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Please write your answers to each part of the problem clearly and show the logic
you have used to arrive at your solutions.

There are three problems and you may not have time to solve all three. I suggest skimming the exam and
deciding which problems you want to solve first before you begin.

The following expressions may be useful:

Christoffel Symbol in coordinate basis:

1 i i
]'—‘_iu = EQAU (Ougve + aug,ua - drrg,ew) (1)

The Christoffel Symbol in a coordinate basis for a diagonal metric (below assume p # v # A and
repeated indices are not summed over):

! :
Thw =0 Tiu==5(@) " 0guns Thx =8 (Iny/aax), Ty =05 (Iny/5n) (2)

Nz fLpt

Riemann tensor in coordinate basis:

R? g = 8:T5, — 8,72, + T4, T, — T ST (3)

g vy a
Symmetries of the Riemann tensor:
Rp;mu = 7R,upou - _RP;LV(J'? R;may = Rm/py.a Rmxau + Rpm/ﬂ + Rpu;ur =0 (4)

Ricci tensor in coordinate basis: Ry = R,

Einstein's Equations: R, — %Rg,w = 8rGT,,
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Questions
\’1/ 1. Rindler Space
Consider an observer in 2-D Minkowski space with a world line given by the parametric equations

t(7) = asinh(r/a) x(r) = acosh(r/a) (5)
where 7 is the proper time for the accelerated observer and a is a constant.

(a) Compute the components and the magnitude of the observer’s 2-velocity and acceleration. ok doey A T 4
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(b) Let A = 7/a. Show that the space-like line defined by setting A = const. and varying a is orthogonal
to the world line of the accelerated observer where the lines intersect.
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(c) For each A, the curves of constant A and varying a define a family of space-like lines. This map gives a
new coordinate system (A, a) from (t,z). Sketch the new coordinates on the (t,z) plane. Do these coordinates

cover the z,t plane? L r d£e ASihA ’ x = H_eos 7\)
b= danhn x e e f fre 7
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(d) Calculate the components of the metric in the (A, a) coordinate system.
2 b T
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\Q 9. Vector calculus in spherical coordinates

In this problem you will work out some familiar facts using the mathematical structure introduced in this
course. In R3, we can usc Cartesian coordinates (z',2% z%). The components of the (Riemannian) metric
tensor in the Cartesian coordinate basis are just d,;. Alternatively, we can use spherical coordinates (r, 8, &)
defined through

z' = rsinfsing, 2 = rsinfcos¢, z°=rcosh (6)

(a) Express the components of the coordinate basis vectors {0, @, 8} in terms of the Cartesian coordinate
basis vectors {81, 82,03}
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(b) Express the components of the metric tensor in the spherical coordinate basis AND use this to show that
the spherical coordinate basis vectors {0y, dp, 0} are orthogonal, but not orthonormal.
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(¢) Compute the non-zero Christoffel symbols in the (r.8,¢) coordinartes P - \’“ v 3
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(d) Given a vector v with coordinate basis components (v",v?, %), write an expression for the divergence
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(e) An orthonormal non-coordinate basis {&.), &gy, &) } can be constructed by normalizing the coordinate
basis vectors {8, 8y, d }. Write an expression for V-v in terms of the components of v in this basis (v", v?, v%)
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6
3. de Sitter Space
X 1 Four-dimensional spacetime with positive constant spacetime curvature k = R /12 is called de Sitter space

(If & < 0 the spacetime is called anti de Sitter space). We say this spacetime is maximally symmetric. The
Riemann tensor for a (4D) maximally symmetric space takes the simple form

Rpﬂ'.ul/ = ﬁ (g,ougm/ - gpvgrf,u)
where R is the (constant) scalar curvature

(a) What 7}, gives rise to de Sitter space? (

you do not need an explicit expression for g,, to answer this)
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(b) Instead of having a source TW, can you change the left-hand side of Einstein’s equation (e.g. the part
that only depends on spacetime geometry) so that de Sitter space is a solution when 7}, = 07
Vs
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(¢) One way to describe de Sitter space is as hyperboloid embedded in 5D Minkowski spacetime

X0 4 (X (X0 4 (O o (X = £ ®)
where the 5D Minkowski metric is, of course, ds? = —(dX%)? + (dX')? + (dX?)? + (dX%)* 4 (dX*)? and
X' € (—o0,00). Introduce coordinates on the hyperboloid (7, x,0, &)

X© = ¢sinh(r/0), X' = {tcosh(r/{)cos(x),

X? = fcosh(7/£)sin x cos¥,
X2 = fcosh(r/€)sin ysinfsing,

X* = fcosh(r/€)sin x sin § cos ¢ (9)
Find the metric on the hypmbolmd in termc; of the (T, x,0,¢) coordmate%
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(c) In a sentence and a sketch of some of the coordinates, describe de Sitter space in these coordinates. What

should the ranges of (7, x, 0, ¢) be? . ) s i ) i . . c{ Lj
T, w e dsTo —d2t 4 ek [1)[4x +snxde 1 Sin ASino dp
vadies }_@Cd}h %‘e at T > Y adans —> ,1
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(e) Now cousider the coordinates (¢, 2!, 22, 2%) defined by
1 ! , 1
X0 = ¢sinht/f — ﬁ:ci:z?lc't/f, Xi=zge " for i= .29 K*t= fcoshit/g — §E;L-t:,gie—t/"-’ (10)

Find the metric in terms of the (¢, 2!, %, %) coordinates. Do these coordinates cover all of de Sitter space?
P






