t”, {q~}~t’, {q’,}) = exp ~ (0.11)

where W~is the sum of the connected(n + 1)-loop vacuumdiagramswhich aredescribedby the
Green function H

1 and the n-prongverticesv~(u’~).The expressionsfor the first lowestorder
W~areeasily written as

W
1 = i 18(u~)dt; (0.12)

W0 = —~ Tr in H H~1, H0 = LI + m
2, m2 = v”(O). (0.13)

This correspondencebetweenthe functional integral(0.1) andthe diagramtechniqueis generally
valid and is not limited to the structurelesssolitoncase.The only thing to be changedin caseof
the periodic solitons or the continuousspectrum is the boundarycondition (0.2), (0.4). The
characteristicbehaviourof the series

(0.14)

as a functionof t” andt’ whenthe solitonsarepresentis that this seriesgrows linearly with t”; t’.
We can demonstratethis representingthe generalclassicalsolutionasthe sum

= UNS + ‘p (0.15)

of a solitonpart UN
5 which becomesa sum of single-solitonsolutionsat largevaluesof the time

variablesanda function ‘p which is apacketof planewaves(we shallcall ‘p the continuousspec-
trum). This packetdecaysas ii~/~at largevaluesof t. The classicalequationbecomesasymp-
totically

EJUNS + V’(UNS) = 0, Lkp + v”(UNS)’p = 0. (0.16)

We substitute(0.15) into (0.12) andrepresentthe actionas

i J 2’(uNS)dt + ~5 d2x(’PMuN,M — V’(UNS)’P) +

(0.17)

+ -‘— $ d2x(’p~— v”(u~
5)t~p

2)— ~ Jv~(uN
5)’p~d

2x.
2y Yn=3
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The last termdoesnot contributeto the lineargrowth,it tendsto aconstantat t” —~ cc, t’ —~ — cc
becauseof the decayof the wavepacket.The secondand the third termsbehavesimilarly which
canbe provedby the integrationby partsandby usingthe equations(0.16). The leadingpart of
the first term is equalto the sumof thesingle-solitoncontributionswhich arelinear with respect
to t”; t’ (see,e.g., (1.81). The samecan bedemonstratedfor any J4’~.

We shallusethe expansion(0.11) togetherwith thedefinition(2.2.5)for theS-matrixcalculation
in paragraphs3.1 and 3.2. As a matter of fact, the integral (0.1) has more thanone stationary
phasepoint; theycorrespondto the processesof differentconnectedness.Every term arisingfrom
a correspondingstationaryphasepoint will be representedas a product of conservationlaws
delta-functionsand a reducedS-matrix element,which is equal to a functional integral in the
vicinity of a fixed classicalsolutionfor the processunderconsideration.

In paragraph3.3 we shalldiscussthe zero-modeproblem[11], which consistsin the following.
At first sight it seemsthat the inverseoperatorH1 doesnot exist. Indeed,the quadraticform
(0.8) is degenerate;it vanisheson the functions

—U’1, _UC1, (0.18)
dx dt

which satisfy the equation

H-~—u~= 0, H-~—u~= 0. (0.19)
dx dt

Hencethe diagramtechniqueseemsto be undefined.Howeverwe aregoing to demonstratethat
all the zero-modesof type (0.18) belongto thecontinuousrather thandiscretespectrumof the
operatorH. We shallconstructacorrectdefinitionof theoperatorH1 which accountsnaturally
for the zero-modes.

In paragraph3.4 we describethe diagramtechniquefor calculationof quantumcorrectionsto
theperiodic solitonmassand to thetwo structurelesssolitonspropagators.

In paragraph3.5 thesolitonquantumtheoryrenormalizabilityis demonstrated.

3.1. The single soliton propagator

Accordingto the definition (2.2.4), (2.2.3) thesoliton propagatoris
1”, “

G(t”, q”~t’,q’) = exp 52(u)dt}fl du(x, t), (1.1)

‘p”= uSC,/~ (qfl)2)’ ~‘= ~ (qF)2); (1.2)

we shall calculateG by thestationaryphasemethod.The first two termsare(0.12), (0.13),

G(t”, q”jt’, q’) = exp 5 2(ue~)dt} deF~2(H H~1). (1.3)
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ThestationaryphasepointU~(X,t) cannot beanexactsingle-solitonsolution.It is obviousbecause
the solitonsconfigurationsvelocities are not the sameat t” and t’ in generalq” 1~”~ q’ Ii’. The
classicalsolutionis

— (x — Vt — q’\U

v =__ + oQ~)~ q = q’~ ~:‘t’ + o(~). (1.4)

We shall seebelowthat the function‘p hasno influenceon the solitonobservables.
It is convenientto performtheLorentztransformationandusethe variables

r = (x — vt)/.F~~, ‘r = (t — vx)/,~,/1— v2. (1.5)

Let uscalculateapproximatelythe right-handsideof (1.3), replacingu’~’by u
5:

G(t”, q”jt’, q’) = exp{~$ 18(u5)dt} det- “
2(H~H~1), (1.6)

H = U + v”(u
5). (1.7)

The actionevaluatedon thepathu~is

$ 18(u5) dt = — M5~/f~

11~(t” — t’) = — M
5~,/(t”— t’)

2 — (q” — q’)2 + const; (1.8)

M
5 = ~$ dx(f[u(x)]

2 + V(u~(x))).

To calculatethe secondfactor in (1.3) wenotethat

d2 d2
H(u

5) = ~—~- + I~(r), k(r) = — + v”(u,(r)). (1.9)

TheoperatorH is degenerateandthefunctionu~(r)is theeigenfunctionof H with zeroeigenvalue:

Hu~(r)= 1~u~(r)= 0. (1.10)

Indeed,the differentiationof the classicalequation

d
2

— -~—-~ u~(r)+ v’(u,(r)) = 0 (1.11)

with respectto r leadsto

d2
— u’,(r) + v”(u~(r))’u~(r)= 0. (1.12)

We represent the operator H in the form:
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d2

H=~—.~.P+H(I—P), (1.13)

with P the projectoron thesubspacespannedby thefunctionsof theform F(’r)u’,(r), F(’r) arbitrary.
The determinantof theoperatorH is

det(H~H
0’ 1) = det(s). detH(I — P)H~’~. (1.14)

The determinantof theoperatord
2/d’r2 whichactsin thespaceof thefunctionoft canbeevaluated

mosteasily as aproductof the eigenvaluesof theproblem:

df() 1 ~f(x)• f(t)I,”~-~r = f(r)it’~fr~i 0. (1.15)

Theseboundaryconditionsarederivedfrom (0.7). We obtainthe expression

det = r” — r’ = \/F17(t” — t’). (1.16)

We will showin section5 the secondfactor in (1.14)to be equalto (5.2.12)

detH(u
5(r))(1 — P)~H~1 = exp{2ii~M..,,/(t” — t’)

2 — (q” —q’)2}, (1.17)

whereE~Mis thesoliton masscorrection.At last we obtainthe expressionfor (1.6):

G(t”, q”~t’,q’) = ~2ati ~(t” — t’)2— (q” — q’)2 exp { —iM

5 ~fr1—t’)2 — (q” — q’)2}. (1.18)

If onetakesinto accountthewavepacket‘p from (1.4) thentheright-handsideof (1.18)will contain
theconstantfactor w,

w = exp{~$ dt[18(udl) — 18(uJ]} det2H(u~)H~(uj. (1.19)

So wehaveprovedthe solitonpropagatorto havethe form (2.2.6).
Now let uscalculatethe S-matrixelementin asingle-particlesector

<V”ISIV’>. (1.20)

Substituting(1.18) into (2.2.5)we obtain

<v”I S v’> = lim /i ..J(t” — t
0)

2 — (q” — q
0)

2 ,~,/(t
0— t’)

2 — (q

0 — q’)

2

‘V 2ir,M’ .~,/(t”— t’)2 — (q” — q’)2

x exp { — iM

5[,,,/(t” — t’)
2 — (q” — q’)2 — ,/(t” — t

0)
2— (q” — q

0)
2 — — t

0)
2 —(q’ — q

0)

2] } ~
(1.21)

q” = v”t” + q’~, q’ = v’t’ + q’
0.
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The limit is equalto

<v”i S Iv’> = ~
1ö(’p” —qa’). (1.22)

Herewe haveusedthe rapidity qa, v = tanh‘p. The factor ~ became1 becausethe U~ from (1.4)
is now

udl = us(t2~), v = q = tq — tg ‘p(x,t) = 0. (1.23)

The reasonfor this is theequalityof the solitonconfigurationsvelocitiesdueto thedeltafunction.
This is ageneral fact within the stationaryphasecalculationsof (0.1). The classicalsolution

(0.3) which fits the boundaryconditions(0.4) is not an exactsoliton solution,but differs from it
by an additionalwave packetqa(x, t). But havingthe propagator(0.1) calculatedin this manner
as aboveandsubstitutedinto the S-matrix expression(2.2.5)onecan neglectqa(x, t). Indeedthe
S-matrixwill beaproductof somedeltafunctionsandaregularfactor.The stationaryphasepoint
for the regularfactor expressionwill becomeapuresolitonsolutionaccordingto theconservation
laws andthe integrationshould beperformedin the vicinity of this solitonsolution.

Returning to the structurelesssolitoncaseagain,we write the symbolic formula for the mass
correction,see (0.11), (1.18)

= < (,,‘ ,). (1.24)
maO

aD

Here 14~is a sumofall the(n + 1)-loopgraphswith n-prongverticesv~’°(u5(r))and thepropagator
H” 1, (1.7). The methodof H

1 operatorconstructionwill be explainedin paragraphs3.3 and 3.4.

3.2. The S-matrixelementfor scatteringofseveralsolitons

We shallusethe definition in section2 of the soliton S-matrixelement(2.2.5):

{ “}I SI’ — 1’ G(t”, {q~}~t’,~q’,}) . (2 1)K v~ v~}>— ~ fl5 ~G(t”, q”Ito, q°)fl’ ~G(t0, qo~t’,q’)’

q’ = v~t”+ q’,, q’, = v’,t’ + q’0. (2.2)

Let usevaluatethe right-handside by the stationaryphasemethod.In ageneralcasethereis
anumberof the classicalsolutionswhich describeagiven scatteringprocess.For example,one
solutionmay describeasimultaneousinteractionof all solitons,andothersolution maydescribe
an interactionof agroup of solitons in onepoint andanothergroup in adifferent point. These
solutionsmustleadto different terms in the S-matrix with differentnumbersof delta functions.
Everyoneof thesetermscanbe representedasaproductof the two factors

c ~ 5 ~ — 1~ g(t”, {q,’,’}~t’, ~q’,}) (23)<~VJ5 ~Vlf> — ~ ~

G(t”, {q’J}~t’,~q’,}) — . —x im ,, ,,-, , ,~,,,, q3 — v3t + q0~, q, — v~t+ q01. ( . )
t-’aD g~,t ~ t,1q,1~
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The functiong is constructedwith the purposeto makethefirst factoraproductof deltafunctions
and the secondfactora reducedmatrix element.Thesedeltafunctionsmakethe stationaryphase
point of the functionalintegral which representsG to be purely solitonsolution.

In the caseof asimultaneousinteractionof all solitons the functiong should be takenas

g(t”, {q~}It’, {q’,}) = Jdq dt [‘JG(t”, q7~t, q) fl G(t, q~t’,q’,). (2.5)

The first factor in (2.3) will turn into a product of the two momentumandenergy-conserving
delta functions.

In the caseof the N solitonscatteringwith the individual momentaconservationthe function
g should be

g(t”, {q~}It’, {q~})= G(t”, q~~t’,q~). (2.6)

The first factor in (2.3) becomesaproductof N deltafunctions.The reducedmatrix elementis
then

S — ~ G(t”, {q1}~t’,{q~}) 2 7(v1,. . . VN) — ~ fl7~~ ~ G(t”, q~It’, q~)

for the structurelesssolitons case.
For theperiodicsolitonsscatteringwith the individual Lorentzandinternalmomentaconserva-

tion thereducedS-matrix is, similarly

C, . ~ — F Ofr’, {q~,’},{cx~’}It’,Iq’,}, {at})
, . . . VN, ‘5,1 . ~ — irn — N ~~,~ ,, , , ,

t-.~ ~ ~t ~ t,q,,at~

In theseformulae(2.7), (2.8) we imply the usuallimit, (2.2.5),(2.2.12).

3.3. The zero-mode problem

Let us examinecarefully the operatorH (0.9) which is important for the diagramtechnique
construction.Differentiatingtheclassicalmotionequation,wenotethatH hassomeeigenfunctions
with zeroeigenvalues

__~_uc~1, _~_u~, (3.1)

UCi = 0, H u~ = 0. (3.2)

This propertyis usually understoodas an indication thatH doesnot havean inverseoperator.
Indeed,the zeromodes(3.1) situatedin the discretespectrumof H would havemadeimpossible
the existenceof the operatorR such that

HR = I. (3.3)

Only an operatorRwould existwhich satisfiesthe condition:

HR=1—P, (3.4)
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where P is the projector on thesezero eigenmodes.This would have modified the Feynman
rulesessentially.Quitea few methodsto modify‘the diagramtechniquewere workedout [13,14,
17, 70—81], mostof themarebasedon theintroductionof collectivecoordinates[82].

However,wearegoingto provethatthezero-modes(3.1)aresituatedin thecontinuousspectrum
of H. As amatterof factthey decreaserapidly with respectto x butdo not decreasewith respect
to t. Hencetheyarenot squareintegrableand so theymakeno obstaclefor an inverseoperatorR
construction[83, 84].

A correctdefinitionof theH”j operatormay be basedupon thefollowing observation.At the
finite times t”, t’ wehaveto integrateover the fluctuationsaroundthe solitonsolutionwhich turn
to zero at t” and t’ (0.7).Thequadraticform

~$ ‘pH’p d2x (3.5)

isnotdegeneratebecausethezeromodesdo not turn into zeroat t” andt’. SotheoperatorR= H’
is defineduniquelyon the finite time intervaland the diagramtechniqueis not singular.In the
limit t” .-+ cc, t’ —~ — cc this operatoracquiresan infinite term. We shallprove this term to make
no contributionto the sumof the diagrams.Hence it canbe rejected.The resolventR regularized
in this way satisfiestheequation

HR = j (3.6)

andcanbe usedfor thediagramtechniqueconstruction.
Let us realizethis programin thestructurelesssolitoncase.TheoperatorR = H’1 (1.9) with

the boundaryconditions

R(x
2,t2Ixi, t1)i~2,,~~= R(x2,t2ixj, tj)i,,,,,. = 0 (3.7)

looks in this caseas(A.5.11)

u’,(r2)u’(r1) (‘r2’r1 ~

R(x2,t2ixi,ti) = 2~~uj~2~A— ~(‘r2 + ‘r1) +-~- — /.~+ k~— tii

+ 1$ dfJexp { —imcosh fJ 12 — ‘rii} .~r2)~r1)+ ~p(r2))~(r1)) (3.8)

—E~I’r2—til},

r = xcosh‘p — t sinh’p, x = tcosh ‘p — x sinh cia, liu~II
2= $ dr[u~(r)]2.

Herethefunctionsf~,~,co,
t are theeigenfunctionsof the Schroedingeroperator(A.4.9.)

K = — ~ + v”(u5(r)), i~3= m
2cosh2$f~, £~= m2 cosh2$~,

Kqa,t = (m — E,t)~p,t, Ku’, = 0, m = v (0), 0 < E,t < m,

= ~(t” — t’); ~ = ~‘(t” + t’).
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Thesesolutionsaredescribedin the Appendix 4. The zeromodeu’,(r) is orthogonalto all other
“meson”modes~,~,qa,t at anymoment ‘r.

We affirm that addingtheexpressionatu’,(r1)u’,(r2) to theGreenfunction(3.8) [83,84] doesnot
alter thediagramssum.This will enableus to eliminatethethird andthefourth termsfrom (3.8).
Let us show this in the lowest ordersof the loops expansion.The principal correctionto the
structurelesssoliton propagatoris

der “
2H(u,(r1)H,’ 1• (3.10)

Considerthedifferential d ln detHH~’ = Tr H” ‘v”(u’,) du,. The right-handside of this equality

containsonly onetermdependenton at, it is
cx (u’,)2v”(u

5)du,d
2x. (3.11)

Let us seethat it is equalto zero due to theequationsof motion. Differentiationof the classical
equations(0.3) gives

Hdu
5 = 0, Hu’, = 0. (3.12)

Differentiatingthesecondof theseequationswe obtain

Hu’,~= —v”(u~)(u’,)
2. (3.13)

Multiplying the first of the equations(3.12) by u’~and subtractingfrom it the equation(3.13)
multiplied by du

5 we obtain

$ d
2x du~v”(u,)(u’,)2 = $ d2x ~ (dus~ u’:) = 0. (3.14)

So the detH doesnot dependon at. But we arenot going to say that thezero-modedoesnot
contributeto theobservables.Its contributionhadbeenwritten downin theone-loopapproxima-
tion (1.16), (1.18).With no accountof thefirst term in (3.26)(thezero-mode’scontribution)one
would obtain awrong expressionof the two-loopmasscorrection[85, 86, 87].

Considernow the two-loopapproximation.It is representedby thegraphs

(3.15)

The sum of thegraphsis a polynomialin cx. Letus makeit certainthatall its coefficientsareequal
to zero.The coefficientat at3 is proportionalto

$ drv”(u~(r))[u’,(r)]3 = 0. (3.16)

This is a particularcaseof(3.14).The coefficientat at2 canbe picturedas

+ ~____ + ~ ~). (3.17)

Thewavy line is u’,(r). Thelast termis equalto zeroaccordingto (3.16).
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Let us differentiate(3.16)with respectto ‘r; we obtain

$ dr $ dr{(u’,)4v4(u
5) + 3v”(u5)(u’,)

2u~} = 0; (3.18)

Hu’ = — v”(u
5)(u’,)

2, u’~= — Rv”(u
5)(u’,)

2. (3.19)

Substituting(3.19) into (3.18)weseethatthetwo first termsin (3.17)disappear,hencethecoefficient
at at2 is zero.The coefficientat the first powerof at is picturedby

+ +~ + + ~ (3.20)

It is zerodueto the translationalinvarianceof the one-loopcorrection(1.6),

W
0 = —~Trln(EI1+ v”(r + a)). (3.21)

Really,

~O~-W~0, ~ (3.22)

In the N-loop approximationwe meet the following situation. The approximationis a poly-
nomial in cx. Thesepolynomial coefficientscan be provedto be the derivativesof Wk,k < N with
respectto a, the spatialcoordinateof the soliton. All thesederivativesarezerodueto the trans-
lational invariance(seeAppendix 3).

So we havedemonstratedthat the sum of the graphsdoesnot dependon at andthe thirdand
the fourth termsin (3.8) can be rejected.It is demonstratedin Appendix 3 that the supplementary
term

$[U~(r1)~_us(r2)+ ~__uS(r1)U~(r2)] (3.23)

doesnot alter the graphssum too. Hencewe can reject the secondterm in (3.8) also. Note that

~—u~(r)= —ru’,(r) (3.24)

is an exampleofa growing zeromode.In ageneralsituationof apolysolitonsolutionthenumber
of growing zero modesis equalto the numberof usualzeromodes(and is equalto thenumber
of conservationlaws). In thecaseof two zeromodes(3.1) we havetwo growing zeromodes,they
are the derivativesof the polysoliton classicalsolution with respectto the total energyandto
the total momentum:

d d
~UNS, ~UNs. (3.25)

Thefirst term in (3.8) doesnot lead to a linearly growing with time term in ~ ,~y’W~(1.24),
henceit can be rejectedtoo.

Thuswefind thatthediagramtechniquefor thesolitonmasscorrection(1.24)is to beconstructed
with the Greenfunction
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R — u’,(r2)u’,(r1) i 1~fiexP{ —imcoshfi 12 — ‘riI}(x2, t2 x~,t1) — 2IIu~IIIt2— t~I+ 8n~J 5(13)

x [](r2)~p(r1) + g~(r2)J~(r1)]+ ~ ‘P~~’P~~exp{ —Urn
2 — E,t 2 — t~I} (3.26)

2

+ atu’,(r
1)u’,(r2) + fiu’,(r1)u’,(r2)(t1 + 12),

andthe sumof thegraphswill dependon neitherat nor13.
The generalsituationcanbetreatedsimilarly. The operatorH is degenerateon the zeromodes

andon thegrowingzeromodes.The methodofthe resolventconstructionis hintedby considering
first the caseof finite times t” and t’. At the finite t”, t’ the resolventRexistsandis uniquelydefined
by the boundaryconditions

H’’(x2, t2Ixj, tj)I,,,,,~ = H”’(x2, t2Ixi, ~ = 0. (3.27)

In the limit t” —~ cc, t’ ‘-~ — cc a linearly growing with the (t” — t’) term in the resolventkernel
arises;thisterm is alwaysbilinearin thezeromodes.In the caseof two zeromodes(3.1) thisterm is

aux(1)ux(2)+ bu~(l)u~(2)+ c(u~(1)u~(2)+ u~(1)u,(2)). (3.28)

Also as it was doneabove,the additionof termsbilinear in thezeromodecan be provednot to
alterthesumof graphs,i.e. thegrowingtermin H’1 can bethrownoutandtheregularizedresolvent
satisfiesthe equation

HR = 1. (3.29)

This resolventcan be also reducedby using the fact that the graphssum is not alteredby an
addition to theresolventof aproductof azeromodeandagrowingzeromode(3.1), (3.25).

Returning to the structurelesssoliton, let us notethat the Greenfunctionexpressioncontains
aterm with 12 — til. So onemay beafraid that the sum~,t‘y~W~would grow fasterthan(t” — t’)

at t” -+ cc, t’ —~ — cc. It can be proved in the perturbationstheory that this is not the case.The
papers[87, 88] alsodeal with this method.

3.4. The diagramtechniquefor the observables

The diagram techniqueconstructionis reducedto the constructionof the resolventkernel
= R(x2,t2Ixi, t1). In this paragraphwe describethe expressionsfor the R kernel in the

casesof aperiodicsolitonandof two interactingstructurelesssolitons.
First we consideraperiodic soliton

w(r, ‘r/T, T), v = tanh’p, (4.1)

r = (x — x0)cosh‘p — (t — t0)sinh’p, x = (t — t0) cosh ‘p — (x — x0) sinh ‘p.

The operatorH in thiscaseis

H = LI + v”(w) _‘‘j’~’~+ v”(w(r~~~T)). (4.2)

The potential hereis periodic in ‘r with the period T and tendsrapidly to rn
2 at rI -+ cc. The
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operatorH hastwo zeromodes

dw/dr, dw/d’r (4.3)

andtwo growingzeromodes.Appendix5 explainsthattheresolventR is convenientlyconstructed

usingthesolutionsofthe homogeneousequation
Hi/i = 0. (4.4)

We take for this purposetheFloquetsolutions

t + T) = e”1”i/i
5(r, ‘r). (4.5)

The Floquet indexesmay happento belong to the “discrete” spectrum,then i/i,t(r, t) is square
integrablein r. If vbelongsto the continuousspectrum,theni/i5(r, t) is

(u5(t).,f5(x)),(~~‘(x)u” (t)), (4.6)

seeAppendix4. Hereu is thevectorwith the components

I .v+2irn “I

u,t(t) = exp —1 T (4.7)

andmatrices~ andf are the matrix Schroedingerequationsolutions:

[_~_k~ +~]j=o, [—~—~ +i3]~vo~

_______________ (4.8)

k1,t = \//( ) — m
2ö

1,t, v,t, = dtexp{~~(n— l)t}(V”(w) — m
2).

The solutionsareusedin Appendix5 for the resolventconstructionwith the result:

mT+2it

R(z
2,r2iti,ri) = —~—-~ $ ~

4irT ±
mT

+ ~ i/i,t x2,r2)i/.i(’r1, r~)+ w,(r2, ‘r2)w(r1 ,‘t1)w’(r2, 12)w,1,(rl, t~)

+ wT(r2, t2)~i~(r1,‘r1) —~(r2,‘r2)w~(r1,‘r1) 12 > t1, w4, = dw/d’p,
2[w~~w~] WT = dw/dT.

The sum of the graphswill not be changedby additionof a bilinear form of zeromodes(4.3) to
the resolventor a combinationof zero modesand growing zero modesproducts:WWT,~
w,wT,W’Wçp•

Considera periodic soliton within the sin qa~model. The correspondingH operatorhas no
“discrete” spectrum.The matrix Schroedingerequation(4.8) S-matrix is diagonal

R~1= 0, [D~(v)]1,t= [D
9(v)],,t= [D!,,]

1,t= ~ = ~51,ta(fi,t), (4.10)
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see(A.4.24). The resolventis

R(r2, 121r1,r~)= 5 )~P(t2~ r2)~(r1,r1)

w,,(2)w’(l) — w’(2)w~(1) w~(2)~’(1)— ~‘(2)w~(1) (4.11)
+ + .‘ t~>t~.

2[w atwco] 2[wt3,wT]

We haveintroduceda variable /3, v + 2irn = rnTcosh/3 andusedthe notation w(1) = w(r1, ‘r1),

w(2) = W(12,r2).
Let us look now at the scatteringof two structurelesssolitons. Let the classicalscattering

occur without reflection, u5~(x,t tanh p~,tanhqa~)be a correspondingclassical solution, the
tanh‘p1,2 the asymptoticsolitonvelocities.TheH operatoris

H = LI + v”(u~~). (4.12)

The zero modesare

u’,~= du,t~/dx, ü~= dujdt, (4.13)

and the growingzeromodesare

u1 = duss/d’pi, u = duss/d’P2. (4.14)

With thesesolutionstheresolventis constructedin the Appendix5 andit looksas follows (A.5.26)

R(t”, x”It’, x’) = i—’ $ a1(fi — qa1)a2(fl — ~ t,li~”(x”, t”)(I + C)~~,,
1i/~i,,!’(x’,t’)

i —. ~— ,, — , ‘p,t~(r’)qa,t
1(r~) i exp{ ‘—iV

T’~~~z~—‘r’
2I}’p,t2(r~)’P,t2(r)

+ —~exp{ i~ ~x1 / 2 2
2 vm —E,t1 2 ,, ~Jm —E,t,

+ [cosh ‘p~. t~ç,~(x”,t”) + sinh ‘p~ u~(x”,t”)]u2(x’, t’) — u~2(x”,t”)2IIu’2~Ii
2sinh(qa

1— ‘P2) 2IIu’2~Ii
2sinh(’Pi— ‘P2)

,, ,, . , ,, ,, (4.15)
x [cosh ‘P~u~~(x’,t’) + sinh ‘P1 u~,t(x’,t’)] — cosh ‘P2 2Mu’iji2sinh sinh’P

2u~~(x,t)

~ , , u1(x”, t”)[cosh co2 ü~~(x’,t’) + sinh~P2 u’,~(x’,t’)]x u,,~,,(x,t) + ‘ 2 , t2 > tl,
2IIu15II sinh(‘Pa — ‘P2)

IIu’i8II
2 = $ dx(u’i~(x))2, IIu!2s1I2 = $ dx(u’

2~(x))
2,

see(4.2.3).
This resolventexpressionhasthesamearbitrarinessas the previousone.

3.5. Thesoliton quantumtheory renormalizability

In the soliton quantization the ultraviolet divergenciesdo appear.We are going to show
thesedivergenciesto be eliminatedby the samecounter-termsas the usualparticlesquantization
divergencies[11, 14, 13,74,26].
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It is clearthatat largemomentathe solitondiagramtechniqueelementsturn into

R = (LI + v”(uNS))”’ — (LI + rn2)’1, V~e)—S V~, (5.1)

becausethe Fourier transformof UN
5 decreasesexponentiallyat largemomenta.So the soliton

diagram techniqueasymptoticallycoincide with the usual diagram technique.Thesegeneral
considerationsshowwhy the old counter-termsaresufficient for the solitondivergencieselimina-
tion.

For the morerigorousdemonstrationlet uscomparethe soliton propagatorandthe S-matrix
generatingfunctionalfor the usualparticles[68] (2.1.14)

S(A~, A) = $ exp{~$ 2(uc~+ ~‘P) dt}fl dqa(x,t); (5.2)

t’ x,t

U’~(X,t) ItI —‘ Uas(A~,A),

which are given by the sameintegral with different boundaryconditions.The only unidentical
thing in the perturbationsexpansionsfor both integralsis the stationaryphasepoint. For the
usual particleslet us denote it by U’~,and for the solitons by UNS. Both diagram techniquesare
constructedwith Greenfunction R andthe n-prongvertices:

[LI + v”(u~h)]R= I, v~”~(u~h). (5.3)

In the diagrams evaluation one meets the same ultraviolet divergencies in both cases:
iy’ ln A J d

2kC(u~h). HereC(u) is thelocal functionalcalculatedon the differentclassicalsolutions
ud andUN

5. Thebothdivergenciesare eliminatedby thesamecounter-term

— ~‘ ln A $ d
2xC(u). (5.4)

This counter-termis, i.e., in the oneloop approximation

D(0) $d2x[v”(u) — m2], D(0) = $d2k(k2 + m2) 1 (5.5)

Thesereasoningson the quantumsolitons theory renormalizabilitydo not dependon the type
of the modelandon thedimensionsof the space—timeandarequite general.

4. The semiclassicalapproximation

In thissectionweshallcalculatethe amplitudesof severalprocessesin the semiclassicalapproxi-
mation(knownalsoas the treeapproximation)usingthe definitionsof section2 andthe methods
of section3. As we havesaidin section2, to calculatethepropagatorsand the reducedS~matrices
onehasto evaluatethe functional integral

G = $ exp{~$ 2’(uNS(x, t) + ~/~‘p(x, t)) dt} fl d’p(x, t). (0.1)
x,t
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HereUN,(x,t) is the classicalequationssolution,it definesthe solitonprocess.Notethat UNS is the
stationaryphasepoint in the integral(0.1). Calculating(0.1) by the stationaryphasemethodwe
obtainin the main orderof y:

G(t”, {q}~t’,{q’,}) = exP{iJ2’(UNJdt}. (0.2)

Thecontentsof thissectionis limited to thisapproximation;weshallcall it thetreeapproximation
in analogywith the quantizationof usual particles.

4.1. Thesingle-particlepropertiesofsolitons

The only propertyof astructurelesssoliton is its mass.In our approximationit is equalto the
classicalvalue:

MCI = J[1 (dus(x))2 + v(us(x1)]dx, (1.1)

which in the sin ~P2modelis equalto

MCI = 8m/y. (1.2)

For aperiodicsolitonthe classicalsoliton is

w((x — q)cosh’p — tsinh’P,tcosh’P— xsinh’p — ~, T)~ (1.3)

where T is theperiod in the centerof masssystemandv = tanh ‘p is the soliton’svelocity.
To obtainthemassspectrumwe usethe formula(2.2.9)

d —iln[O(nT,0,2atnIO,0,0)] + nTM

dT n —

—iln[O~nT,0,2atnI0,0,0)]+ nTM = 2atk; (1.4)

—~ cc.

The soliton Greenfunction

G(t”, q”, at”It’, q’, at’) = Jexp{~52(u) dt} fl du (1.5)

can be evaluatedby the stationaryphasemethodas describedin paragraph2.2,

O~(t”,q”, cx”It’, q’, cx’) = exp{‘~,$ d2x[~w~ — v(w)]};
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(x—q—Vt t—vx cx

w = wIt,, ,JI~V
2 T~/F~i~— ~-~ T); (1.6)

q”—q’~ T—2 ~/(t”—t’)2—(q”—q’)2 ______
— at ~ q—

It becomesclear that

—i in G(nT,0, 2irnIO,0,0) = ~5 dt 5 dxE4w2,, — v(w)] vO~ (1.7)

Insertingthis into (1.4) we have

~5 dx j’ dt~2(x,~, T) = 2irk; (1.8)

M = !‘ 5 dx[i~72(x,‘~, T) + ~w’2(x, ‘, T) + v(w(x. -~,7’))].

Notethat (1.8) canbe regardedasadirectgeneralizationof theBohr—Sommerfeldquantization
rule.In the sin ‘P2 modelthe classicalsolution is given in (1.1.28)andthe expression(1.7) looksso:

—i in O~nT,O,2itn~0,0,0) = — tan 0); (1.9)

theexpressions(1.8) become[9]

= 2M
5 sin °k’ Ok = ky/16, M~= 8m/y. (1.10)

4.2. The scattering matrix for solitons

Considerthescatteringprocessof two (in generaldifferent) solitons.Let the classicalsolutions
correspondingto them be

u1~((x— q1) coshqa~— tsinh ‘pr), u2~((x— q2) cosh‘P2 — t sinh ‘p2). (2.1)

In the semiclassicalapproximationthe only classicallypermissibleprocesseshavenon-zero
amplitudes.Let the classicalsolitonspassthrough oneanotherat somerapidity i/i1 — i/’2. The
classicalsolution

u~~(tanhiIi~,tanhi/’2, q1,q2), i/si > 0, i/’2 <0 (2.2)

hasthefollowing asymptotics:

u~~(tanhi/it, tanhi/’2~q1,q2) ~ u1~((x— q1)coshi/i1 — t sinh ‘fr1)

+ u25((x — ‘12) coshl1i2 — t sinh i/it);

(2.3)
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u~~(tanhifr1,tanhi/i2,q1,q2) u1~((x— q1)coshi/i1 — tsinhifr1 — ~(i/~i_ ~2))

+ u2~((x— q2)coshi/’2 — t sinh çl’~+ L~&ii—

In the classical limit the collision preservesthe solitons’ individual momentabut producesthe
complementarycoordinatesshift, comparedto thesolitons’ uniformmotion,

= M1 coshi/’1 i~(i/i1—

1 (2.4)
= — M2 coshi/i2 i~(ç1’1— i/i2).

The shift is defineduniquely by the Lorentzinvarianceprinciple. The solution(2.2) will be used
for the semiclassicalS-matrixcalculation.

For the reducedS-matrix wehave(3.2.7)

— exp{i J~’ 18(u~~)dt} 2 5
— i(’Pi — ‘P2) — ~ G(t”, q’:~It’, q’2)G(t”, q’; it’, ql)~ ( . )

G(t”, q”It’, q’) = exp { _iA1’C~.~/(t”— t’)
2 — (q” — q’)2},

q’ — q’

1 = tanh‘p’1(t” — t’); q’~— q’2 = tanh‘p’2(t” — t’).

The exponentof (2.5) containsthe two-soliton solution (2.2) that describesthe propagationof
the first (second)solitonfrom thepointq’1, q’2 at t’ to the point q~,q~at t”.

In theotherwords,the exponentcontainsthe solutionwith velocities

tanhi/’i~2= tanh‘P1,2 ~ M1,2coshqa1,2~ (2.6)

Finally we obtain for (2.5):

— ‘P2) = limexP{iJ’[2(u~5(tanhVii~tanhi/i2))— 18(u1~(tanh’p1))

— — 2’(u2~(tanh‘P2))] dt} = exp { —iK(,p1,p2)}; (2.7)

q1,2 — V(p1,2)t , ‘11,2 — v(p1,2)t.

The function K introducedhereis the generatingfunction of the canonicaltransformationthat
describestheclassicalscattering.Indeed,onecan seethat

K(p1,p2) = ~q1,2, P1.2 = M12sinhqa12, (2.8)
P1,2

with ~q12 introducedin (2.4).
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Theequalities(2.7) and (2.8) havethe generalmeaning.The relationbetweenthe semiclassical
S-matrix and the canonicaltransformations’generatingfunction is valid in every Hamiltonian
systemfor the scatteringwith the conservationof all momenta.We shall exemplify it by a one-
dimensionalparticle in apotential.

The exponentof (2.7) containsthe differencebetweenthe actioncalculatedon the interacting
particlesandtheactioncalculatedon the freeonesthataresituatedin bothcasesin thesamepoints
q~,2and ‘1~,2 at t” and t’ momentsrespectively

K(p1,P2) = S0(q’2,t”~q’12,t’) — S(q’2,t”~q’12,t’) (2.9)

with P1,2 the asymptoticalmomentum.To prove equality(2.8) we needthe derivativeof K in the
following form

(2.10)

dp dpdv

Exploiting the expressionfor the asymptoticalvelocity

v = (q” — q’)/(t” — t’), (2.11)

substitutingthe expression(2.9) for K into the right-handside of (2.10) andusing the equality

(2.12)

we obtain

= — . (t” — t’)(p1~1— ps). (2.13)

Herethep~andPo arethe momentaof the interactingandof the free particlerespectively.Their
differenceis connectedto Aq in sucha way

dp dp Aq
Pint — Po —(v1,,1 — v0) = — —. ,, , . (2.14)dv dv (t —t)

And finally we obtain (2.8),

dK(p)/dp = Aq (2.15)

Q.E.D. [29, 89].

We haveprovedthe elasticscatteringsemiclassicalmatrix phaseto be the generatingfunction
of the canonicaltransformation.We shall usethis belowfor calculationof the periodic solitons’
S-matrix.

Werewrite finally (2.5) and(2.7) as

— ‘P2) = cexP{_iJ~(/3)dfl}. (2.16)

For the A(f3) see(2.4). The constantc is obtainedby the limit evaluationin (2.7).
The sin~P2 model solution that describesthe soliton—antisolitonscatteringhad beenwritten

down in (1.1.35).The A(fl) canbeextractedfrom thatformula(1.1.37),
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— ‘p_) = ~-~lncoth(‘p+ ‘P_) ‘P+ > ‘P-. (2.17)

The S-matrixcalculationby (2.7) and(2.16)gives [29, 13, 14,89]

8at2 8
�(‘p÷— ‘P-) = exp{i —+ _Jdoln(_~e”o)} (2.18)

- s_2M2+~Js(s_4M2)
= e~’~ = 2M2 ‘ ~ = ~ + p~)2— (Pi + P2),

8i
K(~)=_Jdeln(T e’°)~ (2.19)

The scatteringof two identical solitons in the sin ‘P2 model is treatedin asimilar mannerand
suppliesthefollowing form of the reducedS-matrix expression:

— ‘P2) = exP{~JdOln(~+io1)}; ~= e~’~2>1. (2.20)

For the correspondingclassicalsolutionssee(1.1.32).
ThederivedS-matricesobeythe crossing-invarianceprinciple

S÷(4M2— s + iO) = S(s+ iO). (2.21)

Thispropertywas first notedby Coleman[89].
Let usattendnow to thescatteringproblemof simpleandperiodicsolitonsin thesin ‘P2 model.

It is simplified by exploiting the statementon the generatingfunction of the classicalscattering.
The first pair of canonicallyconjugatedvariablesfor aperiodic soliton is q andp. thecoordinate
and the Lorentzmomentum.The secondpair is at andI, the phaseof the periodic soliton at and
the reducedaction

I = ~— Jdt 5 dxwt2(x,~,T); (2.22)

within the sin ~P2 model I = l60/y. The shifts of the soliton’s centerandof its internal angular
variablehave been listed above(1.1.38).We haveseen the canonicaltransformationgenerating
function to be

F = K(i~e~°)+ K(—i~e~°)— ~ ~= e~~>1. (2.23)

V

The final S-matrixexpressionis [14]

Ky’,’,,, v’,’, n”I Siv’~,v’,, n’>

= exp ~‘~-‘ — iK(ie”°”’t~)— iK(_iei0~’~)}t5(lp’ — ‘P,)~(’p~— ‘p~)~ (2.24)
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0,, = ~ n, ~ = e~- ‘~“ > 1, v = tanh’P;

= S ~2’~I~ M~+ ,,J( 2MSM,tM~)2— 1; M,, = 2M, sin 0,,,

wheres is the Mandelstamvariable

s = (p~+ p
2°)

2— (,pi + P2)2 = M,~+ M,,2 + 2MM,,cosh(qa,— cob). (2.25)

Thescatteringamplitudeof two periodicsolitonswithvelocitiestanhp~andtanh ‘P2 andquantum
numbersn

1 andn2 can beobtainedin the samemethod[14], (1.1.42)

=~~~42 ö(qa’~— co’~)
5((~’;— ‘P’~)

x exp { —i[K(~ exp{i(O,t
1 — O,,~)})+ K(—~exp { —i(O,,~+ O,t~)}) (2.26)

+ K( — ~ exp{i(O,t1 + O,,~)})+ K(~exp{i(O,,~— O,t~)})]} exp{~~‘~‘~};

~ Onj~n.

Thegeneratingfunction for N solitonsscatteringis equalto the sumof pair solitonsgenerating
functions(1.1.43), (2.18), (2.20), (2.24), (2.26). So theN soliton quasiclassicalS-matrix is equalto
the productof pair solitonS-matrices[14].

It is worth mentioningthat theperturbationtheory for the soliton S-matrix is quite different
from thatof the usualparticles.The solitonS-matrixis unitary in everyorderof theperturbations
theory,but its analyticity is restoredonly by summingof all the ordersof theexpansion.

4.3. The scattering ofa usualparticle on a soliton

Let usconsiderthe scatteringof ausualparticleon a soliton,usingthe definition of section2.
The definition of the S-matrixgeneratingfunctional for a single soliton looksso:

“ A+ S ‘ A — l~ G(t”, q”, A’ It’, q’, A~) 3 1fi ~ ~>— ~ 2irG(t”, q’~0,0)G(0, Oit’, q’)’ . )

andafter a transformationsimilar to (3.1.21)it becomes

<v~,A; I~Iv~,A~>= G ‘(t”, tanh’p” . t”It’, tanh‘p’ . t’)ö(’p” — ‘P’)

x $ exp{~Jdfl[4a~~— apa~]~:~‘+ ~ $ d/J[aapi~” + ap~ap~,’](3.2)

+ i ~ [izut — (~iv~+ ~- u~+ ~ v(u))]} fl du(x,t) dir(x, t).
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We representthe integrationvariablesin the form

u = u~(xcosh’P’— tsinhqa’) +

1 1 (3.3)

it = — ü,,(xcosh’P’ — t sinh’p’) + —

ü ~$dfl[a; exp{—imsinhflx} + a~exp{imsinh$’x}];

(3.4)

= coshf3[a~’ exp { —im sinh flx} — ap exp{im sinhflx}].

Then(3.2) canbe rewrittenas

<v’,’,Ap~jSJv’,,Ap>= ~c5(qa”— ‘P’)Jexp{~$dfl[4atp — apa,,,p]~ (3.5)

+ fJds[a; apt” + a~4’apI~~]+ if [fffi~— ~2 + ~ + V”(U~)il2)— ~ - ‘v~’°(u,,Xu7]d2x}d7~d1i.

Here u~is asolution from (3.3). In the first order of approximationwe drop the last sum in the
exponentso (3.5) takestheform

<v~,A~S~V’,,A~>= ~(~“ — ‘P’)$ T da,4’(t)dap(t)

(3.6)

x exP{~$dfi[a;a~it.~+a,~’apIt.] + ijdtdfl[~~0~!8— ap4’áp — ‘(ff2 + u~+ vF’(u~)u2)]}.

At first we shallderive theforwardscatteringamplitude.Rememberthat theintegrationvariables
at momentst” andt’ havevalues

~ i

t” = A~
4’exp{im coshflt”},

ap~
1.= A~exp{—imcosh/Jt}.

The integral in (3.6) is of Gaussiantype and the stationaryphaseevaluationprovidesits exact
value. Let A~

4’and A~be localizedin the region ~>‘p’. The stationaryphasepoint turns the
expression

J dfl dt{a; ap — 4ap — ‘Ø~2+ a~+ Va(uS)u2)} (3.8)

to zero,andonly the valueof

$ dfl(ap1api~..+ ap~apI~’) (3.9)
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is left to be calculated.Mention that

Jap(t”) = s(/3 — p~A~exp { — imt” coshfi}; (3 10)

1a(t’) = s(f3 — ~)A; exp {imt’ coshJ3}

wheres(j3) is the penetrationfactorof the planewave throughthe potential in the Schroedinger
equation(seeAppendix4)

+ v(us(r))].Tii(r) = m2 cosh2133
1(r). (3.11)

The representation(3.10) follows from the propertiesof the asymptotic3~(r),~p(r)(A.4.9) andfrom
the localizationof ü andff in the left (right)-handsideof thesoliton at u,(r). Finally we obtainfor
the amplitude(3.6):

= ~~(‘P” — ‘P’) exp{ 5 dflAA~s(ifl— ~i)}. (3.12)

Adding the similar treatmentof the particle’s reflection we come to a complete result for the
S-matrix generatingfunctional:

<v”, A i~I~’,A~>= ~(qa” — ‘p’)exp { 5 dfiAA~s(Ifl— ~I)

4, (3.13)

+ Jdflr~4,A~~A~- J d4~ ‘P~s(/1 -

Here r(/1) is the reflection factor derivedin the Appendix4. In the sin ~P2model [14]

s(/3) = ~ ~, r = 0. (3.14)

Thus in the lowestorder approximationin anymodel the usualparticlesdo not interactwith
oneanotherandarescatteredby asolitonlike by anon-relativisticpotential.

The scatteringof ausualparticleon aperiodic soliton is treatedanalogously.To describethe
S-matrix formula in the lowest order approximationwe must display the solutionsof homo-
geneousequation(seeAppendix 4)

Hi/i=0,

/ / (3.15)

H = LI + v’1(\w(~,x~~,T)).
In this caseit is easierto describethe formulawhich is analogousto (3.13) thanto write it down.

The Lorentz andthe internalmomentaof the soliton are conservedduringthe collision. The
usualparticlesdo not interactwith oneanother.The S-matrix of the usualparticle—solitonscat-
tering is equivalentto thatof the planewave-potentialscatteringin the equation(3.15).We define
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i/’~,which describethe scatteringas (A.4.18)

exp{ —irn(tcosh/3—xsinhfl)} +~r’~(n,fl)exp~—im(tcosh/3,, + x sinh f1,,)},
— “ x—+—cc; (3.16)

~d~(n,fl)exp~,—im(tcoshfl,t—xsinhfl~)}, x —~ cc;
cosh/3,, = cosh /3 + 2irn/mT.

To learn the fundamentalparticle—solitonscatteringmeansto find out all the factorsd,t, r,,;
d0(/3)is the transmissioncoefficientwithout changeof the energy;d,,(/3) is the transmissioncoeffi-
cient with theenergychangeby 2irn/T; r,t(fJ) aretheanalogousreflectioncoefficients.Thescattering
of a fundamentalparticleon asolitonthatmoveswith the velocity v is obtainedby changingx to r
in (3.16).

Let us lay the following requirementson a planewave-periodicsoliton scatteringmatrix: an
incomingnegative(positive)-frequencywavemustbecomeagainthe negative(positive)-frequency
wave after the collision. Thiswill serveas acriterion of the theorystability. In otherwords,

d,,(/3) ~ 0, r~(f3)# 0 (3.17)

mustbe only if m cosh /3 + 2irn/T > m.
Consider the fundamentalparticle-periodicsoliton scattering(1.1.28) in the sin ‘P2 model.

Theequation(3.15)is solvabledirectly(A.4.23). It canbeextractedfrom the formulaethatdescribe
the scatteringof two periodicsolitons,seeAppendix 4, andit leadsto (1.10):

r~=O, d~=0, n�0,

d — (sinh /3 + i sin (ky/16)\
2 (3.18)

— ~sin~ /3 — i sin(ky/16)[

4.4. The above-barriersoliton reflection
In general,the quantumtheoryaffirms anon-zeroprobability of someprocessesthat are for-

biddenclassically.Thisparagraphdisplaysamethodof theamplitudescalculationfor the processes
thatcannot occurto theclassicalsolitons.

The correspondingamplitudesareevidentlyexponentiallysmall in y. At the first sight theper-
turbative attemptsseemhopeless,but sometimesonemay succeedin playing the trick that is
knownin the quantummechanicsandis basedon theuseof the solutionsof theclassicalequations
in the complex time plane [90—93].Considerthe following examplein the sin ‘P2 model. The
classicalscatteringof the soliton

4tan’1 exp{(x — q+)cosh’p±— tsinh’p~} (4.1)

on the antisoliton

—4 tan’1 exp {(x — q -) cosh ‘p — t sinh ‘p - } (4.2)

occurswithout any reflection. Indeed,the classicalsolution representingthis scattering(1.1.35)
looks especiallysimple in the center-of-masssystem

I sinh [m sinh ‘pt] ‘Iu~,(tanh‘p~— tanh’p) = 4 tan’1tcoth ‘P cosh[m cosh ‘p~4~ (4.3)
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and describesthe scatteringwith the individual momentaconservationwhich obviously means
theabsenceof reflection.But in the complext-planethereis asolutionthatdescribesthe reflection.

Thisclassicalsolutionhasthefollowing form. The time variablet in thefunction(4.3) mustmove
alongthecontour(fig. 1).

.lm t

/715Afl’4’f

2mSu~~

________________ - Ret
0

Fig. 1’

Moreover,therearetwo solutionsof thiskind, theyareobtainedby movingt alongthecontours
C1 andC2 (fig. 2). Note that the time variablet in fig. 2 tendsto infinity parallel to the realaxis.
The crossesdenotethe turningpoints.

LJC _________ L~Z ________
rn5~n~

2rn5~nhf 2’nSinbi°

C1 C2

Fig. 2.

Thefollowing two remarkswill showthat thesecomplexsolutionscanbe exploitedin the usual
procedureas thestationaryphasepointsof thefunctional integralwhich representsthe reflection
amplitude.

We write down first the reflectioncoefficientdefinition in the following form

<v~~ i5I~,V~> = hm (2at)
2~t”,q~0’ 0)G(t’,q~~, 0)G(O,0~,q~)G(0,OIt’, q~); (4.4)

= tanh‘P~ t” + q~,”, q’~
1, = tanh‘p’+ t’ + q~,

ql = tanh’p’~~ + q?,”, q’~ = tanhqa~,t’ + q?’;

‘p4, > 0, ‘p’- <0, ‘p~ <0, ‘P1 > 0.

1. The generaldefinition makespossibleto tend t” to infinity not only alongthe realaxisbut
alsoas

t” —~ cc + ia. (4.5)
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2. Thenominatorof (4.4) is expressedby thefunctional integral

G(t”, q~,ql It’, q’÷,q’,) = $ exp{~J’ 2(u) dt} fl du(x, t). (4.6)

t’ x,i

Indeedit is provedin [94] that the right-handsideof (4.6) doesnot dependon the form of the com-
plex planecontourof the variablet which is the integrationvariableu(x, t) index.

Thesefactsauthorizethe calculationof thereducedS-matrixby the techniqueof paragraph4.2.
Ourcasehastwo pointsof distinctionfrom paragraph4.2. The first is theexistenceof two classical
trajectories,the secondis the presenceof a turning point on both trajectories.Taking this into
accountwe obtain the propagatorG in the semiclassicalapproximation

G(t”, q~,ql It’, q~,q’4 = — i exp{~f 2(u~1)dt}+ i exp{~5 2(u~2)dt}. (4.7)

Here —i andi are the turningpointscontributions.The calculationssimilar to thosein paragraph
4.2 leadus to the following reflectioncoefficientvalue[95]:

<V~4,,vl I S(v’+, V’,> = c5(’p~.— ‘P~,,,)c5(’p~i— ‘p’+)( —2 sin~‘~)exp{ — !‘~~ + — -

(4.8)
I.8at

2 8 1 ~e”1°+ ii
xexpi—+-- dOln~+~j~_; ~=exp{’p÷—’p,,,}

whichis indeedexponentiallysmall in V. Note thatat y = 8at/N the reflectionvanishes.
The soliton—antisolitonS-matrix (2.18), (4.8) in the nonrelativisticregion makespossible the

approximatereconstructionof theseparticlesinteractionpotential.The appropriateSchroedinger
equationis [95]:

— [ 1 d2 1 d2 it2 M 1 . N 8ir 9
ôt — L M dR2 M dr2 4 cosh2(~ir~Mr/N)]~’ — . (4. )

4.5. Thegroundstateofthe doublesoliton in sin ‘P2 model

Considerthe massformulafor the doublesolitonin the sin ‘P2 model(1.10):

Mn~sin(~). (5.1)

(We will prove in section5 that y -÷V’ = v/(l — y/8ir) [9] in the one-loopapproximation.)Note
that in thelimit of smallV the doublesolitonground statemassis identical to the usualparticle
mass:

M
1 -~‘~+ m. (5.2)

Theseparticleswere conjecturedin [9] to be the sameparticle.We shallsupportthis hypothesis
by the following arguments.
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Considerthe S-matrixof the two lowestperiodicsoliton’sstates(2.26). Retainingonly thefirst
order term of expansion,we get

im
2y

S(s) ~ 1 + ~ 4m2)’ (5.3)

whatis identicalto thefirst orderterm in theexpansionof the S-matrixof the fundamentalparticles
[96]. The S-matrixfor the scatteringof a fundamentalparticleon a lowest-stateperiodicsoliton
turns to (5.3) also.

Comparethe matrix of the fundamentalparticle—solitonscattering(3.14) and the scattering
thatfor thelowest-stateperiodicsolitonon asimplesoliton(2.24).Substitutingthe value01 =

andexpandingthe exponentin powersof V we obtain

S(s) ~ {~m2 - (s — rn2_ M2)2 + m}/{~~ - (s - rn2_ M2)2 — m} (5.4)

identical to (3.14).
At last we shallmentionthatthe nth “excited” solitonstatewas foundto be identicalto abound

stateof n usual particles[9]. An analogousdegeneracythat identifiesthe usualparticlewith the
lowestperiodicsolitonstatewas alsofound in the “nonlinearSchroedinger”quantumfield theory
[97].

5. The quantum corrections

In this sectionweshallevaluatethe quantumcorrectionsto thesemiclassicalresultsderivedin
section4. For the propagatorof severalsolitons

G(t”, {q~}~t’,{q}) $exP{~$ 2(uN + ~‘p) dt} fl d’p (0.1)

we shallusethe following approximation

G(t”, {q~}~t’,{q~})= det’112HH~’exp{i $ 2(uNS)dt}; (0.2)

H = LI + v(x, t), H
0 = LI + m

2, = v”(O), (0.3)

v(x, t) = y”(uNj.

This expressionaccountsthe next perturbativeterm comparedto the expression(4.0.2).We see
that the one-loopcorrectionscalculationsrequireto evaluateadeterminantof aKlein—Gordon
operatorwith a potential.

The determinantdetH must be expressiblethroughthe scatteringmatrix of aplanewave on
the potentialin the equation

= 0. (0.4)
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Indeed,theone-loopcorrectionsarisedueto the usualparticlesexchange,andthe usualparticle—
soliton scatteringis describedby the solutionsof (0.4). This ideawas found to be realizable.The
authorshadworkedout amethodfor thecalculationof thesedeterminants[25, 98]. The formulae
written below expressthe derivativesof the ln detH through the asymptoticsof the solutionsof
the equation(0.4) at ItI —s cc.

In thefollowing thefamily of Jostsolutionsi/i’ andi/,’ will be useful;theyareuniquelydefined
by the requirements:

t/J~(x,t) 1~exp{—im(tcoshfl— xsinh/3)}; çi~’,,~,exp{irn(tcoshfl— xsinhl3)};
(0.5)

IIi;(x,t) ~ exp{im(tcosh/3— xsinhf3)}; ~i’~ ~ exp{—im(tcosh/3—xsinhf3)}.

Theexpressionof det HH~
1 will containthe quantitiesa,,,definedby

i/Ip~’(X,t) t’~,’co~~ a,,(/3) exp {irn(t cosh /3,, — x sinhf3~)}. (0.6)

The secondimportant componentof the detHH~’ will be obtainedfrom the asymptoticsof
i/i,~’(x,t)att —cc:

~x,t) ~ exp~—im(tcoshfl— xsinhfl)} +$cp~exP{im(tcosh~— xsinhy)}dy. (0.7)

In the determinantsevaluationwe shall use the conventionaldefinitions m2 —~ rn~— iO. The
ultraviolet divergenceof det” “2HH~ can be eliminatedby the counter-term(3.5.5)

AL = _2~D(0) Id2xv~~(u)— m2, D(0) = I dk,,,,, (0.8)
8ir jk +m

In paragraph5.1 the general formula for detHH
4’

1 is derived,in paragraph5.2 the one-loop
correctionfor the structurelesssoliton massis evaluated,paragraph5.3 containsthe calculation
of the periodic solitonmasscorrection.In paragraph5.4 we calculatethe one-loopcorrectionto
the S-matrixof two structurelesssolitons.All the generalformulaewill be illustratedby the sin ‘P2

model. In paragraph5.5 onecanfind the final resultsfor the sin ‘p~model.

5.1. Theone-loopcorrections

We haveto evaluatethe determinantof the operatorH presentedabovein (0.3). Note, that the
potential v”(UNS) doesnot decreasealongthe classicalsolitonsworld lines.

It is moresuitableto examinethe differentialof ln detH than the determinantitself. We have

d Tr In HH~’= $ R(x, t,Ix, t) dv(x, t) dx dt, (1.1)

whereR(x
2,t2 lxi, t1) is thekernelof theresolventof theoperatorH; we canexpressit as abilinear

combinationof the functions i/,’ and i/i~’(A.5.3)

R J’i,l,_(t2)W”’iji~i(t1), t2 > t1

(t2 t1) = l~+(t2)(WTr1~~(t2), t2 <tl. (1.2)
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Here~j+ (t), i~- (t) arethe positiveandnegative-frequencysolutionsof the homogeneousequation.
Weuseshortmatrixnotationsfor them,consideringthespatialcoordinatex andthewavenumber
/3 as the matrixindices.

The Wronskian

(1.3)

is describedin Appendix 5 for the threecasesto be consideredbelow. (Seealso the endof this
paragraph.)Substituting(1.2) into (1.1) we get

din detH = Tr~_W1~ dv; Tr~’A= Jdt JdxA(x~tix, t). (1.4)

In orderto transformthisexpressionwe takethe derivativeof equation(0.4)

d~H + ~ dv = 0 (1.5)

andsubstituteinto (1.4). We get

d in detH = — Tr~’i~_W’ diflH. (1.6)

Integratingthis expressionby parts,recalling equation(0.4),we obtain

din detHH~’ = tr W1(d~~ ~ — tr W
0_1(d~+~ctio~)~. (1.7)

Here tr meansan integrationover x but not over t and i/i0 meansthe free equationH0i/i0 = 0

solutions.Another expressionfor this quantity can be obtainedby interchangingi/i + and i/i

din detHH~” = —tr W1(d~)~ + tr ~ (1.8)

Theseformulaeexpressthe differentiald in detHH~throughtheasymptoticalcharacteristics
of the homogeneousequationsolutionsi/i ÷andi/i.,., hencetheyprovideall theone-loopcorrections
calculations.Otherauthors[10,99—101]evaluatethe in detHH~’asa sumof theFloqueindexes
ofa systemenclosedin abox but we luckily canavoid thesecomplications.

Note that in detHH~’is translation-invariant,hence

tr w-’(~-~)~~)= 0 = tr[~ ~- ~_~]W”. (1.9)

As an examplelet us calculatedetHH~” when v(x, t) in (0.3) decreasesin all directions.In this
casewe haveat t —s + cc

i/i~(x,t) = exp { —im(tcosh/3 — xsinh /3)} (1.10)

andat t —, — cc

i/i~(x,t) = exp { —im(t cosh/3 — x sinh13)} + JdVc~~exp{ —im(tcoshy — x sinhy)},
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wheretheoperator(1 + e) is unitary becausethefollowing Wronskiandoesnot dependon time:

$ i/~~p(x,t)~i/i±~(x,t)dx = ±4iriö(/1— V). (1.11)

The WronskianWis then

$ i/ii ~ dx = 4iri(1 + ~

It is clearthat the formula(1.8) becomes

din detHH~ = ‘~ $dxdfldV~(1+ ê)~’~4-dê~
5~. (1.12)

Using(1.11) andtaking the integraloverx we find at last

lndetHH~’= indet(1 + ~). (1.13)

This expressionis aLorentzscalar

det(LI + rn
2 + v(xcosh’p — tsinh’P,tcosh’P— xsinh’p))H~”; (1.14)

it doesnot dependon ‘p.
Now at theendof theparagraphwepresentthe Wronskiansfor thethreemostimportantcases,

see Appendix 5.
For thestructurelesssoliton(A.4.8):

J exp { —imtcoshy}f
7(x)~-exp {imt cosh/3}g~(x)dx = 4iria(V)ô(y — /3). (1.15)

For the two structurelesssolitonsscattering(A.5.24):

$ dxi/÷p(x,t)~i/i~(x,t) = —4iri(1 + c)~~a1(fl— ‘p1)a2(/i — ‘P2). (1.16)

For the periodic soliton we write the completeset of solutionsin such a way. We define the
vector U = {u,,}

I .(v+2atn~1u,,(t) = expt_1~,, T )t (1.17)

andthe matrix solutions(A.4.18)

f~(x) Je~~+ e~’~Rf~(v); x —~ — cc; (118)± ~e~~xDi±(v); x~ +cc;

(e±Dg±(v); x —s —cc;
g (x)-s4 ..± ~e~” + exRg±(v); x +cc;

andwrite the Wronskianof the homogeneousequationsolutions(A.4.15)

(u5(t)~~(x)) (u5(t)j~(x)). (1.19)
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The Wronskianis (A.5.14)

$ dx(~(x)u51(t))~-(u52(t)f~(x)) = -4atiTk(v1)D1~(v1)~(v1- V2). (1.20)

5.2. Theone-loopmasscorrectionfor the structurelesssoliton

We shall calculatea one-loopcorrection to the mass of the structurelesssoliton (4.1.1) with
the propagator

G(t”, q”~t’,q’) = det” ~
2HH

4~’ ~ exp { — jM~ ~,/i — y
2 (t” —

d2 d2 (2.1)

H = — + v”(u
5(r)), y = tanh’p,

consideredin paragraph3.1. Here u,(r) is the classicalstructurelesssoliton dependenton the
variables

r = x cosh‘p — t sinh ‘P~ ~ = t cosh‘p — x sinh ‘p.
We representthe deF“

2HH~ as

det”~2HH~’’= exp{—iAM~,Jf”i ~ — t’)} (2.2)

with AM the one-loopmasscorrection.For calculationof detHH~’we havethe formula(1.7).
We takethe functionsi/4 andi/i’ from Appendix4:

i/i,’(x, t) = exp{ —im cosh f3 r}f~(r), i/i~~(x,t) = exp{im coshf3~‘r}gp(r). (2.3)

For the discretespectrumwe havethe solutions

= exp { —i~/~’~”i”E,,t}’p,,(r), p,~’= exp {i,,Jm2 — E~’r}’p,,(r), (2.4)

and

‘ru’,(r), u’,(r).

Hereg~andf~are the sameas in (A.4.8). We take the derivativeof in detH with respectto p and
write it in the form

d /d d\
— = —l x— + r— J, (2.5)
d’p ~dr dtj

andso far have

ln detHH~’= ~- $ dx d/3[i/1~t di/,’/d’p — d ~ ~“

i 1 _-. d ~ (2.6)
— 2 ~ E,, ‘P~ ‘P~

We presentthe expressionin the squarebracketsasa sumof two terms:
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_____ di/’ +

= cos~’p~tã~

— cosh ~ -~ — ~t[r~~ — tanh‘pr~~l1 (2.7){ 1 di/i~ dr

The curled bracketdoesnot dependon t andis cancelledin (2.6) so it becomes

d
— ln detHH”1 (t” — t’) 11 Idx dfl[~’~~dI//;/dr — i/,~

0 = — cosh’p t4i~i. L a(/3)
d’p

(2.8)
i

- 2~m2_ En’Ptdr’Pfl}~

Demonstratingthe derivativein details

= exp{im’r cosh f3}
= exp{im’r coshfl} ~‘-gp(r) 1cosh‘P

1 d (2.9)
= im cosh f3 tanh‘P i//” + cosh t’p dx

we see the secondterm of it to give no contributioninto (2.8) accordingto (1.9). So (2.8) turns to

Tr~’lnHH~’1= im(t” — t’) ______d’p cosh2’p sinh ‘P{~
1$dflcoshfldx[~ ÷~‘ — i/iosoti/iop]a(fJ)

(2.10)

We canusethe formulae(A.6.2), (A.6.14) to evaluatethe integraloverx andobtain

(t” — t’) im
Tr~’In HH~ = — 2i 2 sinh ‘p — df3sinh /31 a

2(/3)
d’p cosh ‘p {8at$ na2(fl) + ~~rn2 — E~}.(2.11).

0

Thiscanbeeasily integratedover‘p

— Tr~,’1nHH~”= —‘1 .(t” — tI) {im Idflsinhflln a2(fl) l,,~.,
cosh~ 8at ~ a (—/3) + ~ ~1m~— E~} (2.12)

0

andthe masscorrectionAM is equalto

im a2(fJ) 1

8at$ a(-fl) 2,,AM = d/’3 sinh /3 in 2 + — ~ ~,/‘m2 — E,,
0

(2.13)
a2(/1) 1

imatm — ~-fd/3coshfl~ln a2(_fl)+ ~~sJm2 —

— 2ir 8atj
0
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in a(fl) —s sinhf3’ am = ~ J dx(v”(u5(x)) — m2).

The right side of this equalitydivergesin the ultraviolet region.Taking thecounter-term(3.5.5)
into accountwe arriveat the following correctionto the classicalsoiiton mass[9, 14,16, 17,25]

AM = ~ — E,, + + ~TJ’df3 cosh$[~ina~-~s)+ coshf3]~ (2.14)

The convergenceof the right-handsideis providedby the a
tm definition (2.13).

Within the sin ‘P2 modelall thesegeneralformulaebecome

2m2
2 (2.15)

cosh mr

= exp{ — im(’r cosh/3 — r sinh /3)} (sinh~ I tanh(mr))

so that

a(fl) = in a(fl) ~ ~, atm = 2i, (2.16)

see[13]. Theexpression(2.14) hasonly onenon-zeroterm,the secondone,andthe masscorrec-
tion is

AM = —rn/it, M = 8m/V — rn/it. (2.17)

Sothesin ‘P2 model solitonmassin the one-loopapproximationis foundto be

M = 8m/V’, 8iv/y’ = 8at/y — 1, (2.18)

cf. [9].

5.3. The one-loop correction to the periodic soliton mass

In this paragraphwe are going to calculatethe correctionfor the classicalvalueof the periodic
solitonmass,by meansof

= ~. —un nG(nT,0, nb,0, 0) = 5C1 + AS(T); (3.1)

scl(T) = d2x[~(ô,
5w)

2—

discussedin (4.1.7). We shallexpressthe correctionsAMk andATk throughAS(T) by solving the
system(2.2.9)
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+ AS + TM) = 0,

5C1 + AS + TM = 2irk (3.2)

by aperturbativemethod.It leadsto

AM,, =

AT — TAM(T~M(T~” (3.3)k — — ~ dT )!4\ dT ) T=Tk

andnow AS(T) is left to be found.OnemaydifferentiateTr in HH~” with respectto ‘p onceagain
andmakeclear the Lorentz invarianceof the perturbationtheory. But we shall usesomemore
convenientmethod.Let usdifferentiatetheTr In HH~’1with respectto t” keepingthe (t” — t’)/T

fixed andassuming‘p = 0. This meansto keepfixed the initial andthe final internal coordinate
valuesand to vary thetime of transitionfrom the initial stateinto the final state.It is easyto show
themasscorrectionto be

AM,, = ~ (3.4)

For the evaluationof in detHHIj” we haveto describeall solutionsof theequation

Hi/i = 0. (3.5)

This is donein Appendix4. Thesesolutionsareexpressedthroughthesolutionsof the Schroedinger
matrix equation(4.3.17)

[_~_k~ +o]f=o~

T (3.6)

v,,
1 = ~ j’dt exp{i~(n — l)} v”(w(x. 4, T)) —

f/v + 2irn\
2~ ) —m2

mT—v mT—v
1> ,2ir 2ir

The spectralparameterv belongsto the intervalmT < v <2it + mT. Considerthe matrix solu-
tions of this equation.The Schroedingeroperatoracts on the first index of the matrix solution,
the secondindex is avectorsolutionnumber.The scatteringsolutionsare

( ±ikx ~ikxD
e ,- e “f±~ x —~ — cc,f—u . (37)± te±~Df±, x~ +cc;

~ jeD~±, x-s —cc,g± le±+efh~~~Rg±,x—scc.
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Thecorrectionin detHH~canbeexpressedthroughthe S-matrixof aplanewaveon thepotential
of eq. (3.6). In Appendix6 weshowthat (A.6.23)

mT+2a

—iAM= ~ J dvSp~/P~1~

(3.8)

ID_idD D+ldD+ DLdD D+ldD+ 21 DmX ~+ dv ~+ + ~+ ~“ g + — f - f - — g - ~‘ g - — T

(D~),,,= (D~)
1,,= (D~÷)1,,= (D~i)1,,= s,,, + -~-—; 1 cc, n cc

2ik,,,

= -~- J~tJdx[v”(w(x~~~T)) — m2].

The traceof the curledbracketconvergesdue to thecounterterm (0.8) account.The corrections
of the mass,periodandactionareto be calculatedby the formulae(3.3).

Within the sin ‘P2 modelthe classicalsolutionis (1.1.28).The S-matrixis reducedto a perfectly
diagonalform, the potentialis reflectionlessand the transmissioncoefficient is (see(A.4.24))

R = R~= 0, (D~÷),,,= (D~)1,,= (D~),,,= (D~’i),,,= ~,,,a(v+ 2itn), v+2irn=mTcoshf3.
(3.9)

Thegeneralformula for the correctionof the actionbecomes

—AS(T) = iT~ indetHH~)I(,l~)/T (3.10)

imT imT d a
2(f3) 4am

= -~-—atm — -h-— j’ d/3 coshfl[~g ln a2( — /3) + cosh13]’

atm = limsinh/3ina(/3),

/sinh /3 + I sin 0’\2
a(f3) = I . .

\srnh /3 — i sin 0

The integralis easyto evaluateandwe find

AS = —[—2it + 4(0 — tan 0)]. (3.11)

Weshalldropthe2ir becauseAS is alwaysto beplacedinto exponents.So the one-loopcorrection
for the actionis found to be reducedto the replacement(4.1.9), (4.1.10)

V —~ ‘Y” 8ir/y’ = 8it/V — 1. (3.12)

Finally the periodic soliton spectrumis [9]

M,, = (16m/y’) sin (V’n/16). (3.14)
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Note that the secondequationof (3.2) leadsto the following Bohr—Sommerfeldrule:

= (y’/l6)n. (3.15)

TheclassicalBohr—Sommerfeldrule was 0,, = (V/l6)n. It is clearthatpassingfrom the semiclassical
to the one-loopdescriptionof the nth periodicsoliton statewemust replace

O —+ 0 + 50, 50 = -2’--O. (3.16)
8ir

This will help usto choosethe right sort of variablesfor theS-matrixcorrectionsevaluation.

5.4. Theone-loopcorrectionto thestructurelesssolitonsS-matrix

To calculatethis correctionwe shallexploit the definitions (3.2.7)and the approximation(0.2)
for the propagator.So we get for the oneloop correctionto the S-matrix

[ det H(u
55)H~’ 1- 1/2

— ‘P2) = [detH(u15)H~” .detH(u2s)H~ij (4.1)

H(u) LI + v”(u); S(~p1— ‘P2) = S—~(’p~— ‘P2)So(’P1 — ‘P2)~

recollectingalso(4.2.1), (4.2.2), (4.2.3), (4.2.5).

We haveto describeall the solutionsof the equation

H(u,5)i/j,1 = 0 (4.2)

for calculationof the(4.1) by theexpression(1.7).Butpreviouslyweshallwrite inamoreappropriate
way the solutionsof the homogeneousequationwhen only oneof the two solitons is present.
To makethe formulaemore readablewe considerherethe simplestcasewhenboth the soiiton
potentialsare reflectionless,

i//1,2fl(x, t) = exp { —im(t cosh/3 — x sinh /3)}a1 2(r1,2,/3 — ‘p1,2);

~2(x, t) = exp {im(t cosh/3 — x sinh fl)}a12(fl — ‘p~2)at1 2(r1 2; ‘P1.2 — /3). (4.3)

Theseexpressionsdefinethe functionsai,2(r1,2,/3) uniquely.Theyhavethe following asymptotics:

a12(r12,~ — 1, a1,2(r1,2,/3) ri,2—.tm a1,2(f3), (4.4)

al,2(f3) = a1,2(—I3) = a~(fl).

We write all the formulaein the coordinatesystemwith its origin at the solitoncenterof mass.
The quantitiesa12(r12,/3) are non-constantonly in their soliton’s vicinity. Now look at the
functions i/4~x,t) for both solitonspresent.At t = t’ —~ — cc the first soliton was situatedvery
far on the left side of the x-axis,and the secondvery far on the right, ~t thepoints t’ tanh‘Pi and
t’ tanh‘pa. At t = t” —s cc the picture will be the samebut the solitons will havechangedtheir
placesand their coordinateswill be

1
t tanh’P1 + A~ ~ A(’p1 ‘P2)

~ ~ costs‘Pi
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and

t”tanh’p2 — 1 A(’Pj — ‘P2); ‘p~>0, ‘p~<0.
~ ‘P2

When the solitons are far apartthe plane wave i//p scatterson them independently,and the
S-matrix is, roughly speaking,factorised.But whenthey areclose to oneanother,the scattering
on the potentialsoverlapregion makesthe planewave becomeat t —s — cc the sum of the plane
waveandof the wavepacket

i/’~ ~ exp{ —im(t cosh /3 — x sinh f3)} + $cp~exp { —im(t coshV — xsinh V)} dV. (4.5)

Now wehaveall necessarynotationsto presentthefinal resultof thisparagraphbeforestarting
its actualderivation.Weshallfind the two-solitonelasticscatteringmatrixin the one-loopapproxi-
mation to be

4’14,2 tm

S(’Pj — ‘p2) = ZexP{_i j’ A(f3)d/3 + i—’ $ d$~lna1(fl— ‘P1)lna2(fJ — ‘P2)

-tm (46)

— iA(’P1. — ‘P2)°~(’Pi — ‘P2) — ~ 5 d/3[ln (1 + ê)~— ctm]}, ‘P1 > ‘P2•

Herethe in (1 + ê),,,~is the kernelof theoperatorln (1 + é) and

c
tm = lim cpp. (4.7)

All the termsin the exponentareconvergent.The very last term is thetransformedcounter-term
(0.8). The constantfactorZ shouldbe foundfrom somesupplementaryrequirements,e.g.from the
crossingsymmetry.The function w(’p

1 — ‘P2) is arbitrary,becausethe correctionis dependenton
the type of variablesit is calculatedin.

As a matter of fact, the relation betweenthe variablesthat describethe two-body processis
changedby the passingfrom the semiclassicsto the one-loopapproximationdueto the masses
renormalizationMCI ~s MCI + AM. Our correctionis calculatedwith the fixed solitons’velocities,
i.e. asa function of ‘Pi — ‘P2. A quantityanotherthan‘P1 — ‘p2 being keptfixed would havecom-
pelled us to replace ‘Pi — ‘P2 —~ ‘p~— ‘P2 + co(’p1 — ‘P2) in the one-loop approximation.The
function w(’p1 — ‘P2) mustcompensatethe fixed quantitychangecausedby the massrenormaliza-
tion. For example,if onewantsto fix the Mandelstamvariable

= (2Msiflh’Pi — ‘P2)2

thenhe ought to assume

— ‘p2) = —21tanh ‘P2

All this depictsthe ununiquenessof theexpansionin powersof V~but the exactquantumS-matrix
is unique.
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Let us learnat last how theexpression(4.6) is derived.We rewrite in detailsthe asymptoticsof
the equation(4.2) solution which is of a plane-wavetype at t —s — cc. The negative-frequency
solutionsbecome:

i~’~(x,t) = exp{ —im(tcosh /3 — x sinh/1)}a1(r1, /3 — ‘p1)a2(r2,P — ‘P2). (4.8)

The coefficientsa1,2(r1,2)arenot constanthereonly in thevicinity of their soliton,andthepositive-
frequencysolutionsare

ifr;(x, t) = exp {im(t cosh/3 — x sinh fJ)}a1(/3 — ‘p1)a1(r1, ‘Pi — /3)a2(f3 — ‘P2)a2(r2, ‘P2 — /3).
(4.9)

We represent(4.1) as aproductof the two factors:

~10 = exp { —1Tr~’ln H(u,5(x,~ q2
0, tanh‘Pt tanh‘P2))}

0 A(’p
1 — ‘P2). ~_______ 0 A(’P1 — ‘p2).

exP{_.~Tr~oin H(uis(qi + M1 cosh‘Pi ~~9)—’~Tr~in H(u2s(q2— M2 cosh‘P2

(4.10)1
x exp { —‘~Tr~In H(u15(q~‘Ps)) — j’Tr~ln H(u25(q~‘P2))}’

exp{_~Tr~lnH(uis(q0+1~’P1— ‘P2). )) 1T~lnH(uls(~?;’Pl))}~‘Pi 2
1 M1cosh’P1

S20=exp{_ffr~:lnH(U18(q~_(~,,—t’) M1 cosh’p1 M1 (t” — t’

)

t’ A(’p1 ‘P2). A(’p1 ‘P2).C0Sh’Pi))}
,‘p1+

(4.11)
0 A(’Pi — ‘P2);’P2)) — ~Trr in H(u2,,(q°2,‘P2))}

exp{—‘~Tr~in H(U2s(q2 — M2 cosh‘P
exp{ —if r~’in H(u2s(q~+ t’ A(’p1 — ‘P2). A(’p1 — ‘P2). cosh(P2\

(t” — i’) M2 cosh‘P2’ ‘P2 — M2 (t” — t’)))}

u~(x,tltanh ‘P~q)
(4.12)

S~(’p~— ‘P2) = S~~(’p~— ‘P2)520(’Pi — ‘P2).

Figure 3 pictures“the trajectoriesof the solitonsat the nominatorand in the denominator”of
the first factor.

_______ 7/_” _______t________________ ________________ ________________ t.

____ N~ __

/1 Fso~j ~~3O&~fl

— ‘/‘ N Fig. 3. Fig. 4.
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Thewavylinesandthe brokenlineson fig. 3 representthe“solitons’ trajectories”in thenominator
andin thedenominatorof (4.10) correspondingly.Figure 4 representsthe samefor the second
factor (4.11) of S~,the wavy linesdepict the nominator’s“trajectories” and the broken lines the
denominator’s,as above.

To evaluate~20 (4.11)we needjust the single-particlepropagatorsin theone-loopapproximation.
A trivial calculationleads to

I (AM1 AM2
S2o(’Pl — ‘P2) = exp1—iA(’p1 — ‘P2)~Mcl tanh’p1 — _M’~’-tanh’P2j~. (4.13)

To calculate~ we can use(1.8):

Tr~’ln HH~= ~~-~-‘$ dx d/3dY[(~~’Y) (1 + c)~’— ‘~‘~ ~~‘~‘-~ ~::•
(4.14)

Let usassumefor a while thediscretespectrumto be absent.For the single-solitondeterminants
in thedenominatorof (4.10) wecanemploy an analogueof (4.14)andget

Tr~in H(u15)H~= ~- $ dx df3[i/’÷’P1~’fl — l//+op~t~ ~ :o~ (4.15)

Let usexpress(d/d’p1) in ~ with helpof (4.14) and(4.15).First of all we oughtto takeinto account
thecontributionatt0. It is “single-particlereducible”,i.e. it lookslike theformulaeof paragraph5.2.

The contributionto the term (d/d’p1) ln ~ at the moment t0 is equalto

1 1 1 dxd/3 [ + 7 A\-. d _( A’\ + ~. d - 1
— 2 4iri J a~(/3— ‘P1) [i/u1~~t~ r — ~)a~ -a—— i/i~y. r — -~—)— i//~(’r,r)3~—~’--—i/i1~(r,r)_I ;~

(4.16)

Wehavewritten out only thetermwhichis localizedin the regionof the first soliton. Thefunctions
are the singie-solitonplanewaves (4.3). The derivative (d/d’P1)i//~’(r,r — AIM1) can be re-

written as

d _( A\ a ,( A\ A’ d - / A~
— M—) = ~—i/i1~~x,r — ~j—) — M_~~~i/l13~t,r— xi—) (4.17)

and(4.16) we rewrite as

1 1 1 dxd/3 [ +1 A\.-. a _7 A\ + d -

— 2 4iti j ai(f3 — ‘P1) L~1fl~t~r — ~j_)a4~-‘~— i/i ~ r — ii—) — i/i ~ r)a4 ~— i/i ~(t, r)

A’ 1 dx d/’3 A d A (4.18)
+ ~~$a(/3 - ‘P~)~(’— ~)a4~~(t~r -

Its first termcan becalculatedsimilarly to (2.6) andappearsto be

d ( . AM At’~” — . AM1 A(’Pj — ‘P2) 4 19
[~~‘~k~”cosh’p1 )j ~t’~/Misinh4,i — Mi cosh

2’P
1 ( . )
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The secondterm is calculablelike (2.8), it is

i tanh ‘Pt A’(’p1 — ‘P2). (4.20)

The analogouscalculationsof the terms localizedin the region of the secondsoliton allow to
expressthe completecontributionof t = t0 termsto the derivative(d/d’P1)ln S~as follows

d rAM1 .AM2 1

‘Pi A(’Pi — ‘P2) — 1 ci tanh‘P2 A(’p1 — ‘P2)]. (4.21)
d’p1 M1 M2

Comparing(4.13) and (4.21) we seethat theycanceloneanother,andwe canforget them.All the
correctionto the S-matrixturns out to be the lower limit contribution t = t’ at (4.14). The upper
limit contributioninto (4.14) is zero.This is not too difficult to understandnoting that (d/d’P1)
x i/i,’ (x, t) is non-zeroonly in the region of the first soliton andat the right-handside of it. But
at the right-handside of the first soliton the factor at the (d/d’p1)i/i~(x,t) becomesaplanewave
~ Hencethe contributionof(d/d’p1)i/i~’(x,t) on the upper limit is cancelledby thedenominator
of (4.10) contribution.

So far we havefound the upper limit t = t” contributionto the (d/d’p’) in ~ to be zero.Now
we haveto examinethe lower limit t = t’ contribution,which is the sum of two terms.The first
term originatesfrom thed~:

~ f dx dfJ dV(i/’+~(1+ c)~,t~t(d/d’pi)tiyi,o) (422)
8iri J a1(/3 — ‘P1)a2(/3 — ‘P2)

Rememberingthat (A.5.23)

$ dxi/+~~-~6= —4iti5(fl —

5)a
1(fl — ‘p1)a2(/3 — ‘pa), (4.23)

we canfind analogouslyto (1.13) thecontributionto (d/d’p1) In ~ to be

~‘—[—+lndet(1 + a)]. (4.24)

Another term from the lower limit t’ into the (4.14) arisesfrom (d/d’P1)a1(r1/3 — p~) andafter all
cancellationsturns out to be

~ $ d/3dx d in a1/l—p~~ — ~ (4.25)

The functionsi/i~arethe sameas in (4.3). The integralx canbeevaluatedas it is shownin
Appendix 6 (see(A.6.2))

$ dx[i/’~~’2fl — i14~~ti/i~~]= — 2 ~ln a2(fl — ‘P2)~ (4.26)

so that (4.25) becomes

~_[_ ~_$dfllnai(P — ‘P1)ã~lna2(fl — ‘P2)]. (4.27)
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Collectingall the termsfor So(’Pi — ‘P2) weget the final expression

5o(’P~— ‘P2) = ZexP{_~lndet(1+ ê) +~_‘$d/3~lnai(/3— ‘P1)lfla2(13 — ‘P2)}~ (4.28)

which was presentedabovein (4.6). It will not be alteredby an accountof thediscretespectrum.
It is clearfrom the examplesdiscussedabovethat we cancalculatea one-loopcorrectionto

anyprocessthatcanoccurto solitonsby meansof the formulae(1.7) and(1.8),thusneedingneither
finite boxesnorFioquetindexesin thescatteringproblemsandobtainingtheresultsin themanifest
Lorentz-invariantform.

Considernowthesin ‘P2 model.Dashenetal. hadnotedin [9] thefollowing. The periodicsoliton
scatteringon the systemof two structurelesssolitons describesin the limit 0 —s 0 the scatteringof
aplanewave on the samesystem,whereasthe periodicsoliton scatteringis knownexplicitly [35],
andwe can easily seethat C = 0.

Thetransmissioncoefficientsa(JJ) appearas (2.16)

a~(f3)= a2(13)= :::~:~ (4.29)

The S-matrixcorrectionis obtainedfrom (4.6)

I[i f’P÷”’P_ 8 d 1

= 1 exP1_[— + (,,~— ~ — —w(’P÷‘_~_)) d(’P+ — ~)j (4.30)

C /e~ ~e
t° + 1

x ~d0ln(\ (e4~—~~-+ c1°

Let us discussnow what variablesare the most natural in the quantumsin ‘P2 model. Note
first of all that two classicalsolutions,the periodic soliton (1.1.28)and the soliton—antisoliton
solution(1.1.35)are relatedby the analyticcontinuation

~‘p+ ‘P~)i(~_0). (4.31)

It seemsnaturalto preservethis relationin the quantumdomain as well. Passingfrom the semi-
classicsto the one-loopapproximationweought to change0 in order to retain the samequantum
numberof the periodicsolitonn in spiteof the renormalizationV —~ y’ (3.16). Henceit is natural
to suggest

(4.32)

This will cancelthe last term in (4.30). So we obtain the soliton—solitonS-matrix in the one-loop
approximation

- ‘p) = -i exp{i!~+ !j~dOln(~’P~±’0}{t~O})}; (4.33)

8it/y’ = 8ir/y — 1.
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The soliton—solitonS-matrix in the one-loop approximationis calculablejust in the same
manneras the soliton—ant~solitonS-matrix.The one-loopcorrectionis reducedto thereplacement
V —~ V’ in the semiclassicalresult(4.2.20).

5.5. The survey of known results for the sin ‘P2 model

It hasbeenconjecturedin [9] that all the one-loopcorrectionsin thesin ‘P2 modelare reduced
to the replacementV —s V’~8n/V’ = 8it/y — 1. This was proved by direct calculations.The mass
correctionsfor the structurelessand periodic solitons werecalculatedin [9, 14]. The one-loop
correctionof the two structurelesssolitons’S-matrix was derivedin [98, 99, 100]. The samefor
the periodicsolitonswas donein [100], and the N-solitoncasewas consideredin [101]. The one-
loop correctionfor theabove-barriersolitonreflectionwas calculatedin [102].

In thepaper[9] it wasalsoconjecturedthatthe one-loopmassspectrumof the sin ‘P2 modelis
exact

MrJM
1 = sin(~n)/sin (~l). (5.1)

This was demonstratedin [103] to be true. Later it was found out that this form of the mass
spectrumis a consequenceof the infinite number of conservationlaws (1.1.44)of the model.
In ref. [74] it wasdemonstratedfor the first time that theseclassicalconservationlawslay down
someprincipal restrictionson the S-matrix, e.g. they prohibit the multiple production.Next it
was shownin [104] that in the exact quantumtheory all the physicalconsequencesof thecon-
servationlaws are the same.It is alsoclear from [105] that theseconservationlaws makethe
N-particleS-matrixfactorizableinto thetwo-bodyones.The paper[106] provesthatin thesin ‘P2

modeltheform of themassspectrumis aconsequenceof theS-matrixfactorization.
Considernow the two-solitonS-matrix. Theone-loopexpressionof the S-matrix(4.33) makes

possiblethe following hypothesisabout the form of the S-matrixat V’ = 8it/N whereN is some
integernumber.It wasconjecturedin [13, 14] thatfor suchv’

— N”i exp{~÷— ‘P—} .exp{ —iitk/N} + 1
<v+,v,..ISIv÷,v...>— ö(-p÷ — ‘P+)ö(’P_ — p) ~

=i exp { ‘P + — ‘p - } + exp{ — iirk/N }
‘P+ > ‘p.,,, (5.2)

for the soliton—antisolitonscattering.We just replacethe integral in (4.33) by its integral sum:

~ Idolfl(~P{’P÷— ‘P_}exp{—iO} + 1\~N1 (exp{’P÷— ‘p}exp{—iitk/N}+ 1
it J ~ exp{’P+ — ‘p} + exp{—iO} ) ,,=i exp {‘p+ — ‘P-} + exp { —iirk/N}

(5.3)

The above-barrierreflection factor expression(4.4.8) andthe explicit form of the S-matrix at

= 8it/N, i.e. at the valuesof y’ which nullify the reflection lead us to the idea that the solitons
scatteringin this modelis a relativisticgeneralizationof theplanewavescatteringon the potential
u0/cosh

2x.The values V = 8it/N are the analoguesof the valuesu
0 = N(N + 1) which also turn

the reflection into zero.This observationandthe conjectureaboutthe meromorphicdependence
of the S-matrix on the rapidity proposethe hypothesisof the two-soliton S-matrixexactform at
anyvalueof the couplingconstant[107]:
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<v~.,v1lSiv’+,v’L>= 5(’p’,~ — ‘P’+)5(q1 — ‘p’4D(’Pi~ — ‘p1)

+ ~(qi~ — ‘p1)ö(’p1 — ‘p~)R(’p~— ‘pl)D(q,~— ‘p1); (5.4)

D(O) = — sinh (‘~-~o”~r(!~r(i+ ~-‘~r’(i — !.~.— ~1,(O)F
1(iit— 0)

i~ \ V I \ V I V J ‘~ V V j 1=1 D1(0)D1(lir)

with notations

R(O) = — sin (81t
2/V’)

sinh(8itO/y’)’

— F(l6lir/y’ + i80/y’)F(l + l6lit/y’ + i8O/y’) (5.5)
~(O)— F((21 + l)8it/V’ + i80/V’)F(l + (21 — l)8ir/y’ + i80/y~

The soliton—solitonscatteringmatrix can be obtainedby the analyticalcontinuation into the
cross-channel.This hypotheticalS-matrix is unitary and analytic, its expansionreproducesall
the knownresultsobtainedby the perturbationstheory.The mostcompactform for this S-matrix
was given in [108],

D(O) = ex Si 1~-~sin [x(i— 0/it)] sinh [x(y’/l6it — ~)]1 (5 6)
p ~ x sinh(V’x/16it) cosh(x/2)

0

The N-soliton S-matrix factorizationenablesto constructit of the two-soliton ones,this was
performedin [109]. So the scatteringmatrix for the processeswith periodic solitonsappearsto
be derivabletrivially by tending the Mandeistamvariable of two structurelesssolitons in the
N-solitonmatrix to the polewhich representsthe nth stateof periodicsoliton,becauseaperiodic
soliton is aboundstateof two structurelessones.

This procedurewas carriedout in [109] and the matrix of the structureless-periodicsolitons
scatteringwas found to be

S~~~(o)— sinh 0 + i cos(ny’/16) “~ sin2((n — 2l)y’/32 — ir/4 + iO/2) (5 7)
— sinh 0 — i cos(ny’/16) 1=1 sin2((n — 2l)y’/32 — ir/4 — iO/2)~

The periodic—periodicsolitonS-matrix similarly is

S(n.m)(O) — sinh O+isin ((n + m)y’/16) sinh 0 + i sin ((m — n)V’/16)
— sinh 0 — i sin ((n + m)V’/l6) sinh 0 — i sin((m — n)V’/i6)

~ sin2((n — m — 2l)y’/32 + iO/2) cos2((n+ m — 2l)y’/32 + iO/2) (5.8)
X ~ sin2((n — m — 2l)y’/32 — iO/2) cos2((n+ m — 2l)y’/32 — iO/2)’

see also [110].
Note the loweststatesn = m = 1 periodicsolitonsS-matrix to beidenticalto the S-matrixof the
usualparticles[96]. So we arrive at the completeS-matrix,form in the sin ‘P2 model, keepingin
mind that the usualparticlesstatesarethe excitedstatesof aperiodic soliton(paragraph4.5).

Thesamestatementis truein theThirring model,becausethe Thirringmodelwith the Lagrange
function

= $ dx{ii/~ — - ~g(~y~)2} (5.9)

was demonstrated[111—113]to be equivalentto the sin ‘P2 with the coupling constantsbeing



L.D. Faddeevand YE.Korepin, Quantumtheoryof solitons 69

relatedby

1 + 2g/ir =
8it/V’. (5.10)

Conclusions

We hopeto haveconvincedthereaderthat thequantumtheoryof solitonshassomeattractive
properties.

1. The Lagrangefunctionof the theorycontainsfew fields but producesarich particlespectrum.
In the weak couplingapproximationthe solitons interactstrongly.

2. The solitons possessanew quantumnumberof a topologicalorigin which can be regarded
as the charge.

3. In the weak coupling approximation there exists a well developedperturbationtheory.
The quantumcorrectionsare small at the small coupling and all the non-analyticcontribution
to the observablesis derivedfrom the semiclassicalapproximation.

Appendix I

We give herea more generalderivation of the quantummechanicalS-matrix. Considerthe
scatteringof severalparticlesin thelaboratorysystem.Let G(t”, {q”}It’, {q’}) betheir propagator.
It doesnot changeafter thesimultaneousshiftsof coordinates

G(t”, { q” } It’, {q’ }) = G(t” — to, {q” — q

0 } It’ — to, {q’ — q0 }). (A. 1.1)

The wave packet

~ t) = ~$c~(k)exp{ikx} exp{ —i(k
2/2m)t}dk (A.1.2)

describesthe free motion of the particle numberj with the momentumdistribution c~(k).By
definition theS-matrix elementbetweenin andout wavepacketsis given by

ji $ ct(k~)S({k”}, {k’ })c
1~(k~)dk” dk’ = Jim $ i/i~~(q~~)G(t”,{q”} It’, {q’})~~’(q~’)dq” dq’.

I’ t’-—co (A.1.3)

We evaluatethe integral(A.1.2) by the stationaryphasemethod

$ c(k) ~ikq e ~/2m)t dk (~~)1/2 exp{imq
2/2t}c(mq/t).

The e.xpression(A.1.3) can thenbe rewritten as

J ii dP~’~~dct(P~~+ m~~i~)[(tfl)l/2 exp{~~ (~‘t” +

x G(t” — t
0, {~ii~”+ ~ — qo}~t’ — t0, {?J’t’ + q~— qo}) (A.1.5)

x (it~)l/
2 exp{_i ~(~?~i’ t’ + q’oj’)2} c

1~(~.+ m ~t~); ~ = m ~ p~= m ~
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At thefirst stepwe assumeq~1~= ~ = 0. Taking into accountthat

1 m \1/2 I (q” ‘— q’)
2)

G(t”, q”~t’,q’) = ~2iti(t” — t’)) exp
1im 2(t” — t’)~’ (A.1.6)

anddifferentiating(A.1.5) with respectto c wecometo theexpressionof the S-matrix

S({ “} { ‘} — F G(t”, {(p”/rn)t”}It’, {(p’/m)t’}) A 7
p p — ~ fl~ ~/~G(t”, (,p~~/m)t”Ito, q0) ft ~/5G(t0, q0~t’,(p./m)t’)~ ( .1~

Next weconsiderthecaseof q~°”~ 0, q~’~ 0. Weexpandtheexpressionsof type c(p~+ mq’,~~/t”)
into the seriesof the rnq~~/t” powers

+ in ~‘)= ~-~(m9~J’~ (A.1.8)
t n=ofl. t

The existenceof the finite limit of the operatorkernel (A.1.7) makessure that all the termsof
this seriesexceptof the zeroterm shallnot contributeto the (A.1.5). This leadsus to

S({ “} ~ ‘} — 1. G(t”,{q”}~t’,{q’}) . A19
p ~ — co ~ %,/~G(t”, q~~to,q0)G(t0,q0~t’,q;~)~ ( . . )

q” = ~—t” + q~ q’ = ~—t’ + q’0,

whichis a resultwe havereferredto in the main text.

Appendix 2

Consideranumberof particleswith bothtranslational{q,} andinternal{~~}degreesof freedom
(2.1.19). Let their interactionpotential dependon q and ~.We shall write down the matrix
elementof the scatteringof N incomingparticleswith momenta{p} andquantumnumbers{k}
forming N” outgoing particles with momenta{p} andquantumnumbers{k’}

L

= [‘I [‘I $ dq’dq
1dc~d~

j=1 t=1
“tm (A.2.1)

x i7.~({q~},{~},t”)G(t”, {q~}, {~}It’,{q}, {~})i//({q;}, {~},t’).
{py}, {k;’} {p~},{k~}

We representthepropagatoron thecircle (2.1.20)as asumof the propagatorson anaxis (2.1.23)
in aperiodicpotentialandexploit the periodicpropertiesof i/i with respectto ~. Then(A.2.1) can
be written as

fl dq~dq dc~d(~q~},{~},t”)~(t”, (q~},{~}It’,~q},{~})~({q;},{~},t’). (A.2.2)
“~ ~ ~p~},{k~’} (p},{k~}
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The operatorkernel C is defined by the contribution of only onestationaryphasepath in the
functional integral,it is the propagatorof the correspondingSchroedingerequationwith all the
variableson an axis. So we havereducedour problem to the scatteringproblemwith all the
variablesdefinedon the real axis.Thereis an appropriatedefinition for the S-matricesof thiskind
in the Appendix 1. We shall use correspondingquantum-mechanicalformula. Considerthe
Schroedingerequationfor a numberof particlesin a periodicpotential V(cc) interactingwith each
otherby someshort-rangepotentialsdependentonly on thedifferenceof theparticles’coordinates.
The correspondingS-matrix will be

k” S k’ — l~ C(t”, {~}It’, {~}) fl~1i/~~.(O)ifr1(O)

— I-li ~J~C(t”, a~tO, 0) ~ ~/~C(to, 0 t’, ~
= Lt”/T,,~, ~ = Lt’/T,,. (A.2.3)

It canbe derivedin direct analogywith (A.1.8).
The denominatorcontainsthe product of the single-particlepropagators.At the moments

t”, t’ their coordinates~ arethe sameas the interactingparticles’ coordinatesin the nominator.

Appendix 3

For the diagramtechniquewith thepropagator(3.1.1)we aregoing to demonstratethepossi-
bility of thereplacementof the Greenfunction (3.3.8) by the Greenfunction (3.3.26)on thestruc-
turelesssoliton example.Considerfor simplicity amotionlessv = 0 soliton’s propagator(3.0.6)

G(t”, Ojt’, 0) = J’ exp{~$ .2’(u5(x) + ~ dt} fl d’p

(A.3.1)

= exp { — iMc~(t~l — t’)} Jexp{ — d
2x’PH’P — i ~ V~2 1 J v~(u

5(x))’p~d2x} fl d’p

= exp { _iMdl(tfl — t’)} det “
2H exp{_ ~$~ t

1) R(x1,t1 ix2, t2) ~ t2)d
2x

1 d2x2}

x exp {— ±$d2x[v(us+ ~/~A) — v(u5) — ~/~Av’(u,,)— ~ A2vF’(u5)]}~ (A.3.2)

The R is herethe sameas(3.3.8).
We start by proving the diagramssum to be kept unchangedby the replacementR —s R

+ ~u~(x1)u~(x2).We shallusethe translationinvariancefor this. The propagator(A.3.1) doesnot
dependon q0

G(t”, — q°~t’,— q°) = $ exp{~$ ~(u,(x + q°)+ ~‘P)}= G(t”, OIt’, 0). (A.3.3)
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We canexpandthe u,(x + q°)in powersof q°,

u,(x + q°)= u5(x) + ~ -~q~0u~(x)+ q0u~(x). (A.3.4)
n2 fl.

If this expressioncontainedonly the last term we would havereachedour aim immediately,but
the sum ~ 2q~u~(x)/n!hampers.Thoughwe can makeuseof the zero modeorthogonality to
themesonmodes.Changingthe variable ‘p in (A.3.3) wecantransformthe secondterm of (A.3.4)
into

1 (‘u~(x)~‘ 2 dyu~(y)~ —~ q~u~(y) (A.3.5)
IIu5II ,j n=2 fl.

andobtain for (A.3.3) the expression

G(t”, 0It’, 0) = $ exp{~$ ~(u5(x) + f(q0)u~(x)+ ~‘P) dt} fl d’p (A.3.6)

IIu~II2~f(q) = $ dxu~(x)[u~(x+ q) - u,(x)].

Let us passon to the new independentvariabley,assumingy = f(q0)/~/~, andrewrite

G(t”,OIt’,O) = $fld’Pexp{i12(us)dt — ~J’PH’Pd2x — ~$[v(us + ~(yu~ +‘p))

— v(u5) — ~(yu~ + ‘P)•v’(u~)— (yu~+ ~)v”(u5)] d2x} = exp~ — iM~(t” — t’)}

x deF “
2H exp{y$ d2xu~(x)öA~t) — j ~ )R(xl~tjIx

2, t2)~~A(x2,

x exp {— ~ J d2x[v(u~(x) + ~A) — v(u,) — ~Av’(u,) — ~ A2v~’(u~)]}~. (A.3.7)

We havegot asupplementaryfactor in (A.3.7) comparedto (A.3.2):

exp{~$ d2xu~(x)~-~--_)}. (A.3.8)

The left-handside of (A.3.7) does not dependon it. Let us multiply both sidesof (A.3.7) by
exp~ — iy

2/cs} and integrateover y; this will producean expressionfor G different from (A.3.2)
just by the term

ccu~(x1)u~(x2). (A.3.9)

Passingfrom (A.3.3) to (A.3.6) we haveusedthe following observations.At t”, t’ we have‘p = 0
(3.0.7). So we can separatethe variablesin two parts: thoseproportionalto the zeromodeanda
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linear combinationof the mesonmodesi/i (A.4.5). The mesonmodesdependon time as

exp { ±im cosh/3t}f~(x). (A.3.10)

At t —s t’(t”) the frequencyof the integrationvariablesproportional to the mesonmodesbecome
positive (negative). Being exponentiallydecreasingat t (rememberthat m —s m — iO), they are
equivalentto zeroboundaryconditions.This enablesus to shift the integrationvariablepassing
from (A.3.3) to (A.3.6). Note that the termf(q0)u~(x)can not be removedby the shift of the integra-
tion variable.The integrationvariableproportionalto the zeromode is

xo(t)u~(x), xo(t”) = xo(t’) = 0, (A.3.11)

andf(q0) doesnot dependon time.
Theseconsiderationsarecorrect in general.For amovingsolitonwe canreplacet —s X, x r

andrepeatthesereasonsword by word. In the caseof two interactingsolitons the operatorH
will havetwo zeromodes~ andü5~,andto provethe possibility of addingcxü~ü,, + ~ +
yü55u~5to the inverseoperatorR we haveto exploit the translationalinvariancein spaceandtime.
The functional integralcalculatedin the regionof u58(x — q, t — t0) doesnot dependon q0, t0. We
expandthissolutionin powersof t°,q°andshift themesonpart of theintegrationvariablein order
to makeall the Taylor seriesproportionaltof1(q°, t°)ü,, + f2(q°,t°)u~,.This meansthat theterms

exp{Yi $ u55(x1, t1) ~A(x1, t1) d
2x

1 + Y2$ u~,(x2,t2) ~A(x2, t2) d2x2} (A.3.12)

emergein a formula analogousto (A.3.7). Having integratedthis formula with an appropriate
quadraticform we shallobtain the desiredsupplementto the Greenfunction.

Now we shallprovethatadding/3[u~(x1)u~,,(x2t2)+ u~,(x1t1)u~(x2)](3.3.23)to theGreenfunction
(3.3.8) will not alter the sumof the Feynmangraphs.Hereu~,/x,t) = — tu~(x). We write G(t”, 0It’, 0)
in the form

G(t”, OIt’, 0) = exp~—iM~. (t” — t’)} det’
112H

x exp{_ ~$d2xi d2x
2 5A(l)~A(2)(R(hI2)+ /3[u~(1)u~,,(2) +

x exP{~$d2x[v(us(x)+ ~/~A) — ~,/~Av’(u,)_~v~’(us(x))A2]}. (A.3.13)

Thisexpressiondoesnot dependon /3. Onecanmakeit clearby expandingit in powersof /3 and
comparingthis expansionto the expansion(A.3.7)in powersof y.

Appendix4

In this appendixwe shall discussthe planewave scatteringon potential within the Klein—
Gordonequation

[LI + v(x, t)]i/i~(x,t) = 0. (A.4.1)

We shallassumethe potential to satisfy thecondition

v(x, t) ~ m
2. (A.4.2)
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Note, that theWronskianof two solutionsdoesnot dependon time

$ dxi/i~(x,t) ~- iJi
1(x, t) = const. (A.4.3)

Let usexamineanumberof particulartypesof potentials.At first weconsideratime-independent
potential

[LI + v(x)]iIi~(x,t) = 0, v(x) = v”(u,,(x)). (A.4.4)

In this casethe variablescanbe separatedandthe solutionscanbe found in the form

i/i(x, t) = exp { ±im cosh/3t}f~(x). (A.4.5)

Thefunctionf satisfiestheequation

[—a’i~’~’+ v(x) — m2]fp(x) = m2sinh
2$f~(x). (A.4.6)

All the Schroedingerequationsolutionscanbe easily classified.Wedenotethe discretespectrum
eigenfunctionsby

[—~‘~‘ + v(x) — m2]’P,~(x)= —E,,’P,,(x); $ ‘P~dx = 1, 0 < E,, <m2. (A.4.7)

The lastinequality is thestability condition. The continuousspectrumeigenfunctionscanalways
be representedin the form

\ Jexp{imxsinhfl}, X —cc,
jp~,x,’5~a(j3)exp{imxsinh/3} + b(/3)exp{—imxsinh/3}, X—5 cc,

(A.4.8)

~ Ja(/3)exp{ —imx sinh 13} — b(f1) exp{imx sinh/3}, x — cc,
X ~exp { —mx sinh f3}, X —5 + cc,

~(f3)= a(—f3), ~(f3)= b(—f3), Ia(/3)l2 — Ib(fl)I2 = 1.

Thesesolutionsf~(x)andgp(x) arecalledthe Jost functions.Another family of solutionsis more
appropriatefor the descriptionof particles scatteringon the potential; these solutionshave
anotherasymptoticalform:

~( Jexp{im sinh/Jx} + r
1($) exp { —imsinh/3x}, x —s — cc,

x -S l~(P)exp{im sinhf3x}, x —s + cc,

(A.4.9)
-‘ ~ Js($)exp { —imsinh/3x}, —s — cc
gp~x-Slexp.(—imsinh/3x}+ r9(/3)exp{imsinh/Jx}, x—s +cc,

1 b(f3) b(—/3)

s(f3) = a( — /3)’ r~(/3)= — a( f3)~ r~(f3)— a(—

Heres(/3) is thetransmissioncoefficient andr(fi) is thereflection coefficient.
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The S-matrixof theplanewavescatteringon thepotential

S(f3) — (s(fl) r(fl) (A 4 10)
— k,,,—{s(13)/s(—13)}r(—13) s(/3)

(i.e. the usualparticleon asoliton)is unitary,S~S= SS’1’ = I. Finally, thefull list of solutionsof
the equation(A.4.4) can be written as

exp { ±it(m2— E,,)”2}’P,,(x); tu~(x), u~(x),

= exp{—imcosh/it}f~(x); i/4”~= exp{irncoshf3t}g~(x). (A.4.li)

The potentialwhich appearsin the calculationsof the quantumcorrectionsfor the moving
solitondependsnoton x but on r = x cosh p — t sinh ‘p andtheequation(A.4.1)with thispotential
hasthe samesolutionsas (A.4.8) but with x and t replacedby r = x cosh ‘P — t sinh ‘p and‘r =

t cosh ‘p — x sinh ‘p respectively.
Considernow anothertypeof potential,the periodicone:

[0 + v(x, t)]i/i~= 0; v(x, t) = v”(w(x, t)); v(x, t + T) = v(x, t). (A.4.12)

We choosetheFloquetsolutionsof theequation(A.4.12):

ifr~(x,t + T) = exp { —iv}i/’~(x, t). (A.4.13)

The Floquetindexesmayform adiscreteandacontinuousspectrum.The discretesolutionsand
their indexeswe denoteby i/i,,(x, t) and v,, respectively,

0 < v,, <mT; $ ~,,(x,t)I2 dx < cc. (A.4.14)

To describethecontinuousspectrumFloquetsolutionswewrite i/i,, in theform:

I .v+2itn
i/’~(x,t) = ~ exp ~‘ T t~’f~,,,(x). (A.4.15)

Substitutingthis into theequation(A.4.12), we obtain an equationfor the vectorf(x) = { f,,(x)}

(—~~—r~+z3)f=o;

v,,,(x) = ~Jdtexp{~~(n — l)} v(x, t) — 5,,,m2 (A.4.16)

//v + 2itn’\2 2\
T ) ~ ö

1,,.

We can supposethatmT < v <mT + 2it.
Let uscombinethe completesetof the vectorsolutionsinto onematrix solutionJ’ The second

index of thismatrix is justasequentialnumberof avectorsolutionfThe solutionsof the equation
(A.4.12) canbe expressedthrough this matrix solution. We define the vector u(t) with thecom-
ponents
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u,,(t) = exp{_~v +2itn ~}. (A.4.17)

The solution(A.4. 15)canberewrittenin thesenotationsas ufNote thatthespectralparameterv
entersthe equation(A.4.16) in anon-trivial manner.

The completesetof solutionswhich describesthe scatteringfor this equationlooksasfollows

fv(x) ~s j’exp { ±ikx}+ exp{ ~ikx} . R1+(v), x —s — cc,
± lexp{±ikx}Di±(v), X +cc,

(A.4.18)
iexp{±ikx}D9+(v), x—s —cc,g (x)—s< -.± ~exp{±ikx} + exp { +ikx}Rq±(v), x -s cc.

It wasrequiredin section4 (4.3.17)thatin thescatteringof apositive-frequencywaveon aperiodic
solitononly positivefrequencywavescanoutcome.This meansthat the matrix elementsR1,,, D,,,
arenon-zeroonly when1 > (mT — v)/2it andn > (mT — v)/2ir. We shallcall thematrix

= ~ ~::) (A.4.19)

the scatteringmatrix of a planewave on aperiodic potential.The negative-frequencyscattering
waves deserveno specialattention; they are obtainedsimply by complex conjugationof the
positive-frequencysolutions.

The equation(A.4.16) canbe suppliedwith its Wronskianwhich is independentof x:

f~(v) ~- f2(v) = const. (A.4.20)

Herethematricesf1andf2 arethe solutionsof theequation(A.4.16) with the sameindex v. Sub-
stituting (A.4.18)into (A.4.20) wecanseethe restrictionson the S-matrixelements

Dt±kDf±+ R~t±LR1+=~
D;+kDg++ Rg±kRg+=k; . (A.4.21)

R11k— R1±,R9~ — Rg±,
= D,!’~i~D±kR~~+ R±kD8~ = 0;

Dg+Dj~++ R1_R1+ = I,

~ Dg.~D~+ R1~R1,.,= I.

To describethe homogeneousequation(A.4.1) solutions for a moving periodic soliton, i.e.
when the potential

v(x, t) = v”(w(r, t)), r = x cosh ‘p — t sinh’p; (A.4.22)
= t cosh ‘p — x sinh’p;

is periodicwith respectto r andtendsrapidly to aconstantat r —s cc, we haveto replacex —s r

and t —5 t in the solutionswritten above.
In the sin ‘P2 modelall the solutionsfor theplanewave-periodicsoliton scatteringare known
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due to the commentin [9]

- — ~exp{—im(tcoshfl — xsinh/3)} {cosh(xmsinO).[exP{mxsin 0}
— cosh2(mxsin0) + tan2O sin2(mtcos0)

(sinh /3 + i sin O\2 ] — i tan2O sin (mt cos0) (A.4.23)
+ sinh . ) exp {mxsin O}

/3 — i sin

[/e’~”1° + 1\2 mt cos O} — (e~’i°— 1’.~2

L~eo~j)~exp{i ~e~1° + ) .exp{imtcos0}]}.

Thismakesclearthat the planewave-periodicsolitonS-matrixis diagonal,

R = 0, [Df+(v)],fl = [D
1_(v)],,, =

mTcosh/3,, = v + 2itn > mT (A.4.24)

fsinh/3 + isin0~
2

= ~sinh/3 — i sin
In the endof this appendixwe write down the solutionsof the homogeneousequation(A.4.1)
in the sin ‘P2 caseof soliton—antisolitonscattering,whit rapidity ~ + — ‘p — = 2’p,

‘~exp{—im(tcoshf3— xsinh/3)} f
osh (mcosh‘px)

i/i~(x,t) = ~‘i~2(mx cosh’p) + sinh2(mtsinh ‘p)/tanh2’P

(sinh (/3 — ‘p)+ iVsinh (/3 + (p) + i \
x [exp{_mcosh’Px} + ~sinh(fl — ~ ~ + ~)— ~)exP{mcosh’Px}]

1 [/sinh(f3+’p)+i\
Jexp{mtsinh’p}+ tanh2’psinh (mtsinh ‘P)L~ih(/3 +‘p) — ij

— (sinh (/3 — ‘P)+ “~exp{ —mtsinh~}]}. (A.4.25)

sinh (/3 — ‘p)— i)

Appendix5

In this appendixweconstructan operatorinverseto

H = LI + v(x, t); v(x, t) ~ m2. (A.5.1)

TheresolventR(t
2,x2Iti, x1), i.e. thekernelof theoperatorR, inverseto H will be supposedto be

hermitian,R(1, 2) = R*(2, 1). It is uniquelydefinedby theboundaryconditions.
Weareinterestedin two typesof suchboundaryconditions:
1. the zeroboundaryconditionsfor finite times

R(t2,x2 Iti, x1)I~25,~.= 0.

2. the Feynmanboundaryconditionswhich we interpreteas the decreaseat the infinity with
timetaking into accountthe prescriptionm

2 —s m2 — iO; the resolventR at t
2 —s cc (— cc) ought

to containonly negative(positive) frequencies.
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We shallexpressthe resolventthroughthe two setsof solutionsof the homogeneousequation

Hi/4’~= 0; Hi/i~ = 0. (A.5.2)

Thesecompletesetsof solutionsi/’ andi/’~’areeitherpositive(negative)frequencysolutionsthat
satisfy the boundaryconditionsof the secondtype at largepositive (negative)time or they are
thefunctionsthat turn into zeroat t”, t’ for the first typeof the boundaryconditions.

We shall call eachof thesesetsthe matrix solution. The first index of a matrix is the spatial
coordinatex, the secondis the wavenumberof the solution /3 which may vary continuouslyor
“discretely” (with the correspondingsolution squareintegrablein x). In terms of two matrix
solutionsthe resolventcanbe expressedas follows

fi,~(t2)~~.I/1~+T(t1), t2 > tl,
R(t2It1) )~~(t2)~WTl.~T(t) ~2 <~1~ (A.5.3)

It satisfiestheequation

HR = ~~5(t2— t1)~I, 1= ~(x2 — x1). (A.5.4)

We haveusedtheWronskianof the solutions~ + and i~-

= [~~ (A.5.5)

It doesnot dependon time dueto the equations(A.5.2).
The formula (A.5.3) is well known in the mathematicalphysics,it can be elucidatedin sucha

way: at t1 ~ t2 thefunctionR satisfiestheequation(A.5.2), andtheboundaryconditionsaresatis-
fied. The calculationof the first derivativejump at t1 =

t2t1 +0

It1) = ~(x1 — x2) (A.5.6)
t2=tl —o

makesout an unite operator,i.e. Rdoesreally satisfytheequation

HR = I (A.5.7)

with the correctboundaryconditions.To find the resolventexplicitly it is sufficient to calculate
the Wronskian.We shalldo this for threeimportantcases.First of all we takethe structureless
soliton. The correspondingcompletesetof the homogeneousequationsolutionsonecan find in
the Appendix4.

Let usconstructthe resolventwhich is zeroat t” andt’. The solutionswhich areasymptotically
zeroat t” are

= {exp {im coshj3 t}f~(x), exp {—it..Jm
2 — E,,} ‘P,,(x), (t — t”)u~(x)}, (A.5.8)

andthe solutionswhich arezeroat t’ are

= {exp {im cosh/3~t} ~p(X), exp{it.,/m2 — E,, } ‘p,,(x),(t — t’)u~(x)}. (A.5.9)

Wehaveaccountedforthefact thatm2 —s m2 — iO andhencewecanregardtheoscillatingsolutions
to be exponentiallydecreasing.TheWronskianof thesetwo setscanbe easilycalculated,andthe
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non-zeroelementsare:

$dx(exp{imt coshv} ~1(x))~~(exp{ —imtcosh/3) f~(x))= —4itis($)5(y — /3);

$dx(exp{_i~m2 — E,,~t} ‘P,,(x))Ô,(exp{i~ — E,, . t} ‘p,,(x)) = 2i~m2— E,,; (A.5.10)

$dx(t — t”)u~(x)~5(t- t’)u~(x) = - (t” — t’) u~12

Finally the resolventexpressionis:

u~(x2)u~(x1)1t2t1 E
R(x2,t2jx1,t1) 2IIu~II

2 ~ — A(t2 + t
1) + —,~— — A + It2 — t11

+ ~ J -~ exp{-imcosh fl1r2 - t11}. {~(x2)Up(xi)+

+ ~~exp{ ~ — t1~’P,,(x2)’P,,(xi). (A.5.11)

Herewe denoteA = ~(t” — t’), ~ = i(t” + t’).
In thecasewhenthepotentialin (A.5.1)arisesfrom thecalculationsof correctionsforthemoving

soliton anddependson r = x cosh ‘p — t sinh’p, the resolventought to be calculatedfrom this
by thereplacementx —s r, t —s t.

We turn now to anotherparticularpotential type,the periodic potential,which is to be con-
sideredin thecalculationof correctionsfor the periodicsoliton.We shallwrite down theresolvent
for the motionlesssoiiton; the resolvent for the movingsoliton can be obtainedby a Lorentz
transformation.

Let uscalculatethe Wronskianof the positive-andnegative-frequencysetsof solutions.Note
thatonly a determinantof thosesolutionsmay be different from zerowhich have the opposite
Floquet indexesvalues.The positive-frequencysolutionsare; seeAppendix 4 (A.4.18)

(u~(t)g~+5(x))~, (u5(t) . g~_5(x))’
1’ (A.5.12)

andthe negative-frequencysolutionsaregiven by

(u~(t)J”÷~(x)), (u~(t)f~(x)), (A.5.13)

The Wronskianof thecontinuousspectrumsolutionis equalto

~u
51)8~(u~2f±52)= —4itiTk(v1)D1~(v1)ö(v1— v2). (A.5.14)

To derivethis result wewrite first of all:

= exp { —i(~/7~”’~?),,,,t}. (A.5.15)
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We canreplacein the integral(A.5.14)

(u~)1ä5(u~2),,= —i(~,/k~+ m
2 + ~ (A.S.l6)

We useherethe fact that (A.5.14) doesnot dependon time (A.4.3). To evaluatethe integral

_ij’dx~
1(~~+ m

2 + ~~m2)f±v
2 (A.5.17)

wesubtractthe two equalities
--S

[ d~ . 1~.

r (A.5.18)

+ m2 + + m2)f2 = (V, V2)(~~ !2)~. (A.5.19)

Tendingx —s cc,we makeuseof the equality

urn 1 exp {ix(v1 — v2)} = iit5(v1 — v2) (A.5.20)
x-.tm (v1 — v2)

and of the identities (A.4.21). We arrive at the right-handside of (A.5.14). Recollectingthe zero
modesandthe discretespectrumwe can write the final expressionfor the resolvent:

mT+2ir

R(t2,x2 Iti, x1) = ~ J dvu~(t2)f+~(x2)D~(v)k
1(v)~~(x

1)u~(t1)

mT + 2,r

+ ~ m~ dvu~(t2)f,, ~(x2)D~(v)k
1(i~~(x

1)u~(t1) (A.5.21)

+ ~~i~”(t2,x2)iji,~(t1,x1) + Wq,(X2,t2)w’(x~t 1) — w’(x2t2)w~(x1t1)
[i/i,, ~i/’,~] 2[w ~

WT(X2, t2)~’(x1,t1) — ~i’(x2,t2)wT(xl, t1)
+ 2[v~wT] t2 > t1~

The squarebracketsmean

[fig] = Jdxf~t~. (A.5.22)

The function w is the classicalperiodic soliton, its derivativesw’ = dw/dx, ~ = dw/dt are the
zeromodesandthe growing zeromodesare w,,, = dw/d’p, WT = dw/dT.

Considernow the third caseof the potentialv”(u~,)in the H operator.Hereu55 is the two soliton
scatteringsolution.

The continuousspectrumsolutionshavebeenexaminedin Appendix4. The discretespectrum
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in an asymptoticalstatecan be localizedonly in the neighbourhoodof eachsoliton.The Wrons-
kian of two discretespectrumsolutionswhich arelocalizedneardifferentsolitonsis equalto zero;
if the solutionsareconcentratednearthe samesoliton, the Wronskianis the sameas in the single-
particlecase.

Thenon-zeroWronskiansof all solutionsare(5.05)

= —4iti~(fl — y)a1(fl — ‘p1)a2(fl — ‘P2), (A.5.23)

~ = —4iti(1 + c)~~a1(fl— ‘p1)a2(fl — ‘pa). (A.5.24)

We considerherethesimplestcasewhenboth thesolitonpotentialsarereflectionlessb1 = = 0.

The solutionswhich aresquareintegrableoverx arelocalized in the region of eachsoliton and
do not overlap,

i/i1,,(x, t) ~ exp { — Urn
2 — E,,t

1} ‘p1,,(r1),

i//2~(x,t)~_,—s~exp { —UJm
2— E~‘r

2} ‘p2,,(r2), (A.5.25)

= t cosh‘p1,2 — x sinh ‘P1,2’ t1,2 = x cosh‘P1,2 — t sinh ‘P1,2.

The final expressionof the resolventwith an accountof zero modesandthe notations ‘pi, ‘P~

beingthe solitons,rapidities,is (4.2.3)

R(t”, x” It’, x’) = ~— I dfl dV — ~(x”, t”) (1 + c)~
1~(x’t’)

4ir j a~(/3— ‘p~)a~(/3— ‘P2)

i exp { — i\,/m — E
1,,(‘r~— ‘r’~)}

+ ~ /2 ‘p,,1(r1)’p,,2(r1)
~jm —E1,,_________ (A.5.26)

i exp{ _i~,/m2 — E2,,(t’~— t~)} ,,~
+ / 2 ‘p2,,~r2)’P2,,~r2

Ln vm —E2,,

+ [cosh q u,~(x”,t”)+sinh ‘p~u’,,(x’~t”)]u~2(x’, t’) — u~’2(x”,t”)211 u’2~12 sinh (‘Pt — ‘P2) 211u’2,II
2 sinh(~p

1— ‘P2)

x [cosh~1u5,(x’,t’) + sinh‘p 1u~,(x’,t’)] — cosh‘p~u,~(x”,t”)±sinh‘P2 u’~(x”,t”)

/ u~,(x”,t”) [cosh ‘P2u~,(x’,t’) + sinhço2u~,(x’,t’)] ,, /x u,,,1(x,t) + ‘ 2 >
2IIu1~II srnh(q — ‘P2)

IIu~sII2= $[u~~(x)]2dx, lIu~sII2= $[u~(x)]2 dx,

= du/dt, u’ = du/dx, u4,1 = du/d’p1, u4,2 = du/d’p2.
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Appendix6

Let us calculatethe spectraldensityfor the structurelesssolitoncase:

p(13) = 5 dx[~~ - ~O$~t~OP] (A.6.1)

Weshall find it to be [114]

p(/’i) = —2 d in a(f3)/df3. (A.6.2)

Westart from

p(/3) = -2imcoshfl J dx[~~”) - 1] (A.6.3)

The functionsf~(x)andgp(x) satisfythe Schroedingerequationof Appendix4, (A.4.6), (A.4.8)

[—~ + v(x) — rn2]f~ =

d2 (A.6.4)
[—ag+ v(x) — m2]gp = ;~~gp; )~= rn2sinh2$.

Wedifferentiatethefirst equationwith respectto ,~andmultiply the resultby gp from the left-hand
sideandsubtractfrom it thesecondequationmultiplied byf~= df

11/d1from the right-handside:

f~(x)g~(x)= ~“(jp~gp). (A.6.5)

After integrationof thisequalityandsubtractionfrom it of theanalogouscombinationconstructed
of the free equationsolutions(i.e. with v(x) = m

2), weget

j’ dx(~”2 — i) =

ix . . a . . (A.6.6)

— ~2msinh ~ exp{im sinh fIx) ~— exp~—im sinh /3x}) -

Next we substitutethe asymptoticsoff~andgp (A.4.8) andget

f dx1~’~ — — — i d In a(/3) (A 6 7)

\~ a(/3) ) — mcosh/3 d/3

The substitutionof this expressioninto (A.6.3) leadsto the result(A.6.2).
The spectraldensityis neededfor evaluationof the tracesof the functionsof the Schroedinger

operator,i.e. of the integralsof type
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5 F(fl)p(fI) dfl; F(fl) = F( - /3). (A.6.8)

This integralis equalto

JdflF(/I) [p(/I)+ p(-/3)]. (A.6.8)

Since/3 and — /3 correspondto the samespectralpoint )L, the full spectraldensityis

p(13) + p( — /3) = —2 in a(—f3) = —2 ~ in det~. (A.6. 10)

HereS,~is thescatteringmatrix (A.4.10).
But this expressionfor the spectraldensity is to be usedwith care.For example,calculating

the structurelesssolitonmasscorrectionswe haveto evaluatethe expressionsof type

tr P = 5 dflF(fl) $dx~ — ~ (A.6.1 1)

The first term hereis the sumover the homogeneousequationsolutionsHçli = 0 andthe secondis
the sum over the solutionsof the free (i.e. with v(x) = m2) homogeneousequationH

0i/i = 0 (the
vacuumoscillations).

To evaluate(A.6.11)we haveto sumover the samenumberof solutionsof the free equationand
of the equationwith the potential. In order to perform this accuratelyand in details we shall
useacut-offin the integrationover /3. Thenthe expression(A.6.11) will be rewrittenso:

tr FA = j’d/3F(f3)[ —2 in a~.~i)]~ (A.6.12)

Howeverit is obviousthat if we shall tendnow A —s cc we shallsum over the differentnumbers
of solutionsof the free equationand theequationwith apotential.To find the differenceof these
solutionsnumbersweassumeF = 1 andderivethis differenceto be

—2 ln~’~5. (A.6.13)

This makesclearthat the formula (A.6.12)must be improved as follows

tr F0 = -2 IdflF(/I) ~ in a(-/3) + 2F(A) In a~) = 2 Jd/3 dF(/3) In a(-/3)~ (A.6.14)

The last term makesa finite contributiononly for F(fl)~’~~e’
1and this is just the caseto be con-

sideredat(5.2.10).As amatterof fact, at /3 —s cc thequantity In c~(fi)tendsto

in a($) sinhfl’ atm = ~ J dx(v”(u,(x)) — m2). (A.6.15)
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For the periodicsoliton in its centerof masssystemwe calculate(5.1.8),(5.3.4)

— ~[Tr~’ ln H(w(x~ 4, T))]L~ =

T (A.6.16)
mT+2ir co

= ~ J dv J dx Sp [(~7(x)u~(t)~~u(t)J(x)) ~~m2 D~1
1(v)~~ 1].

Let us differentiateu(t) in detail. It is clearthat

u~o~
1u5,,= _2i(,.,/~2+rn2),,, . (A.6.17)

We use herethe fact that (d/dt) [g7(x)u’~o~~uf~] = 0 (A.4.3), (A.5.12), (A.5.13).

The formula analogousto (A.6.16) for the free operatorH0 is

mT+2,t ~

— ~~[Tr~’ lnHo] = ~ $ dv Jdx~ Sp[(exp{—ii~xJ}u’~u

x exp{i~xj})~~~k’]. (A.6.l8)

So,we haveto evaluatethe integral

- ~1~~rn2] = ~(v). (A.6.19)

We considerthe equality(A.5.19). Previouslywehaveextractedan infinite term from the right-
handside of this equality, but it also containsa finite term that we neednow. We expandthe
matricesDf(~)in the right-handside of (A.5.19) into the seriesof (v1 — v2) powers:

$dx~(vi)(~ + rn2 + ~J~~)f±(v2) = T [(exP { ~ikjx}

+ R~~(v~)exp{ ±i~ix})~(exp{ ±ik2x}Df+(V1±~- (vi ~)))
— (D~g(v1 ~ + (~ v2)) x exp { ~iki~})~(exp{ ±i~2y}+ exp{

x —~ cc, y —cc. (A.6.20)

At lastwe obtain the following expressionof(A.6.19):

= ~~{DI~DI± + k~1(Dtg)~1~Dtg~}. (A.6.21)

Substitutingit into the(A.6.16) wearriveat mT+2ir

— ~ Tr~’ ln H~H~ = — -~ $ dvSP[{Di.~ ~-D1~

mT (A.6.22)

+D~D~g~D1 _D~-D~}\/k2 ~]
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Theseformulaeshould be accompaniedby the samedeliberationsasaboveon the structureless
solitoncaseaboutthe summingover the equalnumberof solutionsof the freeand theinteracting
equations

— ~ Tr’lnH.HH = ~~Jdt J dx(v”(w(x~~~T)) — m2) —

mT+2ir (A.6.23)

— ~— f dvSP[{Di.~ ~-D1~ + D~÷
1~—D± — D~~-D

1_ — D~~D~}~/k2 + m2]~

(D~),,,= (D!)1,, = (Dr),,, = (D~)1,,= ~ + ~iJd2x(v~(w) — rn
2). (A.6.24)

2ik
1,,

l-+cij 0
n ‘ tm; I = a

Herewehavetakeninto accountalsothediscretespectrumFioqueindices(A.4.14). Theexpression
in the curvedbracketsmay be replacedby 5~1 . dS/dv, whereS is the scatteringmatrix. This is
quite generalfact. The spectraldensityis alwaysequalto ~ - 1 dS/dv.
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