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Introduction

The gquantum field theory in its present stale of progress had begun the search of non-pertor bative
methods. They seem to provide the only hope for this elegant mathematical scheme to remain
the basis of the elemenlary particles theory.

Indeed, the multipticity of the elementary particles and the complicate hierarchy of their inter-
actions make useless the concopt of the fundamemial Lagrangian which is constructed in terms of
the independent local fields for sach particle. To keep the idea of thg lundumental Lagrangian
valid one ought to be able (o compose it with a small number of fields and make it capable 1o
describe 3 wide spectrum of particles’ masses.

The most popular expeclations of 2 strong interaciions theory of this kind are conneeled with
the model known as the “standard theory™ or quantum chromedynamics, The fundamental fields
of this model are representzd by the multiplet of the “colered” quarks and their interactions are
maintained by the massless Yang Mills fields. The special features of these interactions such as

in . » the strong infrared divergencies arc believed to provide the confinement of the quarks which
51 make up a sufficient number of bound stalcs representing mesons and baryens. The confinement
:?{ mechanism is not yet worked out but most of the theoreticians support this hypothesis 1,2, 3).
s We are not going to discuss Lhese problems in our survey.
56 The last three years had revealed the development of some olher method for the description
Ktan of the elementary particles mass spectrum, the method that is guite different [rom the perturbative
ess i ones. [t is based upon the cxistence of the spatially localized solutions of the nonlinear classical
&l ficld equations for a considersd madel. These solutions differ from the usual decaying wave packets
odel b7 by keeping the physical quantities, e energy density, in a compact spatial region of a4 constant
5 size that does nol extend during the time evelution. [n Lthe simplest case the time-dependence of
{;; these solutions appeary Lo be the movement of an object as 4 whole.
tl These solutions had been known to exist for about a century in some problems of applied
;; mathematical physics. Some Lime ago they were named “solitons” afier the 1erm “solitary wave™,
il and we are going to use this term also. Between 1958 and 1962 some authors, among them Skyrme
%5 [4] and Finkelstein [5] isee also [6]), declared that with every such a solution there can be asso-
ciated an elementary particle in the quanium version of a model To their papers had not been paid
the proper attention at that time. Threc years ago a number of groups of authers almost simul-
taneously had demonstrated that the quantum particles really correspond 10 these classical
solilons.
ing: matris Faddeev and Takhtajan [7, 8] proceeded from the exact solution of the sin ;-model, having
I':;::J'l'i‘;”f found the action-angle type variables that proved the particle-like behaviour of the seliton solu-
: tions. Their arguments will be discussed in section 1. Dashen, Hasslacher, Neveu [9, 10] devcloped

semiclassical methods in the quantumn ficld theory, and within their general method exhibited the
— correspondence of the particles to the solitons. Jackiw and Goldstone [11] displayed the same ip
their variational apptoach. Aflerwards, the attention of 2 great number of investigators was
attracted to the soliton guantization problem and quite a few papers on this topic appeared
[12-28]). Now the principal points of this problem are clear.
must The survey that is presented below sums up this development, We are going to discuss in detail
the conmections of the solitons and elementary particles and present the methods of caleulations
of the masses and the scattering amplitudes of these particles. We shall not describe all the methods
worked oul in the recent literature, but we aim to obtain all the known tesults by the single method
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that was developed by the authors at the Leningrad department of the V.A. Stekloy Mathematical
Institute. This method is based upon the use of the functiona! integral for the quantum theory
formuiation. It is the funclional integral formalism (hat enables us to describe (he yuanium
theory in terms of the classical one. No wonder that the specific role of the non-trivial solutions
of the classical equations of motion can be displayed in this kind of the formalism most clearly,

Now we shall explain why the spatially localized solutions of the classicsl equations have an
imfluence on the mass spectrum of the quanfum problem. The connection of the particles and the
fields in the framework of the periurbations theory can be explained through the asymptotic
behaviour at i — o of the ficlds that obey the equations of motion. Let us consider, for examplc,
the scalar ficid wix, £} with the equalions of motion

Cee + wia) =0 (r.1

Within the fimits of the formal perturbation theory 1l these solutions at |t] — o are solutions
of the irec equalion

i-J'[.‘l.'; ” =i ng!{'t'r ”1‘

(O + e, = 0:

uat

F{ = m?, (1=2)

Indeed, u can be obtained from w,, by means of the non-linear Yang-Feldman integral equation
WX, 1) = Wiz, ¢ — J.{EI +m?) L (i) - miu)dy i3

and onc can see that when Jt| —  this b is reduced Lo the solution of the free equation which we
denote by u,,. The energy

j.ﬁi"ﬁu} aye f Ax[hu? + NPul? + ofu] (.4)

and olher ebservables exprossed in terms of Hix coincide with the corresponding expressions for
the fres fields: vt

I{T{due, 12 _
jﬁ’{nidx = Ifuiui'}dx =2_J l:(d?u;l) +i¥u) P+ mi{u[i': }{’dx =Jdkvfk2 +m* o (k).
au L1 ]

ar outk

(1.5

Here pin!{k'_l is the spectral density of the in {oul) frelds. This Hamiltonian when quantized exhihits

the spectrum of the particles of a single sort, The only quantum correction is the mass shift due to
the sell-action cifects.

The existence of solitons makes the asymptatic representation {1.2) invalid. [ndecd, the main
property of a soliton is that it dees not decay as the wave packet does and the nonlinear term
—mu + ru) al u = u_does not disappearinil.1)at [t| - x. The simplest example of a soliton is
the stationary selution with the fnite EnETgy
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According Lo the Lorentz invariance every such a s¢lution generates g sel of sohutions

wix, fle,g) = uﬁ(r—:-i:z—q) (L7
L1 -t

which is parametrized hy the phase space poind (g, ) that is the position and the velocity of the
soliton’s center of mass. The solitons’ energies are

If{m} dx = M.-"w*rl - &2, {1.%)

Angther typical example is piven by a family of the ime-peciodic solutions

i+ 7T I
Hr(x‘ o T) (T"T' T), (1.9}

thal generate a seq of solutions

w;—a:r—q t— px ¥
wix, i|a, 1. ql,cr_]—w( 7 P g 1')1

110
e Rl

which are parameirized by points in the lour-dimensional phase space (p, ¢, T, 2k The new variables
T, 2 are connected to the inlernal momenturn and the initial phase In pencral we can imagine o
solilon as a Nnite-dimensional set of non-decuying classical solution [x, ¢|{p;}. {4;1) that depend
on &4 and alée on the internal coerdinates and momenta. The energy of & soliton of that kind is

1
J Hluydx = M, (.11)

"']—I'.-

-

whete Mi{p: 1) v ¢ ¢} s the soliton’s mass. The important properly of this sobution is 1he possi-
bility of making the soliton to rest.

When a seliten solulion s properly localized 1n space, a sum of o mumber of these solulions
with the centres sepurated sulficienily would satisly a motion equation with high precision. Solitons
that move with different velocities ure getting larther and Erther as [¢| = =, so we can asserl the
asymploles of eq. (1.1) solutions (o have the lorm

W) e u... [%.t} + },u‘{r. AR A [1.12)

af lomg a8 (he solitons exisl. Thes:s Hh-]fmpiﬂlitb conlain the sum of the onc-solilon solutions n
addition to the free equation solutions oy, . In genetal case we have the different sets of solitons

(1]
inthe 11120 at ¢ = — o, ¢ ¢ b o The selotion energy is expressed through ils asympiotics as
follows:

J M _J Howd 1dx +Ej..='f’[ui}dx = J‘\;k‘ + mip,, (dk + 2_ ‘p”_j. i1.13)

ol ‘u" | Ly

Here we assumc the wave packet and the solitons to move away asymptotically with different
velocities and so 10 be localized [ar apart. We see that the phase space of Lhis system 1s higger than
thal of the Iree scalar Geld. 11 is parametrized by the number of solitons of cvery kind by their
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mternal and Lorentz momenta and their coordinzles in addition to the generalized motments and
coordinales contained in Wy, and

The energy contribution from the solitons looks like the €nergy cxpression in the agcupation
number representation of the quantum field theory, This implies that the particle spectrum of the
System provided by the consistent quantizalion should contain a set of soliton particles along
with the particle, corresponding to the original fieid in perturbative sense. Every structureless
soliton generates particles of ame sort while g soliton with internal degrees of freedom generates
a fumily of particles with different interpal stafes. It’s worth mentioning that the energy contribution
of solitons looks like guantired in the classical {ield theory already.

These general observations had been taken up as the basis of the soliton quantization problem
technical account that is given below in this review. The consistent definition of the S-matrix by
the functional integral method makes use of the classical solutions asympiolics at large time,
Regarding the nontrivial properties of these asvmptotics when the solitons exist we can todily
the § matrix definition in a natural way. The stationary phasc calcuiation of 3 functional integryl
makes it possible 1o develop a perturbation theory that manifestly exploits the solitons' presence
and that is an expansion over the coupling constant likewise. The physical observahies of the
solitions such as e.g. particle mysses, scattering phases, are found to be not analytically dependent
on the coupling censtant, they contain a contribution inversely proportional to the coupling
constant It is interesting that all the non-analytic contributions arc of 2 purely classical origin
and the quantem corrections to them are analytic. Owing to this semiclassical contribution solitons
interact strongly when a coupling constant is small and generate g rich spectrum of bound states
[29].

Lt us mention that in some models the solitons possess the “topological charge™. i.e. they can
nuot be deformed continuously into the vacuum, S0 we become sure that a quantization will lcave
these sulitons stable and not reduce them by the Mocteations.

At last we should outline the survey contents. In seclion | we gre Boing to describe some well-
known classical solitons including the sin o, mode! solutions which will be used Lo examplify
the general expressions later on. The role of the topalogical charge in the qQuantization of solitons
will be explained in the same section.

In section 2 we give a gencral definition of the S-matrix for a classical system with solitans.

section 3 is devoted to the diagrammatic technique of the physical observables calcuiation ior
solitons. This technigue is based on the stationary phase methed calculation of the {unctional
integral which describes the soliton's propagation.

In section 4 the semiclassical contributions to the solitons’ masses and scatlering phases are
derived, they are lound to be inverscly proportional 1o the coupling constant. The number of the
petiedic soliton’s quantum siates happens to be inversely propoctional to the coupling constant
teo, henee reaffirming the strong interaction of solitens with the small coupling constant, All the

gereral formulac are ilustrated by the sin ¢, model.

[n section 5 we calculate the one-laop cortections ta the physical observables on the paitern
of an arbitraty scalar theory of a two-dimensional feld.

Thtoughout this paper we choose = {, ¢ = 1. Every paragraph has its own numeration of
the formulue. The index of a formula contains 1wo numbers, the firat s the number of the paragraph
and the second that of the expression itsell Formulae from another section or appendix are

relerred to by means of the index of three numbers, the first being the number of the section or of
that of the appendix.
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1. The dascical relativistie solitoos

This seclion has 4 number of obpects. Firstly, it supplies an infermation on the classical localized
solutions that will be used in the discossion of ihe quantumn theory in other sections. Secondly,
it wili illusirate by the concrete example the introduction’s formulae aboul the asymptotic proper-
ties of an arbitrary solution of the classical equations of motion. At last, the itmportant property
of Lthe most imeresting soliton solutions that 13 called the topological charge will be discussed.

This scclion is an auxiliary for the following material, so il will present just a brief survey and
e teader ¢an find more detaik in the original literature we refer to.

1.1, The sin g, mode!

All the solilon activitics had a great stimulating encouragement in a ficld model that supplies
most of the soliton solulions calculable analytically. This model is the famous “Sine-Gordon”
equalion in the two-dimensional space-time that was namexd so by Rubinstein due o an obvicus
alliezration in [30]. The title “madel sin ¢," seems to be more rigoreus for this sysiem, We will
use it everywhere avoiding the slang.

[n thizs paragraph we will describe the known results om the classical sin @, solutions and
Lheir intetpretations. This madel will be used as a main illustration of the general quantum solitons
theory formulae it the following sections.

Let us consider, in the two-dimensional space—time, a non-linear chiral field which is associated
1o the Abelian group U{1), i.e, a complex field y(x, £} that salisfies the condition

|1’{x.l}| =1, xix, t) T 1. (1.1]
It is possible o deal instead with a real #x, ¢} such that
rlx. ) = exp fix, o} (1.2}

ulx, f) must not vanish at (he spatial infinity. The asymptotical condition for u is weaker:
Hx, 1) =z 0 {mod 2m), (1.3
The Lagrange function

dx[ﬁ_xﬂﬂx* +miy + 3* - 2] = dx[i[ﬂ,u]z — ¥l = cos u)] (1.4}

u*—w
2| —
B

1
.'-!

defines the model with the mass m and the coupling constant y. In the second representation the
Lagrangian would take a more convenient form after the renormalization

w— Su (135)

but we shall not do it. The classical motion equation
i, — iy, +m sinu =10 (1.6)

doet not contain ¥ at all in our formulation. The 7 reappeats instead in the Poisson brackets

fulx) uly)} = yélx — ¥); (L.7)
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this demonstrates why the perturbations theory ity will coincide with the semiclassical cxpansion
- the next scetions. The equation (16) that Jooks in the light-cone variables as follows

My, + SIDH = . £ = imit + x), H = imil — x} (18]
4nd defines here the relativistic quanium field theory model had been known for 2 long time in
various branches of the applicd mathetatical physics and had enjoyed trach attention. Some
years ago it was treated successfully by the inverse scatlering method [39, 35, 31] {see also [32.
34,377}, The explicit Hamiltonian dynamics formulac that were oblained in |7, 8] incited qur
farmulation of quantum soliton theory.

Let us now apply the inverse scatlering method to equation (161 It can be tepresented as a

commutation condition for the operators

L & 1 u . u

X =—i§;—iu,-sj + Kk, -:mES. +ku-sm15=: (1M
1 é I u oM

T =7E —EHI'S3 + k“miSJ +kl5|n§51.

Here 5, = im,. o; are Lhe Pauli matrices, k = (kg k,) 5 ati arbitrary veclor om the mass shell,
g2 = ki =m" and wx,{)is an arhitrary Tunction. Indeed it 15 ¢asy Lo check directly thal

TX = AT (1.10)

if and only if ulx,¢) satisfics eq. (1.6) One can understand the last relation in such a way: the
operations A und T gencrate the displacements in the space-time. This observation possibly
descrves more atlention but we will not ermploy it perc.

Crwing 1o (1.10) the equations

Xy =0 (1.11]
Ty = 0, (2

are compatible,
The [irst of them can be regarded as an sigenvalue problem with the veclor K playing the role

of a spectral parameter. Meanwhile, the operator X is defined in terms of the initial data w and o,
for the equation [1.6). The complete analysis of eq. {1.11) can be periormed as it is usually done
i the potential scatlering theory, by introducing the Jost malrix selutinns ang the transitiot
matrix for any real k and investigating the solutions in search of a discrete spectrum, This program
is catried out in the mentionad papers W shall restrict our atlention to listing the scattering
data resembiing that of the Dirac cquation.

The two coeflficients ok, ] and bk ) make up the transition mattix

R
paf 2 3) o

which connects (he Jost matriz selutions Glx, k) and Fx, &) ofeq, (1.11} defined by the asymplotic
conditions
Gl kM 5o - o — FLx AL {1.14)

Fl, .. — &x kK

where the o
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where Lhe matrix £ix. k) is

Six kp = exp ] — ik, 8, fous I E] BES (1.15]
in such a way that Flx. k) = Gl k)Tik), Here k) and k) should obey (he cotiditions

P T L 3 Rl R ), B—k= +HE) i1.16h}
and aik] has an analytic continuatlion i the upper hall-plans of k with conditions there:

aky =1 k| vy dlHl= o, — k. (1T

The zerwes of Tunclion k] afe lacated symmelrically arcund the imagmary axis, In the generic
sitwation alk) has a finite number of simple zeroes with none of them on the real axis and nd
degenerals ones. Lt us Jenote the parely IMagInary erocs by k = i and the 7eroes that are in
the right hali-plane by k = [ The zeroes of alk) correspond to Hie discrele specttum of the
prahlern (1,110 More stricily, al k = Ik, there exisls o veclor-s0luiion ydx] of eq. (1411 such that

1 =X I —-—x1 T
p gy (1) B ey C‘(l)f - {L.1%)

with , a rcal number, atid al b = o LHETC 152 4, thal

P =3 G)e"*"": . 5o ri..(:)c'*"' {1.19]

with d_ the complex Lransition eoeflicient, The dala
S = (hik). Ky €, D el {1.20}

dcfine the set of so called scaticring data for the problem (1410, The pair of funcuons ZE4R
wolx) = tlx) from some special class and the scattering data set S are in one o one correspondence
which is a nonlimeart generalization of the Fouricr transiorm

U, tig 5. (1213

Atmost all the conditions on 1he w, o, and B{k) concem ther smoathness and ther Fouricr trans-
[orms smocthness propertics. The only condition of another sort

ik} < | (1.22)

follows Tram the “unitarily” candition La}? + [b]? = 1. We did not mclude alk) into the scattering
datly hoeunse it 18 defined uniguely by My and the zerocs w and ¢_. The connection {1217 15 not
irivial, its cvaluation requites the solution of the linear integral equation. Though il makes pussible
to cxpress the Powsson heacket of the initial data 4nd even the Hamilignian

o,

1
H - j dxfie? + 07 + mil — cosull 11.23)

-
ihrough the seattenng daly It was found that the Hamiltonian depends on the canonical momenta

only. This means that the scatiering data define the variables of the aclion-anglé type. Let oy
wrile down (he Hamiltonian iy terms of the variables that are most convenient for the quaniization
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g = J-dpp{p]n\;}_:’ +mt + Y+ Mt E\f’pf + (M sind )k, M= HTm. (1.24)
L n

This expression of the Hamiltonian was the first strict demonstration of the [act that the soditons

really correspond to the particles in the quantum field theery [7, 3],

The guantity O < pip) < o0 means Lthe usual parlicles density, —w < p, < % 15 lhe Lorenlz
momentum of a saliton, — 0 = p; < o0 s the Lorentz momentum of a periodic soliton, O < §f < /2
iz the internal momentum of a periodic soliton. These canenical momenta can be expressed through
|atpl], s, and £, only. In the semiclassical quantization all the canonical variables become operators.
The pip) aperator has the eigenvalucs of the form ¥, #p — pb and displays the contribution of the
basic particles, the only particles ithan can be abtained by the perturbations theory, The eigenvalues
of the p, and p, operators may be any real number. We shall see latet that the ¥ operalor bas a
finite nuwmber of eigenvalues. These variables bring about the solitons’ centribution.

The second equation (1.12) deseribes the time dependence of the scattering dala which cor-
responds 1o the functions wx) wix) — change accordimg o cq, (1.G). Noling that the operators
X and T look especially simple when x| —+ o we find tha

Bk, i) = exp fikribik. 00, Cfil = exp {ikg 116 d.(t) = eap {1k, 7 M, - {1.25)
The ranonical momenty sre expressed through the variables thal do not depend on lime!
alk, i) = alkh, #di) — K, Salt) = Cy (1.26])

kg, = oS el ko = M+ 2
The syuate root values are chosen so that ky, > 0and Im &k, = 0

The Izsl formulae enable us 10 cxamine the solutions of eq. i1.6) cempletely and particularly
to find the 1wo Lypes of the soliton solulions:

I. A simple soliton without internal degrees ol freedom {a siructurcless soliton}

uol,t

-t - g :
r;,q,:,l=4tan"cxp{j:mx—l,]_ ;i'n}; po= " f,--L_! (.27
Wl—e Rl ek
defined by the patameters p. gg and also by an integer-valoed parameter 2 = +1 with iwo values
that can be interpreted 5 4 charge, as we will show in paragraph 1.3
2. A periodic seliton of velocity v = Llanh @

1 i sin [meos 1 — 1]
iy iy T-:. 1 = [ | = 1 L H T 1 Il$
wix, fle, T, q 2) u{r 7 T) q tan {tan cosh [m 1 (A7 — q cosh ‘i“]'}} { )
T = tepshg — xosinh g, ¢ = xcosh ¢ — rsinh @
F= 2 = (129
fet S A p

Onc can cxhibit the general solution of eq. (18] at large values of 1 as a free wave packet and a
linear combination of Ihe salitons mentioned abowe,

X, 1) e UG (0 1)+ uTi e gk, T ;“"L“”m T @ Zadia - i1.30}

nk u [11] ]

The distincuve
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fin = Ponn-
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te, 4%, f|t‘1- Ty,

)2 = MCos
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(T S 4 [P
where
 ERLEE R B
1"Ilull - E":I'I =
Frioo il o
L I:.I.irl e
[
Wowl iIli“ 2

2. The sealutio
TR PO

describes the scat

[, i|i= A

where
‘Ul:l‘l:al — Eli -
r‘fq:ﬂ_ EE q|1|
How — Hin 7
Mote thal the

rapidity g, — @
1o the bound sia
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The distinctive feature of this model is the conservation of the number of solitons and of the
number of the soliton tvpes from ¢ = — oo 10 ¢ = + a0 and aiso of their mdividual momenta.
The cnby chunge due to interaction is the additional shift of their coordinates (comparing wilh
their uniform motion without intetaction):

P' = H E'n e ﬂ‘uul" q’:::'i ?é '?Eiuu :?I'l # ':ll'.lni.ll' [I'EI}
n P-:'ul 1

In particular, there arc solutions with putely soliton asympiotics. They are called the polysolilon
sofutions. The inverse scaltering method provides the explicit expressions for them. We present
two examples now.

. The solutinn

— sinth {[d o, 012
uAx e ta g gab =4 tan”! {lanh{'p' Wap I, ook 0ol }}

7 cosh “dj = ﬂ‘;.:h'lz}

Wy s =macoshe, a(x — g ) — msinhg ;!

: 131

describes the scathering of wo solilons of the same charge and behaves asymptotically so;

L RETIO B B ER{ LA NN 0§ P LA (1.33)
where
Bhit gt ol
2 fy — i
T _ gl = Inw it
qﬂlﬂ "'Ln H‘H:t'lﬁh 'WL III Lﬂlh( q )1 11.34}
7
B _nEen  SmE * — ¥
G = Hin. = In fmlh( 3 ) gy iy

2. The sclution

" oy — e 0 osinhifd. -4 N
b R .._” I—l. 3 - = I- 1 th e 3 35
et e B gy g ) =4 lun {m ( 5 ) o id T3 VI [1.35}
describes the scattering of two salitons of different charges and asymptotically is
““[3111-'+|U-1"-]'+1'?-.’m}u:[x11 tli‘:‘l '|tl.|:?'l:L]--|I-u"||-""'-='E !:\.l;l ’ql; "! [I'jﬁll'
ol aul 1rul UL
whene
|_|'1'I == g:.tl_ i [-'I.
£ 2 W, — -
e olh | — 37
ot — Hin it cosh o tn r.mh( 5 ), {1.37]
- = -2 P, —@-
— g = -———— Incoth [ = : V=@
"'.ruul ":i'|n HlﬂDEh{lﬂ'_ LAY ( 2 ) 1il:' @

Mote that the solution {1.28) is derived feam this one by the analytic continuation in the relative
rapidity @, — ¢ _ —ifn — 20N It 15 already clear that w is a classical solution that corresponds
to the bound slakes.
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The solution which describes Lhe scattering of a structurcless soliton on a periodic one is also
revealable bul its cxpression is loo ¢umbersome Lo be written down here. Just note Lhal the momenla
of both solilons remain the same. ie B, = P Pag = . and the internal motion period stays
unchanged, ¢, = 8, (the internal momentum is conserved) But the coordinates of the simple
solilor, 4., of the petiodic soliton, g,. and 1he intermal phase of the latler 2 change. Suppasing the
simple soliton’s velocily bigeer the coordinate shifes look so:

i fl
; 5 D", p~ g o= g, p*, @),
'q“ul qlrl a £ F L F 1 ﬂ‘jr "?DIJI II:.Flrl t‘}p' [P P :I

Bt — Tin = ]6 Eﬂw i 1T H p. = M sinh g, ¥ = 2Mzindsinhgp,, i1.38)
= EEE gt =il = T e
MWp. p~. 1) = Sk Kiie™"-e® ") + K{—ic” - e™ %) 11.39)
- " xexp i —Hlh + 1
& 3ok R T 1.40
Al ,J:‘w] ( X +cxp4—|{:|‘}) LA

The scaltering of two periodic salitons looks similar. All the momenta are conserved and
coordinates obtamn the fotlowing increments ., = @, -

- =

- " i < 't 5 =| 4
F‘F'm_: Paye “I 'r['r]}'- qul: - '::I'nrlJ T -[;*Fw_z F{F"J'Fw;' I!?‘:I ] ﬁ':::'

4
Q:‘Ll q;‘ — EF“:
; (1.41)

W ] P . -4 w e I}I {1 . : -
B — Kjn = “5 ﬂﬂ‘ F‘Fwnpw; {jllﬂ :I Hoy — Ilna ].El 'EI['IJ f'{.r"wppn_-‘ﬁ]'ﬂlh'

Fip,, p;.0,.0) = F{eP gm0y 4 gy p®amdn g iitEy 4
+ j{:. g% -ll':-..eirm-rh]' + K{E_.m-w:_ciw;—n.]j _ “'42}

Consider now the scattering of any number of solitons. [t turns oul thal all the momenta remain
conserved. all the coordinates beocome shifted duc o the interaction, with the 1olal increament of
cvery coordinate being the som of the 1wo-body shilts

".l"l':.m = Eﬂ’qrh ﬂ"xn: = ;Mﬂ'

The rcason of the solilons’ number, 1ypes and momenia conservation is (he existence of an
nfinile number of conservation laws in this model. All the conserved quantilies have Lhe local
densities thal are expressed in lerms of v, u, and their spatial derivatives. Inserling the asympronigs
{1.30) of the geacral salution wix, 7} inlo Lthese densilies we obtam

Xy jil.ﬁ.k“"' tplk) = T gl + J"”“““' ' Pkl

W ® i,

i1.43)

{144}

E p"ln J- dk L ki" g kﬂplﬂ{k} E p“uul. pduu: J"‘Ik k" ||'|.II.{'i';.:I .Flll:l = "b.l'lllﬁi + m:

wilh sumining over all the solitons types in the inntial and inal stales. These idenlities ensure Uhe
conservations mentitoned above.
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1.2, A brigf survey of the knowa classical solutions

Many classical solutions of soliton type have been found up to the present time. We are nol
going 1o undertake their general classification which was done in [36-41.42-51] Instcad we
present some remarks and references to ongingl papers,

The fact of solituns existence depends sirongly on Lhe dimension d of the spave-lime, hence the
cascs of varicus dimensions ought to be examined sepurutely.

lyd=2

The exislence problem of the structureless solitons for the scalar fields

u, - b+l =10 i2.1]

r

i simplified by the mechanical analogy. The substitution of ulx, /1 in the ferm

x—
= i (2.2)
u‘(w.-'l - uz)
translerms ¢q, {2.1} inlo
i = 2w, {2.3}

which is the Newton equation for a particle in the potential —u). Thus the soliton solutions
appear to exist when tu) has 1wo pearby minima of cqual magnitude,

The periodic solitons do 1ol seem to take the treatment by the generyl considerations of that
simple sart. The numerical cxperiment [52] proves the existence of the periodic solitons in models
other than sit @ ,. but they are not absalutely stahle. Such solutions may correspond to the senics
of resonances mn a quanlum theory.

2}d=23%

The mest interesting cxample with soliton solutions is the nonlinear chiral field p{x) with the
vulues on the two-dimensional sphere 57 in-Neld). In the paramettization of # = (ry. my. mahon® = |
the Lagrangs Mnction is

¥ = ; J. doof @ w12, {2.4)

The ¢lassical equations become
Ga + min i\ m)y =0 1251

The stalionary solutions obcy the cquation

M, +u,+r[la.ng+ e -n)] =0 (2.6}

[t = easy to verify that il & satisfics the system

{u‘_+nﬁn1=ﬂ:

#,—nfoa =0 (27)

then it satisfies cq. [2.6) too. The system (2.7] can be reduced to the Cauchy-Riemann set of equa-
tions. It can be checked by regarding 8% us 4 complex planc C. Substiluting formally
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2 pIn et =1 )
H, = -— e = ——2 -z, M, = ¢ .
V7 w48 S T e el

we sa2 that the equations (2.7) reduce 1o the condition for w = 2 + is Lo be the analytic function
of the variable 2 = x + 1p. Employing this obsetvalion we arrive al 1he infinile sel of solutions
of @q, (2.6) with the (inite energy [53]
H= J. d*x(m.n, + ) (2.9
Mole that this sel s degenerale. IT mx] s a solution Lhen mAx) 15 a solution too with the same
eherpy. 30 the p-field's solitons do not realize even a local minimuum of eneegy.
3 d=4
The most popular soliton was found in the svstem of the Yang-Mills ficld inicracting with the

Higgs field. It is the t'Hooft-Polyakoy monopok [54-36] The Lagrange function in the case of
Oi3) groups looks hke

¥ = Id%tr[;}—]! Fﬁ, + ]i{?u@ﬁ | Em: _ ”1}:} 1210
where ¢ . u = 1,2, 315 Lthe scalar isovector Held and

Ve = g 4 [d,, ] (2.11}
The stalionary solulions are found by

P, = ? ek AT = Einn-‘-'r-(ﬂ“'] # #) A3 =0, (2.12]
which teads to Lhe next two radial equations

W+ fh" + (u® — 2% — A = 0;

i e 1.2 4 1,2 st

a" + r-a _rzﬂ_ﬂ"'“ —g'uta =1,
They are proved to have the solulions with the boundary vonditions

u— pd LR F— oo, a =1 F— o, 12.14)

Putticularly, the imagnetic ffeld (F4 9" behaves in the infinity 25 const;r® and this shows the solution
to represenl x magnetic monopole. lts mass is of the arder of M/g?, ie. very big for the usual theory
of the clectremagnetic and weak interactions, Here M 05 2 mass of a vector particle,

This system also has a time-periodic solulion thal corresponds o a monopole with eleciric
charge — a dyon. This solution was found by Julia and Zee [57] by the slationary substitution
{211 changed so0;

Ay #0, B o= M)

It hecomes periodic in the physical gauge 47 = 0.
Luile a aumber of solilon selutions which are stabilized by an exirz conservation [aw was

(2.15
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described by Lez ot al. [1%, 58]. The periodic solutions were investigated in | 60, 59

The nonlinear a-Nield does not produce solitons at ¢ = 4, a5 one can sec from the simple scaling
considerations [61]. But one may get over this hindrance by changing the Lagrangian. by addmg
a term with the higher powers of derivatives into . An cxample of his was given by Skyrme 4]
with the pfield on the 57 sphere. Assume

g = g enoz0:h 2wl (2. L&)
and consider the Lagrangian
[ .\ - ar L
,‘l;_ﬂ = EIIIJ djx[{‘uqﬂz + l’:!{‘-:ﬁﬂhl?...l.’pu _ f:ﬂﬂjatlrmﬁr:]' {21.?]

The spherically symmetric solilons are found by the substitution

(U N R 2.18)

One can find the Skyrme model generalization for the gauge Oelds in [62].

13 The topeiugioal charge

The soliton solations had exposed one maore interesting aspect of the nonbincar ficlds theery,
the existence and the significance of the so called “topological charge” The nonlinear lields are
naturally connecied with the maps of the compacl manifolds. The space manilold or the vicioity
of its indinite point is regarded as a preimage, and the manilold of the held values or ils asymptotical
values at infinity Jorm the image. The maps of this kind arc classibed in the topology by mteger
valucd invariants — the homotapy classes. We shall nol go deep into ihis branch of mathemalics,
om: van fod a pood intreduction in Finkelstein's paper [63]. We shall display a number of
characieristic examples instcad. The dimension of space 15 of great imporlance again,

114 =2

The field xtx) in the model sin @; defines the reeular map of the veal axis R' onto the circle 54
The regulurity means the identity of the values x| — ;) and pc) so lrom the 1opological point of
view R" acts as the vircle 5" too. Obviouosly, an inleger number o can be assignexl W the lield x(x),
a number thal denotes how many times the feld circulaes while x runs from — o o oc. This
numbsr @& calculaled by

W VROR— Y . L. -
"= 2.H[u{r;c:{l W— x)] = 5 J durdx e 2 jf‘xu dx. 3.0

It may be regarded as a charge associated with the current

I . 1
S, = 5 fd V2 Fe PG 13.2)

which is conserved ircespective of the motion eyuations and exhihits the simplcst cxample of a
“topelogical™ current. The [wo characietistic properties: 4 the conscrvatlon irrespective of the
maotion cquations: b) the integer values of the charge:  may be assumed as a basic el the tepological
charge definition.






