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4D N = 4 Yang-Mills

Prerequisites in Fields
4D 2-component spinor notation ITA
supersymmetry, superspace I1C, IVC
classical groups B4

10D IIB supergravity
1/N expansion VIIC4

4D N = 4 super Yang-Mills has interesting quantum properties: Because of its
4 (times the minimal number of) supersymmetries, it has more spacetime symme-
try than any other renormalizable 4D theory. But it’s also conformal, so its N = 4
superconformal symmetry gives it an even larger symmetry. Whereas any 4D, scale-
invariant theory is conformal classically, when such theories are ultraviolet finite order
by order in perturbation theory, this (super)conformal invariance is preserved at the
quantum level. (This also implies some nonperturbative advantages, such as absence
of renormalons.) N = 4 Yang-Mills was the first known example of this behavior.
(This requires at least N = 1 supersymmetry.) Having the largest symmetry group
gives it the simplest quantum S-matrix elements of any interacting 4D theory. Partly
due to the Anti-de Sitter/Conformal Field Theory correspondence (see below), its
4-point amplitude is known to all orders in Ng?, to leading order in 1/N (colors
for U(N), not to be confused with the (S)U(N) internal symmetry for N = 4 super-
symmetries). As a consequence of these properties, the N = 4 theory is often used
as a starting point or approximation for calculations in the Standard Model. It is
also the CFT with the most number of explicit calculations for testing AdS/CFT.
There are even methods motivated by AdS/CFT that don’t explicitly make use of
the string: For example, Yangian symmetry and the dual Wilson loop are two ap-
proaches to N = 4 Yang-Mills that use only the T-duality property of string theory
to imply useful methods to determine properties and perform calculations entirely
on the CFT side, but with methods that might not have been found otherwise. For
these reasons, most of what is discussed below relates specifically to this theory, but

some generalizations are also outlined.
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4D N = 4 Yang-Mills can be described in superspace by the commutation rela-
tions of derivatives covariant with respect to both the Yang-Mills gauge group and
supersymmetry. These derivatives are with respect to both the spacetime coordinates
2% (in SL(2,C) spinor notation) and fermionic coordinates #2* and their hermitian
conjugates 6,% (with also SU(4) “R-symmetry” indices). (In general we'll use under-
lined indices for those for defining representations that will be broken up finally into
two smaller indices as direct sums.) The superfield strengths that appear give the

usual component field strengths when evaluated at § = § = 0: For all N < 4,

{Vaa V23} = =03V 5
{Vaa, Vis} = Capdar

Vaas V5] = Cashy
[V, V53] = Ci5M\%

from which we can see the 6 scalars ¢ = —¢%2 4 (Weyl) spinors ), and selfdual
and antiselfdual Yang-Mills field strengths f*# = f%® and f. (Of course, all fields are

in the adjoint representation of the Yang-Mills group, by supersymmetry.) Here we
have used the SL(2,C) metrics

) ay (0 —i
Cog = —CP = C,y = —C =
’ & <z o)

The Jacobi identities imply the supersymmetry relations between these field
strengths (through covariant spinor derivatives, i.e., Taylor expansion in #), and that

N < 4. For N = 4, they also imply their field equations, and the reality condition
Pab = 3€abea™

up to a phase whose choice breaks U(4) to SU(4). (N = 3 implies equivalent fields

and field equations, but doesn’t need a reality condition.)

In this notation, the action can be written in components as

S = %t?” / d4l’{ - %faﬁfa,@ + %[vada éa_b] [Vozo'n (ba_b] - 3_12[(511_1)7 é@] [(ba_ba ¢@]

+ A =1V ag, A2 + 362 [Papy AZa] + N [62, Noal }
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The simplest derivation is by dimensionally reducing 10D super Yang-Mills, which
has no scalars: Then the first line comes from the F? term, while the second comes

from the AY\ term. (The covariant derivative commutators can also be done there.)

Later we'll consider a smaller superspace that includes only Vg, and V¢ as
nontrivial on the field strength that lives there. (For N = 4, a is 4-valued, a and o
are each 2-valued.) For N = 4 only 1 complex scalar appears explicitly (at = 0) in

the above commutators of the other spinor covariant derivatives:
=
{Via,V 5} =0
{vaau Vbﬁ} = C(ozﬁc'ab(z5
wa | b ~ a’'bt/
{V@%a, V75t =CyC*7 0

The same ¢ appears in both equations (and not ¢, because of the reality condition),

and because of the Jacobi identities it satisfies
Viad =V 56 =0
Correspondence

The AdS/CFT conjecture is that (10D) superstring theory is equivalent to 4D
N = 4 super Yang-Mills. (In string theory, the identification of physical dimensions
can be ambiguous because of compactification/bosonization, branes, etc.) This equiv-
alence is nonperturbative, as is the conjectured equivalence between all superstring
theories (I, ITA, IIB, and both heterotic) and the suspected “M-theory”. In partic-
ular, this equivalence is seen perturbatively about the vacuum of 5D anti-de Sitter
space x the 5-sphere, where these 2 spaces have the same radius of curvature R (so

the 10D curvature scalar cancels).

The basic idea is that we live on the boundary of AdSs, so we don’t see the
fifth dimension “xy” directly as a dimension, in the same way that we don’t see the
other 5 dimensions of S°. In terms of the boundary being “branes”, the fields with
which we are most familiar are located there. The idea that the boundary conditions
determine all fields in the “bulk” is called “holography”. Specifically, the relation is
between arbitrary fundamental fields of 10D IIB superstring theory and color-singlet
composite operators on the boundary, which act as sources for the string fields (or

vice versa).

The corresponding vacuum on the YM side is the usual YM vacuum. Remember
that a vacuum does not define a theory, but is only a particular state in a theory,

usually for purposes of perturbation. For example, giving some YM scalars vacuum
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values corresponds to moving some D-branes away from the boundary. These and
other modifications to the vacuum, such as modifying the S, can be useful for more
general correspondences, like “AdS/QCD”. In practice, such modifications make the

theory more realistic, but more difficult to calculate.

The AdS/CFT relation is summarized by the equation

Zarngl(@) = (] 77

On the lefthand side Z is the S-matrix generating functional as calculated in string

CFT

theory, where ¢ is a background string field satisfying the “free” (on AdS) field equa-
tion, evaluated at the boundary. (For most of what we do, these string fields will
be taken to be those of 10D IIB supergravity; “stringy” contributions come from the
massive fields.) This is the same as the S-matrix element as calculated in ordinary
field theory, where external line factors are always fields (not sources). However, un-
like ordinary field theory, we keep boundary terms in Zg,.ipng, so there are quadratic
terms, which give 2-point correlators. (For example, [(9¢)? is nonzero on shell, be-
cause of boundary terms surviving integration by parts. In usual field theory there is
no analogous “2-point S-matrix”.) Since there really isn’t any sensible “momentum
space” for AdS (not all translations commute), this is generally done in coordinate
space, at least for the extra dimension xy of the bulk. Also, “initial/final” states
are now states on the AdS boundary x, so the free external field ¢(x,zq) attached
as an external line factor to a vertex is related to the boundary field ¢(z) by a free

propagator.

On the righthand side the calculation is performed in a corresponding conformal
field theory on the boundary. It’s conformal because the conformal group SO(D,2)
in D dimensions is the same as the AdS symmetry group in D+1 dimensions. (In
particular that means the scale weights of ¢ and O must add up to D.) The z integral
is of course performed on the boundary, where the CFT lives. (There will also be
powers of xy that cancel.) In that calculation O is some color-singlet composite of
the fundamental fields of the CFT, while ¢ appears only as a source. Of course, one
must determine which fundamental field ¢ of the string theory corresponds to which
composite of the CFT (including normalization): This is usually done by comparing
¢¢ propagators on the string side with 2-operator correlators (O O) on the CFT side.
Just being able to find a match is some confirmation of the AdS/CFT correspondence:

It involves only free strings on the string side, but (generally) interacting fields on
the CF'T side.

The most calculable case is the AdSs;xS® solution to the supergravity sector of

the Type IIB superstring. The solution comes from constant Riemann curvature
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tensor and constant selfdual 5-form field strength for the 4-form gauge field (both
with flat indices, for coordinate independence); the other fields vanish (or the dilaton
is constant, depending on how you define it). Like the metric, the 5-form has a “direct
product” form, being proportional to the 5D Levi-Civita tensor in each sector. As
a result, it is effectively a pseudoscalar in each 5D space, and hence also covariantly

constant, so its curl and divergence vanish, which are its field equations.

The 2 (dimensionless) couplings gy and Nof (super) Yang-Mills are related to
the 2 (dimensionless) couplings g, and R?/a’ of string theory on AdS by (up to some
normalization conventions)

R2

2
/> = 47TN912/M

2
9s = 9y pm (a

Thus perturbation in o' on the string side does not relate directly to that in the
't Hooft coupling on the YM side: Weak coupling in one is strong in the other. The
former equation is based on identifying the CFT fields with (some of the) open string
states whose ends are attached to the boundary. (The fields are said to “Reggeize”:
Quantum corrections are expected to show that the massless fields lie on Regge tra-
jectories, giving the other states of the open string.) The motivation is to consider
the boundary as N (D—1)-branes. (The “string fields” are then the usual IIB closed
string fields.)

The latter equation comes from solving the equations of motion of 10D IIB super-
gravity for an AdSs;xS® solution using just the metric and 4-form. Since the 4-form is
the only source of energy-momentum, its charge is related to the radius of curvature:

As it appears in the field equations,

L1 (4nNN ] R*\’
gt R2 T\ RS " dmgs \ of

Everything comes from the way gs appears in the action (with o/ to make it dimen-

sionless), dimensional analysis, and the definition of charge (flux on S°), except the
4m: Because of selfduality the charge N is both electric and magnetic, and therefore
(Dirac) quantized to be integer. (Consider separate sets of branes with charges e;
and eg: Then ejey always integer implies the same for e; and eg separately.) Actually
N can have a sign (branes vs. “anti-branes”), and this corresponds to the fact that

open string ends can be associated with the N or N representation of U(IV).
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Notation

There are way too many kinds of indices and coordinates. We’ll try to maintain
some degree of consistency. Much of the following won’t make sense till you get to it,

but at least you can see some pattern.

General:

When the distinction is relevant, we use indices from

beginning of alphabet :  “flat”: tangent space, coset gauge group
middle of alphabet :  “curved”: base space(time), coset symmetry group
Super:

For supersymmetric theories (and often nonsupersymmetric ones) with bosonic
symmetries that have factors of SO(6) or smaller, spinor notation (indices of defining

representations) are usually more convenient. The rules for indices are

Capital :  super (graded)

lower-case roman :  bosonic, internal
lower-case greex @ fermionic, spacetime
underlined :  direct sum of 2
dotted, primed’ :  complex conjugate, other

where “super” or “graded” means an index is interpreted as running over both bosonic
and fermionic “values”, with the statistics of the object carrying them changing ac-

cordingly. Thus (with groups to be defined later)

(P)SU(2,2|N), GL(N|4) (superconformal)

a: SU(N) (full internal)

a:  SU(2,2) (conformal)
AA GL(2|N/2) GL(2|n)®GL(2|N—n) (super projective)
a,a’:  SU(2)?, SU(n)®SU(N—n) (projective internal)
a,d:  SL(2,C) (Lorentz)

(An exception is 10D spinor indices «, since 10 > 6.) Coordinates then tend to carry

pairs of indices:
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Zu?, Z4M . superconformal
ZAM Zv2 . rectangles
wyY : projective
up, @ é/M/ © gauge
ZL‘MI; :  spacetime
Y, :  internal (projective)
0,2, éml; : fermionic (supersymmetry)
(M Cyr o supertwistor
.t X AdS;
Yl Yme 8P

0,,(6%),6,2(0%) - TIB fermions (on AdS;xS°)

(For 4D supertwistors there is a hidden U(1) index for the little group; in D = 6 it

becomes an explicit SU(2) index.)

Bosonic:

A small minority of the following text will be about AdS or CF'T without reference
to the correspondence, supersymmetry, number of dimensions, etc. Rather than waste
symbols or alphabets, we’ll use some conventions that contradict the above, restricted

to bosonic discussions (which won’t last long). Single indices are then carried by

coordinates:
Iy SO(p+1,q+1)
A X SO(D,2), SO(p+1,q), SO(p,q+1)
A X SO(D.,1), SO(p,q)
a SO(D 1)
+— Y, X SO(L1)
0 =,y bulk

General Lie:

Even fewer indices for general algebras (but not the above special cases):

I:  symmetry (adjoint)
t: gauge (adjoint)
i: coset (adjoint)

A: gauge, arbitrary representation



8 Introduction to AdS/CFT

Miscellaneous symbols:

group element

algebra generator

group

spinor covariant derivative

general covariant derivative

dimension

Yang-Mills U(V)

R-symmetry (S)U(N), number of supersymmetries
radius of curvature, gravitino field strength
curvature

dilatation generator, propagator

scale weight (“spin” piece of dilatation A)

conformal boost generator

=N A DDA Z=20T a0

conformal boost covariant derivative (“spin” piece of K)
Su : first-quantized spin

M, :  second-quantized spin

Grading signs:

We hide signs due to statistics in ordering of graded indices. The analogy is to
signs in the Minkowski metric when separating vector indices into time and space
pieces: We don’t put in those signs explicitly when doing calculations with covariant
equations, only just before doing the separation; we even avoid putting in explicit
metric tensors by raising and lowering indices. The signs are important when doing
the separation: E.g., a traceless, symmetric tensor is a matrix that is traceless with
one index up and one down, but symmetric with both the same. In our case, the
signs are made explicit just before the separation into bosons and fermions (or when

dealing with just one or the other).
The rules are:

1) Moving a fermionic index past a fermionic index produces a minus sign. (Since

moving a fermion past a fermion does.)

2) The usual Einstein summation convention applies when adjacent identical indices
are ordered upper-left with lower-right, as in VAWy. (This is a sign convention.)
Any adjacent indices contracted the opposite way imply a — sign for the part of

the sum over the fermionic part of the index.
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3) The ordering of indices on a matrix relevant for matrix multiplication is M4%.
(This follows from the previous, since (MV)4 = MsBVg, (MN)¢ = MsBNp©,
etc.) In particular, the usual Kronecker § is the one with indices ordered as d,%.

(SO 5ABVB = VA.)

An alternative notation, which is more explicit but messier, would include sign
factors such as (—1)* or (—1)2, where bosonic indices are given the value 0 and
fermionic ones are given the value 1. For example, we could write graded antisym-

metrization of indices as
Miapy = Map — Mpa  — Mg — (—1)"PMpa
We could also write the graded commutator in general as
[A,BYy=AB-BA — AB—-(-1)"*BA

by writing the symbols for the operators themselves as the indices for the operators.

An obvious consequence of the above is the “supertrace”:
strM = My4 = (=1)*M,A

is required for consistency with str M N = str NM. It’s the same sign that appears

in fermion loops in quantum field theory. (Consider an operator {4 M45g.)
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The simplest way to study representations of spacetime symmetry groups is on the
group space, which includes the usual spacetime coordinates as those for translations.
(Here it is the coordinates that are elements of the group, not the fields themselves.)
The alternative is to use a Hilbert space approach, but we know that wave functions
are more useful in general from quantum mechanics, and especially in quantum field
theory, where they become interacting fields. Later we’ll focus on applying our results
for conformal representations and their properties specifically to the case of 4D N = 4
Yang-Mills. Note that here we are discussing the coordinates themselves living on a
group, not the fields living there, so this group should not be confused with the Yang-
Mills group or other internal symmetry groups in general. Also, the groups we now
have in mind will also be spacetime symmetry groups. However, these distinctions
can be moot in some cases, e.g.: (1) R-symmetry is an internal symmetry that’s part
of the superconformal group. (2) In Kaluza-Klein reduction, the Yang-Mills fields
that come from the vielbein have Killing vectors as Yang-Mills group generators. So

there will always be close analogies.

We’ll begin with a general discussion of wave functions on group spaces. To relate
to the more common (at least for quantum mechanics) Hilbert space approach, we
will use a Hilbert space notation; but we can think of this space more generally as an
infinite dimensional vector space. (The bras then form the dual space to the kets.)
We begin by choosing an arbitrary state (0] in this space to call the “vacuum”, and
define the group G in terms of operators g(«) acting on this space, parametrized by

coordinates a. Then a coordinate basis for the group space is given by

{a] = (Olg(a)

where ¢(0) = I, so the vacuum is identified with the identity operator, and thus
the origin of the group space. (But the choice of vacuum can be changed by a group
transformation, corresponding to a coordinate transformation that changes the choice

of origin.) The wave function is then defined with respect to this basis as
() = (afy) = (0lg(a)|¥)

Next we notice that there are 2 different ways for the group to act on these wave

functions, corresponding to left and right group multiplication: In terms of the Lie
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group generators G ; that act on the Hilbert space (as does g), we define differential

operators Gy and D; that act on the wave function:

Diip(e) = (0lGrg(@)|¢) . Gri(a) = (0lg(a)Gilv) = (Gry)(a)

Thus the derivatives G generate an infinitesimal group transformation directly on the
state |¢), while the derivatives D; act on the vacuum. Thus G; should be interpreted
as symmetry (or “isometry”) generators. At this point, we note only that D; commute
with Gy,

Gr,D;} =0

since left and right multiplication in the Hilbert space commute, because multiplica-
tion there is associative. We therefore call D; “covariant derivatives” (but actually
they are invariant under symmetry transformations at this point of our discussion.)

Similarly we can define symmetry invariant products and differentials

g(@) =g(a)(g0) ™", glarr) =glar)g () = =
ido™ By (a)Gr = (dg)g™t =  (daMEy') = do™ Ey*

(The latter is the infinitesimal version of the former.) These are related to the co-
variant derivatives as
D; = EMoy

(where Oy = 9/0a™ and E;M is the inverse of Ej!), and similarly for explicit
coordinate representations for the symmetry derivatives Gy from g~'dg. (As usual,
this “vielbein” can be used to define an integration measure invariant under the

symmetry group.)

However, we know from general group theory constructions (e.g., for the simple
case of SU(2) that you learned in your graduate quantum mechanics course), that it’s
sufficient to start with a vacuum that is a “lowest-weight state”, annihilated by “low-
ering operators” (or maybe “highest” and ‘“raising”, depending on your preference)
that are themselves generators of the group. In general, these lowering operators gen-
erate a subgroup of the original group. In an appropriate basis, we can then divide
up the group index as

I=(,i), (0G, =0

where G, generate a subgroup H of G. (We don’t yet specify whether G, are hermi-
tian.) It then follows that the corresponding covariant derivatives vanish on the wave

function:

D(a) = (0|G.g(a)|¢) =0
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(In CFT parlance, these have recently been dubbed “shortening” conditions, at least
in the fermionic case.) In an appropriate coordinate system, this condition eliminates
the dependence of the wave function on the coordinates of H; in group theory language
we call the space parametrized by the remaining coordinates the “coset space” G/H.

If we then write left and right group multiplication as

g'(@) = h(a)g(e)gy’

we can choose h(a) to be an element of the subgroup H, but otherwise to have
arbitrary dependence on the coordinates « (since it annihilates the vacuum), while
go is independent of av. Thus h(«a) describes a “gauge” (“isotropy”, “stability group”,
or “little group”) transformation that can be used to eliminate dependence on the H
coordinates, while gq yields a symmetry transformation on the state |¢)) that’s basis

independent.

The gauge group constraints cause first-quantized, spontaneous symmetry break-
ing: first-quantized because the vacuum and all other states are single-particle states
(so no Goldstone particles), spontaneous because we consider the action of G on the
vacuum (0|, not the state [¢)) (so the symmetry is still realized, but nonlinearly in

the coordinates, at least when a unitary gauge is chosen).

This is sufficient for coordinate representations. But usually in quantum me-
chanics we want to consider more general representations by adding “spin” to such
“orbital” generators. This is accomplished by first introducing spin degrees of free-
dom, and then tying them to the group by modifying the gauge-group constraints.
So we first introduce a basis (4| for a matrix representation G, for the gauge group

(since that’s all we can fix on the vacuum),

We then define a basis for the Hilbert space by using this gauge group basis as our

new (degenerate) vacuum,
(a,al = (alg()

to get the generalizations of the previous

va(@) = (a,alY) = Daba(a) =GuPYp(a),  Gra(a) = (Gry)ala)

The wave function now depends also on the gauge-group coordinates, but this depen-

dence is fixed independent of the state: For example, in the 2-exponential coordinate
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system a! = (8,4*) where dependence on the gauge and coset generators is explicitly

factorized,

Ya(e) = (ae e Gl = (76 4M (]

) = ea™ (V) ¢u(B)

where e, is a “vielbein” depending on only the gauge coordinates v and independent
of the state ¢, and can be gauged to the identity in a “unitary” gauge, while 1y,
depends on only the coset coordinates 5. Since we know D in terms of derivatives,
D, = G, can be solved to replace partial derivatives with respect to gauge-group

coordinates with matrices, in both D; and Gj.

A special case of this treatment is when H consists of the Cartan (maximal
abelian) subgroup and the lowering operators it defines. Then only the Cartan sub-
algebra needs a nontrivial matrix representation, but since this algebra is abelian,

Y

the vacuum needs only 1 component, and the “matrix” is just a set of eigenvalues.
This feature makes this choice preferable, except when we want to make more of the
symmetry manifest. In an appropriate coordinate system, the vielbein factor above
is then simply

vy,

e(y) = e

where A and M have been dropped because that take only a single value, ¢ runs over

only the Cartan subalgebra, and n, are their eigenvalues.

SU(2)

A simple example of all these concepts is the group SU(2). (In fact, one method
of analysis for general groups is to consider SU(2) subgroups.) Here we’ll look at
SU(2) in some detail to illustrate the concepts discussed so far, as well as motivate

the analysis to come for the special case of superconformal groups.

If we make the usual division of the generators into Dy and D, we can pick Dy

and D_ to generate the gauge group H, by setting

D_4p=0, Dyp=—jip

on the wave function. After the first constraint eliminates 1 of the 3 coordinates of
SU(2), the 2 remaining coordinates can be taken as the usual ones for the sphere.
(The eliminated coordinate was the usual third Euler angle of that parametrization
of SU(2).) The second constraint then fixes the dependence on the azimuthal angle
¢. This gives a representation, but a reducible one: It still has arbitrary dependence

on the polar angle #. There are various methods (but all with the same result) to
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limit this dependence to give a finite-dimensional representation: One is to fix, for
some nonnegative integer n,

(D)l =0
= 0=D_(D)"""~ (n+1)(n—25)(Dy)"

bu pushing D_ and all subsequent Dy’s to the right. So recursively we find: If n < 27,
1 = 0; if n > 27, the same constraint holds for lower n at least down to 2j; and only

for n = 25 can the constraints terminate. Thus we can impose nontrivially just
(D) =0

This additional constraint is not a coset constraint (except for the trivial case j =
0); its analog for the superconformal group will be analyzed soon: They will be
interpreted as field equations. In particular, the case 7 = % satisfies a quadratic
condition, which is related to the quadratic nature of free field equations. In general,
such equations will be satisfied only by field strengths on shell, not by gauge fields
nor off-shell field strengths, which will contain infinite-dimensional representations of
SU(2) (or a larger R-symmetry group): For extended 4D supersymmetry, superfields

or their gauge parameters have infinite numbers of auxiliary fields.

For the usual reasons it may be convenient to use various different sets of co-
ordinates. Here for pedagogical purposes we’ll derive a particular set of somewhat
unusual coordinates from a more familiar one. (For the superconformal case, we’ll
just choose our coordinates directly.) The chief unusual feature is that our coordi-
nates are defined by Wick rotation: As we know from the usual field theory method
of Wick rotation to Euclidean space, this technique can wreak havoc with reality
conditions. For SU(2), a standard space for defining SU(2) is the sphere, which is
the coset SU(2)/U(1) (i.e., SO(3)/SO(2)). For algebra and analysis, it’s often more
convenient to use stereographic coordinates than the usual spherical (trigonometric)
ones. Then the metric and volume are given by similar expressions:

dzdz 2V — i dzAdz
(1+322/R?)2’ 2 (14 422/R2)2
where R is the radius of the sphere.

ds® =

If we perform some sort of Wick rotation, z and Z no longer need be complex

conjugates: Thus we throw caution to the wind and freely make the coordinate change
z—> Rz, z— —-2R/zZ

which implies e ds g nds
ds? 2R BT py 2 BN
(2 —2)? (2 —2)?
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(This looks more like Wick rotation in string theory for the usual coordinate p = In z,
so p — constant —p.) Except for normalization, these are recognized as (Liouville-
Beltrami-)Poincaré coordinates for the hyperbolic plane (the Poincaré half-plane).
This is the coset SU(1,1)/U(1) (i.e., SO(2,1)/SO(2), or maybe SO(2,1)/SO(1,1)), so
clearly we have Wick rotated. It’s now convenient to separate z and z into (what

would have been) its real and imaginary parts as
z=y+iRy, zZ=y—1iRyo

to give these coordinates in their usual form

ds? — 1 dy? + R*dy; dy N Yo
= T2 2 2
Yo Yo

where yo > 0 for the upper half-plane (which is disconnected from the lower half).

. PV =-IR

Obviously we can realize SU(2) (or SU(1,1), depending on where we put our i’s)
on these coordinates. But it will be simpler to consider the limit R — 0, which takes

the hyperbolic plane to a “projective” cone:

dy? dy N d
% ’ d2v N y . ZJO
Yo Yo

The realization of SU(2) on this space (at least in the way that generalizes to higher-

ds® —

dimensional spheres) is a bit simpler; we’ll give a nice derivation later, but for this
simple case it’s easy to check that the answer is
ay + b Yo a b
— = —- = € SU(2
Y cy+d Yo (cy + d)? g (c d 2)
which leaves both the degenerate metric and the volume element invariant.

But already we can realize SU(2) on y alone; why do we need yy? The coset with
just y is SO(2,1)/ISO(2). (ISO(2) is rotations and translations in D = 2. This can
also describe SO(2,1)/ISO(1,1).) Because of the contraction, it’s actually the “I” that
came from contracting the SO(2) of SO(2,1)/SO(2); the new SO(2) is what eliminates
yo. There is a simple relation to our Hilbert space discussion of SU(2) previously: D_

killed the first coordinate, while Dy fixes yy. Explicitly, we have
Do =400, Dy =yo0,

These are invariant under SU(2) except for D, under the “c” part, because we elimi-
nated the third coordinate (which would appear in the D’s) with D_. Then the wave

function for spin j takes the form

Yo ¥ 90) = ()7 ( j)wmny”

n=0
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(The (yo) ™ is the “vielbein” factor.) If we look at infinitesimal transformations, we
see that the “b” part gives translations in y, giving dc,, ~ ¢,+1. The “a,d” part scales
dc, ~ (n — j)cp; this is a phase for SU(2). Finally, the “¢” part gives dc, ~ ¢,—1.
Explicitly, we have

G+ = 6y , Go = yay + yoao s G_ = %yzﬁy + yyoé?o
The coordinate y, was necessary to implement SU(2) completely as a coordinate

transformation; otherwise we would need a “spin” operator to give the action of Dj.

Next, we consider complex conjugation and reality. Unitarity of SU(2) (along

with the unit determinant condition) give

a b\* [ d —c
c d)  \-b a
which tells us that the pair (—1/y*, (yo/y?)*) transforms the same way as (y,vo). So

we define the charge conjugate of a field as
_ L yo* i
(CY) (Y, v0) = {1? <_E7 %)}
where C1) depends only on y and gy, because of the double complex conjugation. In

terms of components, we have
(CY)n = (=1) gy *

This nonlinear realization can also be derived from a projective approach, as

CP(1). Starting from the defining representation

() 4o
(2)-2(0)

which yields the above transformation laws for y and yo. The defining representation

we define

of SU(2) is pseudoreal, so we know we also have

. y* —1/y*
Cz = Lk = = .
1 Yo

as above. If we want to eliminate yy, we do something similar to a coset by gauging

by an overall complex scale (A(z) has one component), and finding a gauge invariant:

z
M2z = y=2
)
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If we define a spin-j state as totally symmetric in 2j spinor indices, and contract
each spinor index with a factor of the above spinor z, we arrive at exactly the wave

function ;) (y, yo) found above.

Because of the Wick rotation and singular limit R — 0, integration is funny. We
can define an SU(2)-invariant bilinear inner product by starting with an ordinary-

looking integral and inserting a ¢ function in y to make a double integral:

dyo dyy [ dy dy'
(A|B) = ]{—0 = == [\/yoyéé(y - y’)} A(y,v0)B(Y' y0)
Yo Yo Yo Yo

where we have arranged factors into invariant combinations. (We won’t need locality

in y9.) Then we substitute

Yol
VYouhd(y —y') — 0

(v — )%+ voyo

up to some normalization, valid for small y, and g, which we can take for our yq
contours. If we then Taylor expand the “0” in yoy, these contour integrals match up
equal spins (~ y, 7)in A and B. (This is a cheat, but similar to how §’s will appear in
the AdS/CFT correspondence, so we can define our source term there accordingly.)

The y integrals then give an invariant inner product for each spin,

dy dy’
/ g oWB W)
This can be evaluated by appropriate choices of contours, e.g., the first open between

arbitrary points a and b, and the second as a closed figure 8 about those points (giving

a result independent of a, b). The result is proportional to

> (= ( - ) ApynBi)2j—n

n=0

(as also expected from treating A and B as having 2j spinor indices).

Conformal

Before looking at any explicit representations (even for just coordinates) of con-
formal groups, we want to give the algebras, and identify which generators are familiar
from massive theories and which are new. Let’s begin with the ordinary conformal
group (no supersymmetry), in arbitrary spacetime dimensions (really just D > 2),

where the group is SO(D,2). We choose a lightcone basis for the extra (with respect to
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SO(D—1,1)) space and time “dimensions”: In terms of a vector index, A = (+, a, —).

So the metric is

N
(0 0 -1
"=l 0 9y 0

Then the SO(D,2) generators can be divided up as

— b +
- (G~ G 0
GLP=a| G GP Gt
+\ 0 G Gt
scale translation 0
= | conformal boost Lorentz translation
0 conformal boost scale
Note that GA8 = —GBA as usual, but we have lowered one index with the metric

(which only really matters for the & indices) for comparison to later results, and so
the dimensionless stuff lies along the diagonal. The algebra then follows as usual
from the SO(D,2) algebra. So we have the familiar Poincaré group, as well as scale
transformations (or “dila(ta)tions”), but also “conformal boosts”, which we’ll say
more about later. (SO(D,2)>SO(D—1,1)®S0O(1,1), and the scale generator G*~ of
the SO(1,1) counts the number of 4+’s minus —’s on the generators, giving the engi-
neering dimensions.) At this point we only note that they allow us to imbed the usual
massless symmetries into a classical (orthogonal) group, which is easier for certain
applications. (Notational point: Because of a shortage of alphabets, when discussing

supersymmetry, these letters will not represent the types of indices indicated here.)

SO(D,2) is also the anti-de Sitter group in D+1 dimensions; the appropriate
decomposition is then to separate 1 spatial index to get just translations (now non-
abelian) and Lorentz. (We’ll make a few passing remarks on AdS from time to time,

but consider it in detail much later.)

For the conformal case we have the full set of covariant derivatives
D+a — Pa Dab — Sab D+— =4 D—a — ka

for momentum P, spin S, scale weight <1, and covariant derivative for conformal
boosts k. Out of these we usually choose the gauge group to be generated by all

generators of nonpositive engineering dimension:

conformal: D, = (S,<, k)
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Specifically, we set k& = 0 without loss of generality (for physics), while < is fixed to
some constant and S gets the usual matrix representations. Then the only arbitrary

coordinate dependence is on the translation coordinates.

Note that we are here considering SO(D,2) as the conformal group in D dimen-
sions, not the AdS group in D+1 dimensions, for which a related analysis can be
made. There k is replaced by k — P, giving the gauge group SO(D,1) with S; < must
then be dropped from the gauge group, hence the extra dimension: P + k and < (no

longer just a number) are then covariant, nonabelian translations in D41 dimensions.
AdS: D, = (S,k—P)
This corresponds to separating out a timelike index as A = (0, A), where
Gap=D,, Goa=(P+k,<)

So, SO(D,2)/SO(D.,1) is AdSp+1, while SO(D,2)/ISO(D—1,1) is Minkowski space in
D dimensions (more on this later). (Notational note: “0” will generally be used

differently below, as a spacelike index.)

We will not give more detail on this approach now, since a nicer and more useful
form of the algebra in 4 dimensions (especially for spinors) comes from noting that
SO(4,2) is the same algebra as SU(2,2).



20 Introduction to AdS/CFT

Groups

The cases where there are infinite sets of superconformal groups, corresponding
to graded generalizations of classical groups, are for D = 3,4,6, where the groups are
essentially the same except for being over the real, complex, or quaternionic numbers.
(Octonions are a problem, but would in principle be for D = 10. There is a single
“exceptional” supergroup for D = 5.) Sticking to the usual representation over just

real or complex numbers, we have:

3: OSp(NJ4)
D=1<¢ 4: (P)SU(NI|2,2)
6: OSp*(8|2N)

“OSp(*)” means that the group preserves a graded metric, orthogonal (symmetric)
over the first set of indices, symplectic (antisymmetric) over the second. OSp has
a real defining representation, OSp* has pseudoreal; thus the first case has bosonic
subgroup SO(N)®Sp(4), while the last has SO*(8)®@USp(2N). For the algebras, we
have Sp(4) = SO(3,2), SU(2,2) = SO(4,2), SO*(8) = SO(6,2). These are also AdS
supergroups in D = 4,5,7. Most of the time we’ll focus on D = 4.

The superconformal group with N supersymmetries in 4 dimensions is the graded
group (P)SU(NJ2,2) (or equivalently, (P)SU(2,2|N); we use the other order because it
will prove convenient to list first the index we treat as bosonic). This makes for more
convenient algebra, since we can treat it as GL(N|4) with a funny reality condition
(hermiticity, or unitarity for the group) and 1 (S) or 2 (PS, for N = 4) elements
missing. So we begin by defining GL(N|4) in terms of the defining representation,
an N+4 vector with N components of one statistics and 4 of the other: In accor-
dance with the usual spin-statistics relation of physics, we treat the 4-spinor index
as anticommuting and the N-valued internal index as bosonic. This representation of
GL(NJ4) then consists of otherwise arbitrary matrices that preserve these statistics.
So we can divide up the graded matrices, or the corresponding generators, into their

bosonic and fermionic parts:

b B
5 a ng GQQ
s a (GQQ Ggﬁ

where underlined Latin indices are bosonic internal R-symmetry GL(N) indices and

underlined Greek are fermionic spacetime GL(4) spinor indices. But SL(4) (which over
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the reals is actually SO(3,3)), which will become SU(2,2) after we apply reality, is the
4D conformal group, so we should really further divide the GIL(4) spinor indices into
2 Lorentz GL(2) Weyl spinor indices, since SL(2)? (which over the reals is SO(2,2))
will become SL(2,C), which is the same algebra as SO(3,1). After reordering as
determined by dimensional analysis (again fixed by SO(4,2)D>SO(3,1)®SO(1,1), or
now SL(4)DSL(2)?®GL(1), where the 2 kinds of SL(2) indices have opposite GL(1)
weight),

g b B
afG.P Gt G.P
Ga"= ol G GrE G,
a\Gs? Gat G4’
Lorentz + scale supersymmetry translation
= | S-supersymmetry internal supersymmetry

conformal boost  S-supersymmetry Lorentz — scale

where we now have also internal symmetry, supersymmetry, and “Special”-supersym-
metry. Again the scale weights (engineering dimensions) increase from lower-left to
upper-right. The internal symmetry is U(N), except for N = 4, SU(4) (from the P).

The commutation relations, except for statistics, are those expected for multiply-
ing general matrices:

[GAB,GcPY = 65G 47 — 650G P
In the alternative notation, this would be
(GAB,GePY = (—1)BEG,P — (—1)(B+C)D+BCsD B
The “S” condition is then written as
strG = Ga = =Gt =0

in terms of the “supertrace”, where we have used the implicit signs for the A su-
perindex but never do so for the subindices. Since group elements g are exponentials
of elements of the Lie algebra, this condition can also be written in terms of the
superdeterminant as

sdetg=1, sdet(e®) = e

(Conversely, if det is defined by Gaussian integration, sdet can be defined as for
integrals over graded coordinates, and then the definition of str follows.) The “P”

condition is the gauge invariance

6G 4P = 0,70
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This is independent from S only if str(/) = 0; in our case that means N = 4. In that
case, the S generator acts on the other generators but is not produced from them by

commutators, while for the P generator the opposite is true.

In general, S must be treated as a gauge invariance (like P), for which str G = 0
is a gauge condition. This is because str D is the “superhelicity” (more on this later),
which in general takes a nonvanishing value. For example, for N = 4, Yang-Mills is

superhelicity 0, while supergravity is superhelicity 1.

Field equations

We have reduced arbitrary representations of groups (general functions defined
on the group space) by imposing constraints linear in the covariant derivatives, which
does not interfere with symmetry transformations. To define irreducible represen-
tations of groups, we may need further conditions, quadratic or higher order in the
covariant derivatives. (For people who call the linear conditions “shortening”, the
higher order ones are called “semi-shortening”.) This approach is effectively what
is done in the usual analysis of the ordinary conformal group, or just the Poincaré
group: For example, in Wigner’s analysis of 4D Poincaré representations, the spin
is defined essentially as the covariant derivative left over when orbital angular mo-
mentum is subtracted from the full Lorentz generators. Then the Klein-Gordon and
Pauli-Lubanski equations, expressed in terms of group generators, directly reduce to

expressions quadratic in covariant derivatives.

We first briefly discuss some examples for the ordinary conformal group in arbi-
trary dimensions; then we give a more detailed analysis for the more interesting case
of the 4D superconformal group. The generators thus carry SO(D,2) vector indices,

and we can decompose expressions quadratic in covariant derivatives as

SO(D,2):(H®H>S:EH@ED@E@.

Not all of these should be constrained to vanish on the wavefunction, or we get trivial
representations. A closer analysis reveals that we should only consider subsets of
the second representation, such that their algebra closes with themselves and with
the linear constraints. This is the conformal representation that includes the usual
Klein-Gordon equation. The first yields trivial representations. The last 2 describe
only scalars if combined with the second. (When applied separately they describe
anti-de Sitter space, but only for the massless case:. The last is the massless AdS

Klein-Gordon equation.)
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Decomposing SO(D,2) indices to SO(D—1,1), we find:

dim [1J DD

2 ++ P?

1 +a S p, +<pPe

0 ab SaeSLl 4+ ke ph) —tr

0 +— S*2+D+1)<*+(D—-2)k-P
-1 —a Sk, — ke
-2 —— k?

(All these expressions should be symmetrized with anticommutators.) Since S is
part of the gauge group, any quadratic constraints we choose must be covariant with
respect to it. K is also part, and it takes any item in the table to ones of lower
dimension. If we impose P? = 0, all the rest follow, and we find general free massless
field equations (for field strengths: Dirac equation, Maxwell’s equations, Einstein’s
equations in terms of the Weyl tensor, etc.), with < determined by S, from the
SP + <P constraint, and S constrained to rectangular Young tableaux of height D /2

from the next. (In odd dimensions only spin 0 and 1/2 are allowed.)

Besides the linear constraints, which define the gauge group, and the quadratic
constraints, which give field equations, there can also be constraints higher-order in
derivatives: E.g., conservation laws for currents appear at third order as S,*Sy°P.+....
The constraints at any number of derivatives always imply those of higher derivatives,
so the general pattern is that these constraints are always consistent subsets (with
respect to their algebra closing) of

DAlAQDAQAZSDABAAL...DAHA’“L1 —tr=20

A similar analysis can be made for the superconformal group in D = 3,4,6:

OSp<N\4>:(H®H)S=H@HH@ED@-

(P)SUN|2,2) 1 (W & (), = Hl e e @ @ o

OSp*(8|2N):(H@H)S:EE'@E@ED@.

The second representation of each is the relevant one for the conformal group in flat
space. (But again the last 2 are relevant for AdS.)

We use graded symmetrization, so “symmetric” in the tableaux means symmetric
in the former label of the group, since in the first and last cases that has the sym-

metric metric. For the unitary case, dots in boxes refer to the complex conjugate
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representation; ordering of the dotted block with respect to the undotted block is
arbitrary. We thus find a supersymmetrization of the results described above for the
bosonic case, only vector index notation has been replaced by spinor index notation:
For example, since P now appears as Paé in D = 4 (cf. above matrix decomposition
for G 4P), the massless Klein-Gordon operator appears in D = 4 as P[Q[BPW];S]. (Anti-
symmetrization effectively contracts SL(2) indices, so Lorentz indices get contracted

in these equations.)

In general, we can apply subsets of these quadratic field equations: E.g., just the
first 2 in the list of conformal equations give those are arbitrary massless (but not
necessarily conformal) representations of the Poincaré group. Or we can apply some
of the lower equations, consistently with & = 0, to get conformal representations;
we then need also higher-derivative constraints to get irreducible ones. But if we
apply the full (super)conformal set (at any order in derivatives), to get “shorter”
conformal representations, we can express them in terms of just symmetry generators
as well as just covariant derivatives, since D and G are (coordinate-dependent) linear
combinations of each other. (This can be seen, e.g., by their derivation in terms of
g~'dg and (dg)g~".)

To see that this classification of (quadratic) constraints is consistent with the usual
identification of the superconformal mass shell, we evaluate them in the supertwistor
representation. (Supertwistors are basically a covariantization of the lightcone gauge.
They have received a lot of attention recently in the search for simpler methods to
calculate 4D scattering amplitudes, especially for N = 4 Yang-Mills.) Supertwistors
also exist for the special values D = 3,4,6: The generators GG in terms of supertwistors

¢ are

D =3:Gap = 5[Ca. (B}, {C€a,¢B] = naB
D=4: CYYAB = %[EA,CB}U {EA) CB] = 657 h = %[<A7§A}
D=6:Gap=3{C%,Cnl, [CuaGn} = Canan, hao = ${C.7, Gpa)

with indices A, B in the defining representation (and defining Sp(2) = SU(2) indices
a,b for D = 6) and n the OSp metric (and C' the Sp(2) metric), where h is the
superhelicity (generating the little group U(1) for D = 4, or SU(2) for chiral D = 6).
For D = 4 we have given the U(N|2,2) generators; in coordinate representations, only
(P)SU(N]2,2) need be defined. Note that twistors are essentially y-matrices for OSp,
or creation/annihilation operators for U, satisfying graded anticommutation relations;
thus the bosonic ones anticommute with the fermionic ones. Since each supertwistor

carries one index, it’s easy to order them (¢ and ( separately for D = 4) in the field



CFT 25

equations so that the graded symmetrization defined by the Young tableaux reduces
them by their commutation relations to § terms (which are also generated by ordering
them), which are subtracted by the definition of the Young tableaux. We’ll return to

supertwistors later.

Note that for D = 4, even for representations other than supertwistors,
superhelicity = str G = str D

where str G = G454 = (=1)2G4”* (making the signs explicit for the more common
index ordering). The equivalence for G and D is because str G is abelian, and so
commutes with g(a). The superhelicity is thus part of the “spin”, and becomes
nontrivial when relaxing the “S” constraint of the superconformal group (P)SU. It’s
related to the Abelian gauge invariance 6G 4% = 650, except in the case N = 4, where
str I = 0, and the latter gauge invariance is the definition of the “P” in “PSU(4/2,2)”.

In the twistor representation, it counts the number of (’s minus (’s.

Again, all higher-derivative constraints follow this pattern: E.g., for D = 4, all of

them are consistent subsets of the parts of the form

LT
[o[e]e] --- |e]
(Note that for N = 2 and no fermionic indices this agrees with our earlier result for

SU(2).) Explicitly, we have consistent subsets of

D(AI(BI...DA Butil _ 5 terms =0

n+1]
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Supercosets

An element of the group (or algebra) GL(NJ|4) is just an arbitrary real matrix
(with appropriate grading). Thus, no consideration of exponentiation or constraints
on the coordinates is necessary. This construction is simpler than using (the defin-
ing representation of) SO(D,2) for arbitrary D (for N = 0), or the superconformal
groups OSp(N|4) for D = 3 or OSp*(8|2N) for D = 6, since the latter require a
quadratic (orthosymplectic) constraint on the matrices. The fact that the relevant
cosets are projective spaces is a significant further simplification. Then we can relate
to (P)SU(NJ2,2) by (1) implementing (P)S as gauge invariances (or constraints), and
(2) finding the modification of the reality conditions corresponding to Wick rotating
to GL(N|4).

We therefore use as coordinates the unconstrained matrix Z,;4, or its inverse
Z4M, where “A” and “M” are “local” (gauge) and “global” (symmetry) GL(N|4)
indices, respectively. The symmetry generators and covariant derivatives are then
very simple:

Gy = Zy 204N, DB = (94M) 20"

where 0,M = 98/07 v, and we ordered the derivatives to the left in D to allow use
of matrix notation (later), and keep grading signs trivial. (The derivatives are meant
to act only to the right of the Z. It’s a kind of “normal ordering”.) This corresponds
to the identification of the symmetry generators G acting to the left of the group
coordinates Zy;# and the covariant derivatives D to the right, or the reverse for the
inverse Z4™. This is seen from the index structure, but easily checked by performing
an infinitesimal transformation on Z generated by ey NGnM or e4ZDp4. In fact, Z

is simply g(«) in the defining representation: i.e., g(Z) = Z.
The usual full superspace is then obtained by gauging away the diagonal blocks,

as well as the lower-left triangle (“lowering operators”), leaving only the coordinates

for translations and supersymmetry:

a a a

w il 0,2 aclf'“
Zu* = mlo 1 8,°
£ \N0 0 I

More choices can be obtained by also subdividing the N-valued internal indices, per-

haps not equally, into n and N—n: Again gauging away diagonal blocks and the
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lower-left triangle, we are left with an additional n(N—n) internal (R-symmetry) co-

ordinates,
a a a o'
w (I 6. HM“/ x#d
Zor A_, m| 0 [ ym“' émd
m' [0 0 I 0,4
4 \N0 0 0 I

For N = 1 (“simple” superspace) this is identical to the previous case, but for N > 1 it
allows for generalizations that have proven necessary for most practical applications.
However, so far only N = 2 superspace (“hyperspace”) has been developed to a point

approaching the usefulness of N = 1.

Projective spaces are obtained by gauging away parts of GL groups in the same
manner as above (diagonal blocks + lower triangle), but dividing up the indices into
only 2 parts. So we reassemble the previous 4 parts, but differently than the 2 original
blocks (bosonic + fermionic) as indicated by our reordering. We then do a second

reordering, as the standard bosonic 4+ fermionic within each block:

a a a Q

A A m (I O yma' 0,,%

204 M/ I owy®\ _p |0 1 6" =z
M\ 0 1 m' |0 0 1 0

g \0 O 0 I

where M = (m,pu), M' = (m/,ji), etc. We also have a simple expression for the

inverse matrix, in this gauge:

M M

—w M
ZAM — A 1 WA
A\o 1

where this matrix w is the same as the previous. (Symmetry and gauge indices lose

their distinction after gauge fixing.)

This case has the same bosonic coordinates but half the anticommuting coordi-
nates of the previous. Superspaces with half the fermionic coordinates of the full
superspace are called “chiral” (if all #s), “antichiral” (if all 6’s), or “twisted chiral”
(if mixed). (Frequently this is called “BPS” after papers by Bogolmon’yi and by
Prasad and Sommerfeld about nonsupersymmetric monopoles, for obscure reasons.)
This is the smallest number of fermions we can get, since the gauge algebra must

close, and we can’t kill both a supersymmetry and its complex conjugate without
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killing translations. This is useful for constructing actions, since [df = 9/ has
positive mass dimension, so more #’s would require a Lagrangian lower in dimension.
For N = 1, this is either chiral superspace (N = 0, no #’s), in the chiral representation,
or antichiral (n = 1, no 6’s), in the antichiral representation. For general N, n = 0 is
again chiral, and n = N antichiral, both with no y’s. Other important special cases
are N = 2n, where w is a square matrix; this applies to N = 4 (Yang-Mills), N = 2,
and of course N = 0. (The last example should be kept in mind in all of the following.)

Note that the supertwistor representation is also a projective space. Besides
dividing up the N-valued a index as n + (N—n) for arbitrary n, we could have done
the same for 4-valued index «. (This would do the same kind of thing for the z
coordinates as we have done for the y’s.) The 0+4 case is trivial (it gives no spacetime
coordinates), the 242 case gives normal 4D spacetime as discussed above, while the
143 case gives supertwistors. However, this would give a complex space, so we need
to include the complex-conjugate twistor to define real fields. Identifying the complex
conjugate with the canonical conjugate (as for creation and annihilation operators)

then prevents doubling the dimension of the space.

The super Penrose transform gives the solution to the equations of motion in pro-
jective superspace by identifying G’s for “translations” in w (obvious by generalization
from the SU(2) and conformal cases, but we’ll derive it later) to the corresponding

ones for supertwistors: For scalars,

—iOy M = 20t = Dw) =) / d¢ dC e x . (¢, C)
+

“” for hermiticity), relating the projective superfield @(wMM/) with

(restoring the
the twistor superfields y+(CM, ¢ ) for positive and negative-energy solutions. The
choice of n determines how the fermionic twistor coordinates are distributed between
¢ and ¢. Note that, unlike (™ or (j, these coordinates are not a representation (but
only a nonlinear realization) of the superconformal group: For example, the confor-
mal boosts are represented as quadratic in their “momenta”. In comparison to the
usual projective superspaces given above, supertwistors are like lightcone superspace,
keeping: (1) just 3 out of 4 x’s (since they’re on shell), (2) 1/2 the 6’s (say ™ and
f,,7), and (3) none of the y’s.

As usual, the twistor superfields can be Fourier transformed to functions of just

¢M (or just Cur, or something in-between): Integrating over just (-,
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Z / A X (¢ — Ryt Z / d¢ 3(¢H + Pyt x4 (¢M)
= Z/dCM 3(¢MZn?) (¢
=+

(There is a similar relation with 6(Za"(y).)

As we’ll discuss in detail later, only the case n = N/2 (and thus even N) allows real
superfields, since only it makes w a square matrix, with equal range for the A index
and its “charge conjugate” A’. This is especially clear if we note that it’s the only
case where there are equal numbers of §’s and 6’s. (Of course, the full superspaces
also allow real superfields.) Since this makes them the most useful, we’ll often use

the term “projective” to refer to them specifically.

Projective approach

The interesting properties of projective spaces follow from the fact that the coset
coordinates fit into a rectangle. Furthermore, although the full, “left” index is re-
quired for manifest symmetry, the gauge group necessarily breaks the “right” index
into 2 pieces. We can therefore begin, before choosing a gauge, with a rectangle that
keeps the full left index, but only the part of the right index that contains the coset:

Al

A/

_ ’ M ZM—

Znt = = T
M M’

And we can do the analogous for the inverse group element:

M M

ZAM — ZA - A (ZA— ZAM/>

Then all that’s left of the relation between the group element and its inverse is the
orthogonality relation

z AM ZMAI =0
(Similar orthogonality relations appeared for supertwistors above.) Furthermore, all
that’s left of the original gauge invariance is the block diagonal pieces, one of which
acts only on z (GL(n|2) for the superconformal group), and the other only on z
(GL(N—n2)). (But all the symmetry remains linear, since that index hasn’t been

restricted.) Note that neither z nor z contains the coordinates for conformal boosts.
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Some simple but interesting cases of projective spaces are RP(n) (which is related
to S") and CP(n), which are described by (n+1)-vectors (i.e., (n+1)x1 rectangles),
real or complex, for which the gauge parameter is a single number, real or complex.
Using a vector for a representation of SO(n) or SU(n) (which becomes a nonlinear
realization after fixing the gauge) is much simpler than using a coset space. The

chiral case of the above superconformal is HP(3N|1).

The surviving coordinates w can be defined in a gauge-invariant way, which is
a simpler way to see their symmetry transformations. An easy way to do this is by
solving the orthogonality condition, as

/ N’ /
5= A

- _ M
v = (wyY )itz = ua Oy —uy*)

or in matrix notation

Only v and @ transform under their respective gauge transformations. This defines

w as the “ratio” of the 2 blocks of either 2z or z:

M’ = A’(— A’)fl

wy™t = 2t (Zur? )T = —(2a™) Tzt

where the inverses are matrix inverses of those blocks.

It’s actually easier to derive the explicit form of the symmetry generators on w
from the form of finite transformations, rather than using G = g9, and D = (9,)g.
On the original full group element Z,;4, the transformation was Z’ = gyz and thus

Z'=t = Z71gyt, so in terms of

(a b) . ( d —B)
go = ) gO = ~ ~
¢ d —C¢ a

the symmetry transformation of w follows as a “fractional linear” (“projective”) trans-

formation: From the rectangles,

7 =gz, Z=z29" = w=(aw+b)(cw+d) = (wé+d) " (wa+b)

(Of course, a, b, ¢,d can be expressed in terms of a, b, ¢, d, and vice versa: See Fields,
subsection IIC3 if you want to see explicit expressions.) A special case is ordinary
conformal symmetry (N = 0), where all the above are 2x2 matrices: This takes a
simpler form than in the usual vector notation, just as for the case of SO(3,1) on 2D
Euclidean space. Here the simplification arises from using quaternions instead of 4D

vectors, while in the 2D case it was complex numbers in place of 2-vectors.
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From the same derivation we also have the transformations of the u’s:
' = u(cw+d)7, u' = (wé+d)u

Eventually we need to apply the “S” gauge condition (or constraint):

sdet(go) =1 = sdet(cw + d) = sdet(wé + d)
sdet Z =1 = sdetu=sdetu=1/x"

We can also construct symmety invariants in a similar way to (and implied by)

the coset construction (consider g~'dg and g, *g1), as differentials or finite differences:

!

ZAMdZMAI = uéM(deM )uM/é/, zgéleMél = uQAM(wl — wg)MM/alMél

The u’s are pure gauge; symmetry- and gauge-invariant quantities depend only on
differentials or differences of w, according to the translation (“b”) part of the sym-
metry. (An analog in field theory is the dilaton, or local Weyl scale compensator of
general relativity, which cancels in all locally scale invariant actions.) These transla-
tions include the usual spacetime ones, some of the internal symmetry, and half the

supersymmetries (as in the special case of chiral superspace).

The transformation law for the projective integration measure dw can be found
from dz (or dz), which is invariant because sdet g = 1. (The relation of the superde-
terminant to Jacobians, as the generalization of the bosonic case, follows from its
definition in terms of a Gaussian integral.) This is true already for the part of the
measure dZ coming from any one particular value of A’ in Zy*. We then separate

out dw and du in z = (w, [u '

/

dzn? = (dwy™, 0)in A + (wy ™' 637 )diiy
= dz = dw (sdet @) x d(u ), strl, =n—2

where the exponent comes from multiplying the contributions from each particular
value of M. The superconformal transformation of d(z~!) then follows from that of

! by a similar manipulation:
d(a™) = d(a ") [sdet(cw + d)]*" 1=, strl; =(N—n)—2

= duw' = dw[sdet(cw + d)]*", str =N —4

So we have invariant measures

dw(x™ )N, dw dz~ (z7)N7?
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We have already looked at SU(2) in such a treatment; it follows as a special case

of the above:

SU2): w—=y, = —=1/\/y
(and drop the “4”’s in the above measure expressions: N—4 — 2 = str I). Another
important and simple example is SU(2,2) as the N = 0 case of SU(NJ2,2) (only
fermionic indices):

SU2,2): w—ax, x —x

Then we have a 2x2 matrix x, with
7' = (ax +b)(cx +d)~*

as a simple matrix generalization of the SU(2) case. We can easily recognize b as
translations, and a and d as SL(2,C) Lorentz on the 2 spinor indices, and scale. This

leaves ¢ to give conformal boosts.

Correlators

As an example of (super)conformal invariants, we consider 2- and 3-point corre-
lators. For scalars, these can be constructed directly from the symmetry invariants
considered above. (The more complicated case of operators with spin can be treated
by slight generalization with the methods given in the next section.) To illustrate,
we'll look at the simplest case, N = 0. The symmetry (but not gauge) invariant is
then

pe & V- & -1 ——1
22021 —U2aux12uuu1,1 = Uy T12Uy

for any two points 1,2 (including switching 1<+2), where x5 = 21 — x9. The idea is
then to cancel all the “Lorentz” pieces of all the u’s and u’s, to get invariants under
not only the symmetry group (conformal) but also the gauge group (SL(2,C)). In

particular, we have the invariant

o det(l‘lg)
)= det(ug)det(uy)

det(us 'z ypu;?
where det 115 = x2,. Furthermore, the S of SU(2,2) says
detu = detu = xg

which is the N = 0 case of 27, while the power of det u at any point gives the scale

weight of the operator there. The 2-point correlator is then easily found to be

<(’o)1(1) 52(2)> N (x01x02><

2
5P)
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in terms of the 4D (composite) scalar fields (5, where <1 is the scale weight of both,
attributed to

O(w,0) = 350()
by dimensional analysis, or by the coset constraint on the covariant derivative for
dilatations. (The z§ is one of the “vielbein”-type factors e(v) for coset spaces.)
Clearly both (’3’8 must have the same weight (although they might still be different
operators, if we haven’t diagonalized our basis.)

For higher-point functions, we could try to contract indices on the u~!zu~!’s,

but there is no nontrivial way to do this till 4-point. (Consider, in Dirac notation,

tr(g}...¢).) But this means the 3-point function is till given by just det’s, namely

<51(1) (’032(2) (’33(3» ~ (5”0125502)” (x0223503)” (%3%1)(;

2
Ti2 Tag T3

The xy dependence then tells us
<1=a+c, <sg=a+b, <Gy=b+c
= a:%(<11+<12—<13), b:%<<]2+<]3—<]1>, C:%(<]1+<]3—<]2)

4-point and higher are where things start to get interesting: They give “ampli-
tudes”, not just weights and “couplings”. Unfortunately, the result is not unique,
even up to a constant, since there are ratios of conformal invariants that are also

gauge invariant.

Generalization to spin is easy: Just as the scale weight of a field is carried by
xo, the spin is carried by (the unit determinant part of) w and @. (Le., all of u
and u, subject to detu = detu = 1, now make up the vielbein for arbitrary spins.)
Matching u’s and @’s with the fields then gives factors of z;; (with free indices) in the
correlators. For example, for the 2-point, after removing the u’s and u’s, including

the z¢’s, (i.e., going to a “unitary gauge”)

/ /
T 2 e ﬁ...xT);,

Op..s” (1) Op. 5”7 (2)) ~ —F -
( (1) (2)) K

where here © = x5 and < is < + 1 /2 the number of spinor indices on Q. The result
looks much worse in vector notation, especially for half-integer spin. It’s also much
simpler when written with these local indices instead of global ones (the “embedding”
formalism), a general truth for anything in coset spaces. Similar generalizations are

possible for superfields, particularly those that live in projective superspaces.
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Spin

We start with the parametrization of a group element of PSU(2,2|4) as for pro-

jective superspace, but keeping all elements:

" I w u 0 I 0 u—wu v wut
ZM = =
0 I 0 w! —v I —u T

We separate the derivative form of the symmetry generators and covariant derivatives

Gu —Gv Du _D'u
G:Z@ZE(G G), DzaZzE(D D)

as

For spin, as for the bosonic case (and in analogy to SU(2)), we keep D,, = 0 unmodified
from the spinless case, and gauge v = 0. (Then w, u, and u appear as previously.) But
we introduce spin to replace D, and Dy, since they include Lorentz. (Of course, D,, is

not in the gauge group.) Then (as easily seen from the finite gauge transformations)

1~

_ - ~1
D, = 0,u=s,=u "S,u, Dy

uo.

Sall

Il
I

:Sﬂ

where the §’s are defined to act on “curved” indices M, M’ rather than “flat” indices
A A

Our flat/curved terminology is by analogy to general relativity, where “flat”
indices carry the Lorentz gauge symmetry, and are how spin is introduced, while
“curved” indices, and the coordinates that carry them, are acted on by any global
symmetry of the space under consideration. In fact, in the bosonic case our gauge
group GL(2)®GL(2) is just the Lorentz group, scale transformations (for which the
“spin” part is the scale weight), and the purely gauge GL(1) that reduces GL(4) to
the (Wick-rotated) conformal group SL(4).

Since our gauge group is GL(n|2)®GL(N-n|2), it’s clear how this works: The
gauge group covariant derivatives D, and Dj carry flat indices; their irreducible
matrix representations carry arbitrary mixtures of these defining indices, up and
down, with arbitrary graded (anti)symmetrizations (but with arbitrary values of the
Abelian GL(1) charges, and maybe some supertrace conditions). Thus our original
fields @(w,u,u) carry these flat indices, are scalars with respect to the symmetry
group, and satisfy the constraints D, — s, = Dy — sz = 0. But we can explicitly solve
these constraints in terms of fields @ that carry only curved indices, by using v and @

as “vielbeins” to convert flat indices into curved. The fields with curved indices then
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depend only on w, and are gauge invariant, but are no longer scalars: The §’s in G
act the same way on the curved indices as the s’s acted on the flat (and themselves

carry curved indices).

It’s sufficient to consider an example with one of each type of index, primed and

unprimed (up vs. down indices should be obvious):
D c ' ¢’ oo
sSPp 2 = 5A—¢B/Q — 16 P2, sp€ Pl = (= DB — 75 E P

(with extra signs from index reordering implicit) where r + 7 is the superscale weight

“_»

(see below) and str s — str § (the comes from the definition of Dy and G;) is
related to the super-(internal-)U(1) charge (or superhelicity). The solution to the

constraints is
G oA (w, u, 1) = (27) T Gy (w)up, @A w, u, 1) = G2 W, W)

= @’M,M(w) = [sdet(cw + d)]" " (cw + d)_IM/ﬂ@Mﬂ(w’)(wé +d) M

where 7 and 7 appear only in the combination r + 7 because we have used the “S”

constraint.

In the physically most interesting cases (e.g., the N = 2 scalar multiplet or the
N = 4 vector multiplet) the field strength @¢(w, u, u) is a scalar (and r + 7 is nonzero).
It then depends on only w and the “extra coordinate” x~. This is well known from
the nonsupersymmetric case, where this extra coordinate is the x( of the projective

lightcone.

A linear form of transformation on indices can be obtained by using z and Z to

convert flat indices into full GL(N|4) curved indices; e.g.,

_ !
DN~ 2y A Dy Az,

But such fields are constrained,
ZAMéMN = @MNZNA/ =0

Solving the constraints leads back to the above fields and yields their nonlinear trans-

formations.

Note that the fermionic part of the spin is usually assumed to vanish, in agreement
with known physical examples. This implies that their superpartners do also, so in
those cases s vanishes except for the chiral case, where only s, (consisting of just
s4”) is nonvanishing, or the antichiral case, where only sz is. In some of the most

interesting cases (like N = 4 Yang-Mills), the only nonvanishing parts of the spin are
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the r and 7 pieces. (Some of the restrictions come from the quadratic field equations,

which we consider below.)

The form of the symmetry generators in terms of w and u can again easily be

derived from the finite forms of the transformations (taking the infinitesimal limit).

We thus find the basis
Gy = Oy, Gy = w0y, +udy, Ga = Opw+ 01, Gy = woyw +ud,w +woz

If we apply the spin constraints, the symmetries then become

A~

G = O, Gy = w0y, + Sy, Gy = 0w + 83, G, = wo,w + s, w + wsy

(For the special case of N = 0, we can replace w with z, and § with Lorentz and
scale, to find the usual in spinor notation.) One can also check that for N = 2n
these operators are permuted by the “inversion” (a particular case of the above finite

transformations)

1

(0 —I) 1 _1 o
go = 0 : w— —w -, u—w o u, u — uw

Although the covariant derivatives D, and Dj; for the gauge group are obvious
from the way they act on the group indices, the remaining derivatives D,, can’t be

found that commute with the symmetry generators G,,. However, we can define
D, = u0,u

that commute with all but G,,. This is the usual procedure for ordinary conformal
symmetry, where coordinates are not introduced for conformal boosts, so (“covari-
ant”) translational derivatives don’t commute with them. (We would have found
the same result if we had derived truly invariant derivatives before fixing the gauge
v=0.)

Field equations
We saw before the 4D superconformal (free) field equations

D(A(CDB]D] =0 mod 6 terms

that includes the massless Klein-Gordon equation p? = 0. The equation is determined
only up to Kronecker § terms, which don’t contribute to the Klein-Gordon equation,

and has this ambiguity because of the gauge invariance

DAB — DAB + 55"4
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for arbitrary operator A. (Because it’s Abelian, this is the same gauge symmetry as
in the gauge group generated by G’s; “Abelian” means it can be considered as either
left or right.)

The supersymmetric equation of motion also includes the general (massless) su-
persymmetry free field equation pd = 0, the Pauli-Lubanski equation, several dd
equations often seen in supersymmetry, equations involving the internal symmetry

generators, and various redundant equations.

The number of field equations we wrote above is reduced by the gauge constraints.
The net result is that the equations on projective space reduce to (all mod d terms
for the s’s)

O Eon = sy Ty = s 0@ = 0

sufsy? = s Csm = s sy =0

The first set of equations is for arbitrary massless representations of supersymme-
try, the second set restricts the index structure for specialization to conformal su-
persymmetry. (A similar separation can be made for the bosonic case in arbitrary
dimensions.) Specifically, the second set places the restriction that superconformal
representations have only primed or only unprimed indices, and fixes the value of the

superscale weight.

In supertwistor space, we find that already the equations linear in spin and in
derivatives restrict the supertwistor space solutions to the analog of those for the

bosonic case:
By w) = 3 [ dCdE U Gy G (a0
+

Since a ¢ and ¢ are produced by a w derivative, this effectively reduces @ to have only
unprimed or only primed indices, graded antisymmetric in all of them, as implied by
the second (spin-only) set of superconformal field equations. (However, fields that are
total derivatives on shell need not be so off; but such field strengths are generally not
conformal.) In the purely ¢* or (j; form, the full indices can be used, but because
of the constraint enforced by the ¢ function, the fields will satisfy the analogous
constraints on the indices, as described in the previous section. The superhelicity is

now given by the number of unprimed minus primed indices.

Moving back to coordinate space, the spin-free part of these equations decomposes

as:

0,0, = 0,09 = 0p0y = 0p0p + 0,0, = 0,0y = 0,0y = 0
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(and complex conjugates). Internal indices are symmetrized, while Weyl spinor indices
are contracted (antisymmetrized). The 0 -free equations should be familiar from
N =1 chiral scalars: They include the Klein-Gordon, Weyl spinor, and auxiliary field
equations, respectively. The equation with all types of derivatives (and thus 2 different
types of terms, each with only 1 of each kind of index, and thus no symmetrization
possible) shows that any y-dependent term shows up without y at higher order in 6

and 6 with z-derivatives, and that all terms with both # and  are of this form.

Taylor expansion is sufficient for the y’s, since setting both primed indices equal
and both unprimed indices equal in the 0,0, equation says the field is linear in
each y. (Of course we can always Taylor expand in the 6’s.) Then the non-0,
equations say that all component fields in this Taylor expansion in y’s and 6’s are

totally antisymmetric in unprimed internal indices and separately also in primed.

We now examine the component expansion for N = 4, n = 2. (So only the
SU(2)?®U(1) subgroup of SU(4) is realized linearly.) The result is straightforward:

)

@(w) = (Cb + ymm,¢m’m + %y2(5> + Qum,()‘m’# + ym’mAmH) + e_mﬁ(j‘/lm + ym’mj‘/lm,
+(0;2wflw + Q_Q[L&f_‘ﬁf/) - igumle_mﬁaﬁu(gbm’m + ym,mgg)
02 BN — 020, O N — 02 B 00,

where we have used the internal SL(2)? metrics to raise, lower, and contract indices.
Each component field, as a function of z, satisfies the Klein-Gordon equation, and
each non-scalar satisifies a Weyl equation (which for f is the combination of the usual
field equation and Bianchi identity for the Yang-Mills field strength). Note that all
component fields appear at y = 0, but some only with x derivatives; as stated above,
this is a general feature, following from the equation 9y0; + 0,0, = 0; the same is not
true off shell.

The usual component (bosonic-)twistor fields are obtained by evaluating the ex-
pansion of x over the fermionic (’s. (As mentioned previously, this is like expanding
in only 1/2 the 6’s.) The expansion of the Penrose transform in y gives new com-
ponent fields, but the expansion terminates because of the anticommutativity of the
corresponding (’s. The expansion in 6 (and ) also gives new component fields, but
with spinor indices from bosonic ¢, which then satisfy the usual Weyl equation (as in
the nonsupersymmetric twistor formalism), and faster termination because there are
fewer fermionic (’s than #’s, and because y dependence may give extra fermionic (’s.
Also note that expansion in both 8 and 8 will give both ¢* and C_ﬁ, which is equivalent
to an x derivative. We also see that all fields with y dependence also occur without

y, but with x derivatives, because fermionic {’s can come from either 6 or y (but y’s
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give only equal numbers of (* and <_u> All of this agrees with our previous evaluation

in terms of the field equations directly.

Powers of the projective superfield @, multiplied at the same point in projective
superspace, are still projective. Of particular interest are their Yang-Mills traces,

which are gauge-independent: The operators
tr(P")

for arbitrary nonnegative integer n (though n = 0 is just a constant, and n = 1 is
nontrivial only in the abelian case) satisfy nonrenormalization theorems for similar
reasons to those for chiral operators in N = 1 supersymmetry. In the AdS/CFT
correspondence, they correspond to 10D IIB supergravity on the AdS side (and not
the rest of the string). They satisfy the “field equations”

D(AI(BI...DA witl i (@™) = 0 mod 6 terms

B
n+1]

since at least one of the @’s will have (at least) 2 D’s hitting it in the same way
as the @ field equations. (Actually, the @ field equations generally involve gauge-
covariant derivatives and terms nonlinear in field strengths. But the lowest-dimension,
y-derivative ones don’t, and the rest then follow from repeated application of the coset
constraints.) Thus, for n = 1 we get the free field equations satisfied by an abelian
Yang-Mills multiplet. Another interesting case is n = 2 (corresponding to 5D maximal
supergravity on AdS), which is the multiplet including the energy-momentum tensor;
the cubic constraint then includes the conservation laws for this tensor and other
conserved currents. A less exciting case is n = 3, where the quartic constraint (as
for lower n) restricts how far in the # expansion independent operators appear. (The
6*0* term is independent only for n > 4.) For all n, the lowest dimension, y-derivative
equations (together with the U(1) weight) determine the SU(4) representation of the

scalar composite at § = 0: It’s a rank-n totally symmetric, traceless SO(6) tensor.

General composite operators constructed from this field strength will no longer be
projective, because the covariant derivatives will introduce u dependence. (Compare
chiral superfields for N = 1.) But if only certain spinor derivatives are used, only
certain fermionic coordinates will be introduced, so the operators will depend on
some number of §’s intermediate between those of the full superspace (16) and those
of projective superspace (8). Sometimes these go by the name of “semi-chiral”, or
“1/4-BPS” (12), “1/8-BPS” (14), etc. (“BPS” is then called “1/2-BPS”.) Similar

remarks apply to other supersymmetric theories.
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One might wonder why projective superspace was enough to describe N = 4
Yang-Mills: An internal space of 4 coordinates is insufficient to describe all repre-
sentations of SU(4), which would require 6 coordinates (from constraining just the
Cartan subalgebra and corresponding lowering operators). The reason is that there is
a correspondence between the internal SU(4) and spacetime SU(2,2) (or just SL(2,C))
representations: Any field (or composite) in the theory (and any other physical theory
for that matter) is a “spinor” representation of each or a “tensor” representation of
each. So the y coordinates need provide only a subset of those required (specifically,
the traceless totally symmetric tensors of SO(6)), while the rest are provided by the
SU(4) transformations of the 6 coordinates. (On the AdS side, the 4 coordinates

produce the representations found from the Kaluza-Klein expansion for S°.)

Charge conjugation

As explained previously, only the cases N = 2n, where w is square, allow the exis-
tence of real superfields. Because of the Wick rotation used to conveniently describe
the superconformal group, fields will satisfy nontrivial reality conditions. We really
don’t need to Wick rotate: If you ignore reality, it doesn’t make a difference; just treat
any variable and its complex conjugate as algebraically independent. (However, there
can be some topological complications, which we’ll ignore, at least for now.) Reality

for the superconformal group is expressed as a pseudo-unitarity condition (the “U”
in (P)SU(N|2,2)),

~

n v n v
m (I 0 0 0
ty, — t_ 2 t_ e My __ L0 0 0 —C
g Tg=9grg" =17, T°=1, T =7, T4 =
m 10 0 [ 0
w \0 C 0 0

in terms of the SL(2) and U(2) metrics, e.g.,

0 .
Cuu:( ' 2>7 [mnzégl
— 0

(The dots on indices refer to complex conjugation.)

It isn’t useful to solve for the reality conditions on the components of g because
of the nonlinearity, and because some of the complex conjugates of components of w
have been gauged away. (So we have chosen a complex gauge by eliminating them.)

Instead, we use this unitarity condition to define “charge conjugates” of elements of
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g that transform in the same way under the symmetry group, although differently

under the gauge group. Specifically, we need this only for the coset:
C(w") = (Cw)’

where C acts on w' as if it were w, and ’ acts on Cw as if it were w; thus superconformal
transformations and charge conjugation commute. We therefore need to use only the
fact that the symmetry transformation go used in Z’ = gy~ satisfies the same unitarity
condition as g above. This fact can then be applied as well to the transformations
on the projective space, 2’ = goZ and 2’ = zg,'. The goal will be to define a charge
conjugation C of fields that involves their complex (hermitian) conjugation, but still

gives fields that depend on w (and not w', whatever that is). Thus
(CP)(w, u, ) = [®(Cw, Cu,Cu)]!

where “Cw” is some function of w! (so @' gives back w) that transforms the same
as w under superconformal transformations. The relation for curved superfields then
follows. For real fields (when they can be defined), C® is identified with &.

We thus define the action of charge conjugation C on the full coordinates Z;* by

B B
cZ=27T =1z Y7, 140 -
AN\IT 0

In the former form the symmetry transformation is obvious, while in the latter form
T mixes only the symmetry indices, with T chosen to mix the gauge indices to relate

the pieces appearing in the projective approach:

(CEMA')T _ _ZANTNMv (CZAM)T _ T]\;[NENA/

relating z to the complex conjugate of z. (The “—" sign, from ?, preserves sdet g =
1.) The gauge indices don’t match because charge conjugation switches primed and

unprimed indices; but w is gauge invariant.

Independent of coordinate choice, we find as a result
Ce)t=-r'ar, (D) =-7tprt!

(but we have chosen Y! = 7, T-! = Tt = —7). More explicitly, and taking
into account (i.e., undoing) that the above hermitian conjugation includes matrix

transposition,

C: D,—-D,, D,—-D,, D, —D;
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We then find the conjugation of w, which we can write as

n v
VUL T —iy "0 Cipi
(Cw> ﬂ eI n -1 n nv /1 n,—1 np ,l'l,
il —1C ‘9u Yy T —C (xy _ey Yy ‘9n )CMV

For N = 0, Cz is just x. (The factors of C in its hermitian conjugation are because
it’s 2" that’s hermitian. Note that C),, = —C*".) But Cy is —y~'. Thus C treats =
normally, while on y it acts like an inversion for SU(N) (as we have already seen for
SU(2)).

For considering spin, we also have

(Cu)l = A (w), (Ca)' = A (w)u

7 v n' v

A —mfya” 0 A (g
MR\ —iC, ) p\ 0 —icw

= sdet A = sdet A = det y

For our previous spin example, we then have

(CPu ) (w) = (det y)" T A .[@(cw)]w'é, A1

M'N

The field equations for N = 4 Yang-Mills are also implied by the combination of
Taylor expandability in y with the “reality” condition,

Cod =9, r+r=1

where the latter equation implies a factor of det y = y? (4-vector square of the 4
y’s) under charge conugation. (If we keep the factor = in the “flat” version of @, it
comes from there.) The fact that @ is Taylor expandable in y implies that C® is no
higher than y? (indices contracted), which is equivalent to the 9,0, = 0 field equation
(indices symmetrized); we then know the other equations must also be satisfied by

superconformal invariance.

(Similar remarks apply for the N = 2 scalar multiplet, also described by a scalar
with 7 + 7 = 1. In that case, since C> = (—1)V/20+7) the field is pseudoreal,
so the field is doubled and satisfies (CP)" = C¥®;. In the interacting case, the
reality condition for the scalar hypermultiplet involves the prepotential for the vector
hypermultiplet. That prepotential is also real, but it has superscale weight 0, so no

field equations are implied for it.)
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Maximally symmetric spaces

We begin with a discussion of fields on anti-de Sitter space and how they represent
the AdS symmetry. We'll restrict our discussion of general massive fields to just their
spectrum: Later we’ll go into more detail on 10D IIB supergravity (which is 10D
massless) on AdS;xS%, and how Kaluza-Klein reduction over S gives specific massive
AdSs fields.

First we define AdS, as a maximally symmetric space. (This discussion is taken
from Fields subsection IXC2.) This can be done in either an “analytic” or “algebraic”
way. The analytic way is to look at a curvature tensor that has only a scalar com-
ponent, which is a constant. The curvature can be determined from the torsion-free

covariant derivative with a “flat” index:
[V, Vg] = 3Rap“" Mpc

To be general, we start with a space X4 with p space and q time coordinates. Here
M p, which gauges SO(p,q), is a “second-quantized” spin operator, meaning it’s
defined to act only on fields; thus its action on covariant derivatives themselves is

determined by acting before an explicit spacetime solution is chosen:
MapVe =Viunge = [Map, M) = —5[%5113?]

We then constrain the curvature to be

1
RABCD — ]{;55453] = [VA,VB] = —kMup , ’k| = ﬁ

In convenient coordinates, we can choose the radius of curvature R = 1, unless k =0

(flat space). Then the usual definition of the curvature scalar, by tracing, is
R=DMD-1)k, D=p+gq

Since the rest of the curvature tensor vanishes, this space can be expressed in appro-

priate coordinates as a Weyl scale transform of flat space:
Va=004+ (0°®)Map = Rap®® = 07000"'® — 5(,05(00)*

where we started with only flat local indices, but the right-hand sides have only flat
global indices (in terms of raising/lowering and contracting). For D > 2 the condition

on the curvature separates into

200°® — D(0P)? = Dk, DO,0pP = napd*d
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for flat d’Alembertians 9%. (For D = 2 the latter equation isn’t implied.) The latter
equation for A # B says that @ is the sum of functions of a single coordinate; for A =
B it says the functions are quadratic and have the same quadratic coefficient. (This is
of the same form as the 0,0, equation we encountered for the N = 4 superconformal
field strength previously; there it appeared in spinor notation. This is related to the
fact that the y coordinates on the AdS side describe S°.) Then the former equation
gives k:
® = A+ BaX*+CLxYX,, k=2AC - B?

Common coordinate choices are
& { 1+ 1kX? (Cartesian) stereographic
B-X “Poincaré” (due to Liouville and Beltrami)

where B is chosen to give k the appropriate sign and magnitude. (We can even
choose it complex if we don’t mind complex “gauges”.) Such coordinates may not
cover the whole space, but are sufficient when spacetime has FEuclidean signature, as

for Feynman diagrams.

The algebraic approach is to consider a D-dimensional hyperboloid, embedded
in D+2 flat dimensions Y (with 1 extra space and 1 extra time dimension), as the

intersection of a (hyper)cone
V=0 = Y=eW', W WAW)=(1,x%1x%, d)?=cdx?

(since W? =0 = W -dW = 0; e is a variable related to the worldline metric) with a
plane

nyl=1 = e_lzn-W:nJr—i-nAXA—i-n_%XQ

(Without this second constraint we would just have a general conformally flat metric.)

We then see the relation to the previous as

{ (1,0,3k) stereographic
nr =

(0,m4,0) Poincaré

Besides the metric, we can also look at invariants for finite differences in position as

(y1 - y2)2 =2V o= 6162(X1 - Xz)Q

(This is the chord length in the embedding space, which is a function of, but not the

same as, the arc length through the symmetric space.)



AdS 45

From this approach we can easily see the cosets in terms of the unbroken symme-

¢

try: Noting that the symmetry group leaves n - y invariant, while the “vacuum” has

symmetry SO(p,q), the coset is

k>0: SO(p+1,q)

k<0: SO(p,q+1)

(The SO(p,q) indicates both the number of dimensions of the space and its signature.)
Note the relation to general relativity, where SO(p,q) is identified with the local
Lorentz symmetry on the tangent space, as appears in the covariant derivatives, while
the global symmetry is described by Killing vectors that commute with the covariant

derivatives. Some frequent examples are

k>0 =0 <0
q=0  sphere Euclidean  hyperbolic
1 de Sitter Minkowski anti-de Sitter

For D = 1 you can easily picture this construction as giving an ellipse, parabola, and
Y Yy

hyperbola, respectively, though you need higher D to get actual geometry.)

Another way to look at it for n? # 0 is to pick a coordinate in ) in the n direction:
Then
ylz<y07yA):<R,XA> = )(2—1-77,72:07 dy2:dX2

from which we recognize the hyperboloid in constrained coordinates X* where the

2|71/2

symmetry group is manifest, with R = |n . In comparison with Poincaré coor-

dinates of the previous discussion

X4 = (2o, 2") naX? =x0/R
dx? & da? — )2+ — es)2
—ds? = R? M e y2)2 _ R2 (1 — 2) (To1 — Zo2)

g L0102

(AP

where “x” now refers to just %, and —1/k = n~2

= +R?, we now have
b

I:(+707a7_)7 A:(+7a7_)7 A:(O,CL)

V_ R a
XA = (X1, X% X7) = o Lo 5 (2? £ 17))
What is often called the “horizon” (xy = oo) in AdS, because of its derivation
from the near-horizon limit of D-brane solutions to supergravity, is actually part
of the boundary (xy = 0) of AdS, as can be seen if one uses coordinates that are

nonsingular there: AdSp is a maximally symmetric space, and has a boundary and
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the bulk, nothing else. In fact, in the Euclidean version of AdS (z? > 0), the so-
called “horizon” is actually the point (since the 1/z2 kills the dz?) at infinity on the
boundary, which completes it topologically from RP~! to SP~!. (This is the same as
what we do in 2D electrostatics or on the worldsheet, where the complex plane is then
treated as a sphere topologically.) This is convenient for conformal transformations
on the boundary: For example, inversions X+ <+ X~ switch infinity with the origin.
In terms of the embedding coordinates X, these are the 2 related points (0,0,00)
and (00,0,0). So, statements often found in the literature about the “horizon limit”
of AdS should properly be stated as “long-distance” limits on the boundary. (Note
that in CFT, as on the boundary, geometry is poorly defined, as we really have only

conformal geometry: The metric is defined only up to a scale, which is here 1/z3.)

Fields on AdS

We next look at the Klein-Gordon equation on AdSpy;. (So in the previous
construction, ) would be for SO(D+1,2) in D+3 dimensions, and X would be for
SO(D,2) in D+2 dimensions, before constraining.) Rather than find the general solu-
tion, we examine how the mass relates to the asymptotic behavior of wave functions
toward the AdS boundary. (This will prove useful later for checking the AdS/CFT
correspondence.) A convenient coordinate system for this is Poincaré coordinates:
From the above analysis we see for AdS k& < 0 = n? > 0, so we must pick a spatial

coordinate zy for which

Since for dx = 0, —ds* = R*(dIn x¢)?, the space has Inxy € [—00, 00] = x4 € [0, o0,
so the boundary is g = 0. (For quantum purposes, we’ll stick mostly to Euclidean
signature, i.e., hyperbolic space: Then xy = 0o is just a point. In Lorentzian signa-

ture, these coordinates don’t cover the whole space.)

The mass? is defined by the d’Alembertian, e.g., as a Casimir of the spacetime
symmetry group; this definition is independent of the representation of this group; it
is the relation between energy and spatial momentum. Using the above expression

for the covariant derivative

qﬁ:% = RV =000, RV =z0, + My

=  R’m? =R =R>*VAV, = [(2000)? — Doy + (Mao)?] + [2200* Myg) + [207]

where we have used [M,, V| = =DV, for D values of a.
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We now want to evaluate the boundary limit xy — 0. Noting that the metric
in the zy direction goes like dz3/x3, it’s clear that In xy should be interpreted as
the usual coordinate. So we're looking for the usual exponential fall-off in a spatial
coordinate at oo (compare, e.g., a massive flat-space propagator). Here that means
xy = 00, which is a point in hyperbolic space (Euclidean, Wick-rotated signature).
Another way to think of it is that we are looking for solutions generated by sources

near the boundary, so they should have exponential decay in In zy away from zy = 0.

For the AdS/CFT correspondence, we'll have a source term [ dx qﬁ(g If the CFT
operator O has some scale weight <1, then the AdS field ¢ must have weight D—<] for
scale invariance. (<1 will always be nonnegative, and 0 only for the identity operator.)
Thus

lim QZ(&:, o) = (20)” “¢(x)

xo—0

Similarly

o

O = (l’o)qo

The conformally invariant boundary integration measure is actually
dr = dPz/(xo)”

so xg’s cancel, a manifestation of scale invariance.

The leading power of z( in the above Klein-Gordon equation then gives (x¢0y =
D—< on ¢)

R’m?* = <(< — D) + M2,
(Note that there is no ordering ambiguity in M?2), since for each a we have a square.)
We can also think of M2 as the difference of the 2 quadratic Casimirs of SO(D,1)
and SO(D—1,1),
Mgo - %(Mfm - Mgb)

i.e., it’s the Casimir of the coset SO(D,1)/SO(D—1,1), dSp.

For example, for scalars M,, = 0. From the reality of <, we then have the

Breitenlohner-Freedman bound
R’m? =<(<— D) = (a—3D)* - (3D)* > —(3D)?

We next evaluate M2 for some of the more interesting cases. After the trivial

case of the scalar comes the Dirac spinor, for which in our conventions

Sap = =378 » {4,798} =-—map = Ml =-1D
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where we have used the relation between first- and second-quantized operators that
Sap = —Map acting on a field. (Remember that x, is spacelike. Also note that in
our conventions (y9)?> = —1/2.) However, the mass in the Klein-Gordon equation
(which is more useful for supersymmetric comparison to the scalar), is not the same
as the mass parameter in the Dirac equation; the only way we know to identify it as
mass is by squaring the Dirac equation (even if only for purposes of normalization).
The relation is

i

0= (?7 + %M) <y7 - EM) =BV 4V + LM

= 3{7"APIVAVE + 30 APIVaVE + 3 M? = §(-0 + M?) + 37" "R 5747
where we have used the AdS curvature in [V 4, V]. We thus find
R*M? = R*m* + 1(D*+ D) = <(< — D) 4+ iD* = (<« — 3D)?
= RM =|<—1iD|

The next case we consider is p-forms. Looking only at forms for which the “lon-
gitudinal” (0) components vanish towards the boundary (after evaluating the action

of Map), and noting that Msp acts the same on a vector as on V4, we have
Mfo =D

However, again the mass parameter M? appearing in the field equation that follows
from the action is not the same as the mass in the Klein-Gordon equation derived
from it by gauge fixing (in the Stiickelberg formalism when massive) or applying the
divergence of the field equation as a constraint. We can make that comparison in a
way similar to the Dirac spinor, by treating p-forms as Dirac matrices, i.e., writing an
arbitrary spinor ® spinor as a sum over antisymmetric products of v-matrices. The
field equation then looks like the Dirac equation, with the v in ¥ multiplying from
one particular side of this field matrix. (This is not the usual massive field equation
for p-forms, which instead involves the sum of multiplying on either side of the field
matrix by YV, with similar results: See exercise [IB4.1 in Fields.) But Map yields a
spin operator Ssp that’s the sum of terms multiplying from either side. Using the
identity
'YA'YBl...Bp'YA =—3(-1)"2p— (D+1)]vB,..5,

(e.g., using B, = n for the totally antisymmetrized g, .. Bp) we find
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REM? = R*m?* — 579" (yavs +7(a¥p) = R*m® + 1(D* + D) — 37" 7 () ysva
=<(<—=D)+p(D-p)

Fortunately, for the comparison we’re interested in we’ll only need to look at the
true mass m? that appears in the Klein-Gordon equation. Also, for the simple case
we consider we’ll only need to look at the scalar, as the rest will be determined by

supersymmetry.

Boundary limit

The basic idea is that AdSp4; is described by the coset SO(D,2)/SO(D,1), in
the same way that SP*! is SO(D+2)/SO(D+1). (In particular, for D = 4 we have
SU(2,2)/USp(2,2) and SU(4)/USp(4).) The boundary of AdS can then be defined by
taking a group contraction where SO(D,1) becomes the Poincaré group ISO(D-1,1),
while preserving the symmetry group. This corresponds to a limit where the radius
R becomes small in a particular way. If we Wick rotate the sphere so it gains a

boundary, a similar procedure can be applied there.

The (singular) boundary limit zop — 0 is equivalent to the limit R — 0 (if R
dependence is defined appropriately), describing flat space of one less dimension. This
can be interpreted as the relation between active and passive approaches: Instead of
moving to the boundary, we shrink the distance scale, effectively moving the boundary
closer. (It is a type of long-distance limit, in contrast to the short-distance limit
R — oo related to flat space.) In terms of the above metric, we first rescale

da? + R*dx]

2
Lo

rg = Rxy = —ds*—

(Alternatively, we can scale + — /R instead.) The limit R — 0 pinches AdS into a
lightcone, reducing the conformal analysis to that of the projective lightcone: If we go
back to our treatment of maximally symmetric spaces and use the same construction,
but drop the condition n -) = 1, we have a hypercone with metric d)? = e?dX?,
with e arbitrary. (This is the same as we did for SU(2), after Wick rotation.) In this
limit for the hyperboloid, x takes the place of X (and e was already 1/x).

This limit contracts the gauge group SO(D,1) of the coset to ISO(D—1,1), while
leaving the symmetry group SO(D,2) intact. In this limit xy survives in a trivial
way: It makes dx?/z% conformally invariant, and gives a simple way of seeing it.

For purposes of describing just this flat space, it can be removed by introducing a
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“projective” scale invariance X = A(X)X (as exists for the hypercone coordinates
Y before applying n-) = 1). The only symmetry generators with dependence on x

are the dilatation and conformal boosts.

As a simple, well-known example we consider a free, massless scalar field on
AdSp.. Explicitly, we have for the symmetry generators for dilatations and confor-
mal boosts

A=ux-0, + 190

K, = x4(z - 0, + 2000) — 3(2° + R*x)0,

(Here “A” has nothing to do with propagators.) In the limit R — 0, these take the

D-dimensional flat-space form, with xq0y acting as the scale weight.

A simple example of the AdS/CFT correspondence is the classical kinetic term
for a scalar: Using the free field equation, this term becomes a total derivative, and

thus a boundary term:
[ Padaay=g (Vo) + m?dt) = [ P droon(ov=ag o) = i [ aPu o

But the leading power in 2° of 9y¢ in the boundary limit is related nonlocally in  to
the leading power in ¢, since they come from different powers in 2° of ¢. However,
we know that the propagator (¢ ¢) in the bulk must be a function of the invariant

(22, + x315) /01702, SO that in a boundary limit

AL =l (60) d)s ~ (22 )

o1 O?”:L‘oz—)O I‘%2 —I— f[,'312

for some a. The propagator is used in general as
o} < o
61) ~ [ 4Zp A(1,2)52002)
where in our case, as from integration by parts above,
dX™ = o0y PdPx
Taking xgo — 0, using also the asymptotic dependence of ¢ on x,

lim ¢ =20 96(x) = (1) ~aly? / dP s (&) 2 ()

z0—0 T3y + TG1o

We see that we can now take xgy = 0 consistently if

a=
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SO

In particular, since

<
lim (L> ~ xODl_<5D(x12)

z1=0 \ 2, + 25y

this is consistent with that limit. We can now neglect the zy’s in %, + 22, in the
limit x9; — 0 when taking the derivative,
o 1 <
@) ~ 5 [P () ol
’ 2%y + 1
(One might expect again a d7, times a different power of zg;, but this is spoiled by

the term we dropped, higher order in xg;.) Finally, the term in (the exponent of)

Zstring 15 then

Zstring ~ /del dPx, w = (O(z1) O(z2))crr ~ @

which is the expected result.

Note that (O(x1) O(z2))cpr is similar to (¢(1) ¢(2))aas (at least near the bound-
ary), in spite of the fact that they are “dual” to each other, in the sense that ¢ ~ xOD -

while O ~ zg. (See the ¢ function definition above.)
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IIB supergravity

The field strengths of 10D IIB supergravity have a simple description on chiral
superspace, where the chiral 16-component 6 is the complex combination of the left-
and right-handed 6’s, as 6 = 6, + 105, which we can do for IIB because both #’s
have the same Lorentz-chirality. There is a U(1) symmetry that mixes 6; and 0
(as the usual SO(2)), so the complex 6 and its complex conjugate § have opposite
U(1) eigenvalues. (This is a continuous symmetry for supergravity, but broken to a
discrete subgroup by the massive string states.) The superfield strength is a scalar,

with expansion
X(0) =+ 0N\, + %QO‘Q’BHM + %(90‘95«97720437 + i@agﬁm‘chRaﬂw T

where H is the field strength of the complex 2-form, R is the ~v-traceless one of
the complex gravitino, and R is the Weyl tensor 4 the covariant derivative of the
selfdual field strength (less curl and divergence) of the real 4-form. (Note that the
constant vacuum values of the Ricci tensor and selfdual field strength for AdSsxS®
don’t contribute to y.) The counting for spinor notation vs. mixed vector-spinor is
(from the Young tableaux for SO(16) vs. SO(10))

H:16-15/2=120=10-9-8/6 , R:16-15-14/6 = 560 = (10-9/2 —10) - 16 ,

R (+VF):16-15-14-13/24 = 1820 = 770 + 1050
—(11-10-10-9/12 —11-10/2) + 1(11-10-9-8-7-6/144 —10- 9 - 8 - 7/24)

Since R and F' are real, the U(1) weight of # implies increasing (or decreasing, de-

pending on convention) U(1) weights for the fields as one moves lower in orders in

6.

The reality condition on R, and the determination of the unlisted higher-6 com-
ponents in terms of spacetime derivatives of the complex conjugates of the lower ones,

as well as the field equations, are all contained in the condition

4 74 —
daﬂvdx = daﬂ'ydx

where d* and d* refer to chiral and antichiral covariant spinor derivatives, totally
antisymmetric in spinor indices, corresponding to the 6 expansion. When comparing
to the 4D boundary later, we’ll see this # includes both 4D supersymmetry 6’s and

4D S-supersymmetry 6’s (as the full superspace has 32 6’s, not 16), so expansion in
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the 10D 6 produces components that can have either higher or lower 4D conformal

weight.
This chiral superspace has a nice coset on AdS;xS®: Starting with PSU(2,2/4),

we just separate the bosonic and fermionic indices:

a «

ZMA — mily 0

p\b =
The gauge group then has the bosonic part USp(2,2)®@USp(4), which gives AdS5xS° =
(SU(2,2)/USp(2,2))®(SU(4)/USp(4)), while the fermionic is just 1 of the 2 fermionic

blocks of the matrix, leaving the other block as the chiral §. This makes it more

convenient to use rectangles than the full square, like the 4D projective spaces:

Za]w,gjwg =0

0
z=zZy%= (9@27 5}%)ng — ([) x_l, z = ZQM — ygﬂ( va _QQE) — y—l (] —0)

The covariant derivatives thus take a similar form to those of the projective spaces

considered earlier: Noting the correspondence

(y,x,0) > (u,u,w)
we then have
D,=0y, D,=20,, Dy=x0py

This x and y are the “square roots” of the usual 6D unit-vectors X and Y for
AdS5 and S°: The latter are the gauge-group invariants (using the antisymmetric
USp metrics §2)

X =—-XT=xmw_— xgﬁﬁgﬁmﬁz = 2"z

and similarly for Y = yf2y?. The norms of X and Y are given by their Pfaffians
(which are quadratic); they are unity only after the P and S conditions have been
imposed, which are

detx =dety =1

In a convenient USp gauge, corresponding to Poincaré coordinates, we can choose
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H K
o f
gkt = @ % o 2y’
- a 0 (551‘0
1% 14
N o L o xuﬁ x*l _ C,LW:X'-F A?(:,Ual/
[\ —zvh CP (g% 4 22) 0 X COwX—

(In stereographic coordinates the square roots would be much messier.)

Note that these 0’s carry 6D “curved” spinor indices and not 5D “flat” spinor
indices. Of course, this does not generalize to arbitrary curved spaces, where spinors
can carry only flat indices. We have converted flat into curved with = and y, the
“square roots” of X and Y. Thus the 6 expansion of any superfield will effectively
contain extra factors of square roots of X and Y in the coefficient component fields.
The result is that the chiral scalar superfield strength of 10D IIB supergravity satisfies
a Klein-Gordon equation, at linear order in this field perturbed about the vacuum,
that involves no 0 derivatives: This modified definition of the component fields sat-
isfies a Klein-Gordon equation that is independent of spin. (The same would not be
true if we did a “covariant” expansion in ¢ as defined by the covariant 6 derivatives,
since they don’t commute with the covariant x and y derivatives. This corresponds

to a coordinate redefinition to flat 6’s.)

Both 10D IIB supergravity and 4D N = 4 super Yang-Mills are representations of
the group PSU(4/2,2). But the physical interpretation is different: For example, they
satisfy different field equations, even at the free level. We saw the free field equations
for (the field strengths of) 4D super Yang-Mills,

linearized 4D N=4 super Yang-Mills: D(A(CDB]D] =0 mod ¢ terms

and applied them in projective superspace. On the other hand, 10D supergravity
satisfies different, weaker equations (since more dimensions), and with different coset

gauge constraints: Its free field equations are
linearized 10D IIB supergravity on AdSsxS®: D,°DeP =0 mod 6 terms

In the boundary limit these are not the 4D Yang-Mills equations, but the equations
satisfied by fields coupling to BPS color-singlet composites of the Yang-Mills super-
fields.

We saw the stronger equations implied p? = 0 in D = 4 by picking indices giv-

ing the highest (engineering) dimension; thus the rest of the equations followed by
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conformal supersymmetrization. That was easy, since all 4 indices were free in that
case, whereas here some are contracted. Now we restrict to the bosonic sector of
the weaker 10D equations, which is sufficient, as the supersymmetric generalization
is unique. This means we truncate the symmetry group to SU(4)®SU(2,2), which is

not the same as considering the N = 0 case. The field equations are then of the form
DDL =80,  Dy2D.2 =550
for some operator O. These can be translated into vector notation as
DiasDep) = DipnDpo) = DPD as — DMV Dyupr = 0

which generalize to arbitrary AdS,, xS", where only for this equation A and M are
vector indices for SO(m—1,2) and SO(n+1). If we plug in the usual representations
of these symmetry groups on these spaces, then the former 2 equations say that
the corresponding spins vanish, while the last is the massless Klein-Gordon equation
in m+n dimensions. In our supersymmetric case of AdSsxS®, these equations are
unmodified on the chiral field strength, since the 9/98 in the 9/96 3/ term vanishes.

If we had set O to vanish, decoupling the 2 spaces, we would instead have the
massless m-dimensional Klein-Gordon equation on AdS, while on the sphere we would
leave only a constant solution. In the supersymmetric case, this describes maximally

supersymmetric 5D supergravity on AdS:

linearized 5D maximal supergravity on AdS;: D “Dc® =0 (including § terms)

Superlimit

We have already found the projective superspace that best describes 4D N = 4
super Yang-Mills on the CFT side of the correspondence: It has 8 bosonic coordinates
and 8 fermionic, and the field strength lives in this superspace, at least on shell. (To
be more precise, Yang-Mills traces of functions of it live there when the interacting
field equations are satisfied. This is sufficient to describe BPS states.) On the AdS
side, IIB supergravity (which also describes BPS states) has a field strength that lives
in 10 bosonic dimensions and 16 fermionic (chiral superspace). This mismatch is fixed
by the fact that we’re actually interested only in asymptotic supergravity states. As
in flat space, these are best represented (for massless fields) by lightcone superspace,
which has only 9 bosonic dimensions (after solving for dependence on “time” zy) and
8 fermionic (the usual reduction of spinors on the lightcone). As in the flat lightcone,
the ninth bosonic coordinate has a distinctive role: Here its Taylor expansion gives
the different 4D BPS multiplets.
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Here we’ll apply a slightly different procedure: In lightcone quantization the wave
equation is solved for dependence on a lightlike coordinate. Furthermore, for applying
twistor techniques to Feynman diagrams it’s convenient to Wick rotate this idea to
“spacecone” quantization, using a complex, null, spatial coordinate. We’ll find it
convenient to use a similar procedure here, to find the correspondence between the
superspaces of AdS and CFT.

To see why such a treatment naturally arises, we work in Poincaré coordinates
for S°, after an appropriate Wick rotation. (This is the same as we did for S? when
discussing SU(2).) Combining the two spaces (with the signs that follow from the
grading),

dy? + R*dy?  dx® + RPdx3  dy*  da?
= L - = R d In(xoyo)d In(zo/yo)

2

2
ds 2 ) 2 T
Yo 0 Yo 0

We can then identify zoyo and x¢/yo (or some functions of just one or just the other)

as two null, spatial coordinates, to be used to define our spacecone quantization.

We then modify the usual boundary limit of AdS to

T =a0y0 — 0, 27 = x0/10 fixed

or (as already implemented above)
o — Rxo, 1yo— Ryo followed by R — 0

in line with interpretation of zoyo as the spacecone “time”. (Of course, z and y are
also fixed.) This leaves us with 9 bosonic coordinates on the boundary, 8 of which
have translation invariance, and are to be identified with the 4 x’s and 4 y’s of 4D
N = 4 projective superspace. (There is a symmetry under translation of the ninth
coordinate, but it requires also scaling of the other 8, as well as the fermions. It is
associated with a combination of a dilatation with an R-symmetry U(1).) Thus the
bosonic gauge group SO(4,1)? (after our Wick rotation) has contracted to ISO(3,1)2.
(The associated geometry is a bit funny: There is something like 8-dimensional branes
corresponding to this 9D boundary. In terms of the string action, which we won’t

discuss here, it results from a kind of T-duality transformation on the 4 y’s and some
of the 6’s.)

To generalize this limit to superspace, we require that this limit preserves the
symmetry group PSU(4|2,2), which is a symmetry on both the AdS and CFT sides
(hence the correspondence). This means that on the group coordinates Zy“ (or
inverse Z,M) it should affect only the flat index A, and not the curved index M.
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Thus, although the symmetry group is untouched, the gauge group is contracted,

just as we saw in the pure, bosonic AdS case.

We return to the 4D parametrization of a group element of PSU(2,2|4), but keep

all elements so as to include those in AdS superspace:

= DG ) (G 0)

In particular, it’s easy to pick out zy and g as the pieces of u and @ invariant under
the manifest SO(3,1) Lorentz and SO(4) internal symmetries, after killing the “PS”
pieces of PSU(4|2,2):

sdet ug = sdet ug = det ug = det ug =1

This can be seen, e.g., by considering the N = 0 case, and noting that there det(zdz) =

dz?/z?% is the metric of the projective lightcone. We then have

sdetu:sdetz‘az—:@

T Zo

Then the limit on just xy and g, acting on just the flat indices, must be the R — 0

limit after the rescaling

1 / 1
2t — (szé,\/—ﬁzMé) , M = (ﬁzf_;M,\/TRzA,M)

or in terms of the above variables

w—w, u— VRu , u— VRu , v — Rv

(w carries only curved indices, v has 2 flat ones.) The metric takes the form

o amdy® — (7)) da? — (7)) Mdatda

ds
o+

Then the R rescaling can be interpreted as defining the 2™ dependence as
v~ VvVt ua~ (@)Y wel

followed by scaling just z+ — R?z™ (or just taking z+ — 0 directly).
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Spacecone gauge

The limit defined above matches up the bosonic coordinates for AdS and CFT
(except for ™), but at this point there is a mismatch between the fermions because:
(1) Those for the IIB supergravity field strength are chiral, whereas the 4D N = 4
Yang-Mills superfield strength is twisted chiral; and (2) the AdS chiral superspace has
16 fermions, while the 4D projective one has 8. These problems will be fixed by first
introducing a lightcone (really spacecone) superspace for AdS, and then expressing
the field strength in terms of a real prepotential in a twisted chiral superspace, as
suggested by the reality condition satisfied by the field strength. (In principle, there
should be a 10D “supertwistor” solution to this problem that eliminates the 8 extra

fermions covariantly.)

Decomposing the 10D field equations into 4D projective blocks,

10 (Pv Do * ( D)-D,D, —D,D,+ D,Dy
D, -D;) \D,D,—DzD, —D,D,+ D?

The covariant z~ derivative pt appears as
D,,Dg=pTT+ ..

(for identity matrix “I”), which in turn defines how constraints are solved. For
example, for the fermionic (“k symmetry”) constraints, in the lightcone formalism we
pick the half that have p™ and not p~, and divide by p*. Here we see that p™ cancels
when multiplying d,, or d,, but not d, nor dz: Therefore the latter d’s are taken as
“auxiliary”, and we eliminate 6,, and 0 as a gauge choice. (For abbreviation we now
use “z” for all bosons and “#” for all fermions, and “p” and “d” for the corresponding

covariant derivatives, with subscripts indicating from where they come.)

In such a lightcone-like gauge, expansion in lightcone 0’s picks out field strengths
which have a trivial relation to gauge fields. For example, for p-forms (including

nonabelian Yang-Mills) and gravity we see only (in vector notation)
FrHitein — it At RS — ()2

where i are the transverse indices (excluding +), as follows from the gauge choice
At~ = h™ = 0. In our case, 10D vector indices reduce to transverse 8D vector
indices that are just the 4+4 of x and y. (Remember from our coset discussion that
spin is generally treated by indices from the gauge group, the bosonic part of which
is SO(3,1) on x and SO(4) on y, up to some U(1)’s.) Furthermore, p* = 9/9(Inx")

is just an integer (at least near the boundary), so we can essentially identify the field
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strengths with their gauge fields (at least for counting purposes). So we now have
(distinguishing SL(2,C) dotted (barred) spinors 6, and undotted 6,,),

X(0w,0,) = ¢ + ON+ 36°p* B+ :6°ptp + LT (h+ A) + ...

and the counting for spinor notation vs. mixed vector-spinor is, from 2 different kinds
of Young tableaux for SO(8) (really SO(7,1)) that are related by triality,

¢:1, A:8, B:8:.7/2=28, 1:8:7-6/6=56=(8-—1)-8,

h+A:8-7-6-5/24=70=35+35=(8-9/2—1)+38-7-6-5/24
(But remember all but A and A are complex.) This should be compared to our
previous expansion for the covariant superfield in terms of field strengths.

The solution to the reality condition on the chiral field strength x(6,, 6,) is then
given in terms of the prepotential V (6,,0,,) by
dyx=d,x = x=d,V, x=d,V; V=V

w

where the d*’s are now scalars from the product of all 4 components of the corre-
sponding d’s. (There are also redundant reality conditions, d*y = diyx and others
from switching various numbers of d,, with d,.) This is essentially a Fourier trans-
form in the fermions (up to powers of p*), replacing ,,’s in V with ,’s in x. We also

have

using
{dvadw} ~ {Jvaczw} ~ p+7 {dvaczw} = {Jva dw} =0
{dvvdv} = {dmczv} = {dwudw} = {dwvgw} =0

So we need only look at how the covariant spinor derivatives d, ~ 9/90 + Op*

rearrange components in going from x(0.,0,) = d*V to V(0,,0,) (but only with
respect to §, not 0), or d, for V = (p*)~*dx.

Then, writing the field strengths in terms of the gauge fields as above, we have
(dropping the p*’s)
V= (h+A)+ (0 + 0¢) + (0>°B + 6°B) + 00(h + A) + (0°X + G°X) + (6*0¢ + 6°04)
+ (0% + 00) + (°0B + °0B) + 020%(h + A) + (00X + 0*0N) + (0°0%) + °0%)
+ (0'0*B + 00> B) + 0°0°(h + A) + (0°0°¢ + 0*0°¢) + 0*0* (h + A)
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where unbarred fields are those that appear at lower orders in x. But all these fields
can easily be guessed just by matching U(1) weights. The different SO(4)®SO(3,1)
components of these SO(7,1) fields are distinguished by their SO(3,1) and SO(4)
spinor indices: In terms of #%* and 6%, #* and #* are SO(4) and SO(3,1) singlets, so
we have also (#%)** and (#%)*%; the other powers are (%)) (62)@8) (§2)(@) and
(92)(5‘3 ) (from symmetrizing in one type of indices and antisymmetrizing = contracting
in the other, for total antisymmetry). The only components that are ambiguous are
the “h + A”: The 626? break up nicely into separate h and A pieces, but the 66 and
6363, and the 1 and #*9*, are different linear combinations of h and A that can be

fixed by comparing to x.

Correspondence

In general in the AdS/CFT correspondence, it’s the AdS gauge field that couples
to the CF'T composite-field “source” at the boundary. So now we have a spacecone
gauge prepotential V' coupling to a 4D N = 4 Yang-Mills source, both of which live
in 4D N = 4 projective superspace (which is integrated over in the source term), plus
the extra coordinate = (the 2% in V' being eliminated at the boundary). Unlike the
case of bosonic AdS, the measure [ d*z d*y d*0 d*0, the 10D supergravity prepotential
V', and the 4D N = 4 YM BPS operators (before extracting x~ dependence) are all

dimensionless, so no powers of 21 need be canceled.

We now investigate the significance of this ninth coordinate xg/yo to the CFT.
Consider expansion of the 10D theory over S° in terms of spherical harmonics. These
can all be expressed in terms of those for the vector harmonic, which are given by a
unit 6-vector; in the coordinates we’ve been using, these are (after scaling in an R to
make the limit obvious)

(Ly" 5(y* + R%%))

YA= (YT, YY) = ., Yi=_-R?
Yo

(Y is thus a position vector in the embedding space of the Wick rotated sphere of
radius R. Spinors can also be described by the method given above for the superspace
of IIB supergravity on the AdS;xS® background, using the matrix square root y of
Y as the spinor spherical harmonic.) In the boundary limit, this becomes a null
6-vector,
YA - Ly 3% ., Y o0
Yo
homogeneous in yo. (Similarly, the spinor spherical harmonic becomes a projection

operator in this limit. We saw the same behavior for arbitrary spin in the case of
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SU(2), where we looked at the R — 0 limit of Wick-rotated S%.) This y dependence
can clearly be associated with that of the scalars of 4D N = 4 Yang-Mills, i.e., the
field strength @ at € = 0. A similar analysis can be made for the z; dependence of
the scalars, as discussed above. (In general, interactions modify this result; but for
the fundamental fields of 4D N = 4 Yang-Mills, and the BPS composite operators

considered here, ultraviolet finiteness preserves conformal weights.)

Generalizing to the rest of that superfield, we note from our previous discussion

of spin in projective superspace, for the case of scalar superfields, we have
O(w,u,u) = (z7)"O(w)

Our 10D supergravity prepotential is not required to be an eigenstate of r 4+ 7. But
we identified r + 7 = 1 for the 4D N = 4 Yang-Mills superfield strength &.

We can easily supersymmetrize this result to identify the other fields of the su-
permultiplet, and see how they appear in color singlets. Returning to our analysis of

general spin, noting that @ is a scalar with » + 7 = 1, we have

O(w,u,u) =z P(w)

reproducing the xy and y, dependence found above for the scalars. xy dependence
is determined by the superscale weight of the multiplet, and yy by the super-U(1)
weight. The corresponding symmetry generators also have 69, terms, giving different
component scale and U(1) weights to the higher spins. Thus, if we want powers of z
and g associated with the usual component weights, we should redefine 6 — | /zoyo0
in the 6 expansion of @. This is automatic if we define the component expansion in
a coordinate independent way by use of covariant derivatives: In these coordinates,
Ay = WOpu ~ V.

It then follows that the supergravity superfield source on the boundary must take

the form

O(w7$7> = tr{f[dj(ww%i)]}

for some (Taylor expandable) function f, and thus contains terms of the form
tr{[z”d(w)]"}

Thus, the ninth bosonic coordinate on the boundary just counts the number of su-
pergluons. Note that, unlike the usual zy — 0 limit, in this limit the supergravity
fields are nonvanishing, having no dependence on zgyy (but string excitations will

have positive powers of xqyp, corresponding to anomalous dimensions in the 4D field
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theory). Also for these supergravity fields on the boundary, the “momentum” p*

conjugate to the coordinate In(x~) is quantized.

Note that, e.g., the SU(4) representations coming from tr(9") at § = 0 will always
be traceless, symmetric tensors of SO(6). This comes from the fact that the 6 scalars

are contracted with the null-vector YA. So for example,
(Y4pa)? =YY Ph a0
will contain only the symmetric (obviously), traceless part of ¢ ® ¢ because
YAY By =0

(This would not be the case without the yg — 0 limit. Thus an expansion over null

vectors in R-space is more convenient than one over unit vectors.)

The 10D supergravity superfield is real. So the source superfield is also real. Thus

& is forced to satisfy its (interacting) field equations.

Explictly, we can now match the component fields of the prepotential V' of 10D
IIB supergravity to those of the BPS CFT operators O (i.e., tr(2")) directly (at least
as V approaches the boundary), since they have the same 6 coordinates, and we have
identified the 10D IIB supergravity fields in V' with the usual components in the chiral
field strength x. We can also associate the masses of the 10D supergravity states with
the different conformal weights of the YM composites because of their 2° dependence.
But the 2° dependence of the superfields is tied to the y° dependence (the masses
come from Kaluza-Klein reduction over S°), which defines the SU(4) representation.
Furthermore, p* = 9/0(In x ™) is just an integer, counting the power of @ on the CFT

side.

For example, consider the 10D scalars, which satisfy the 10D massless Klein-
Gordon equation, in the boundary limit (by a similar analysis to our previous for just
AdS),

A —=4) =<, +4) =0 = 9=<,+4

where the former term comes from the z part of the d’Alembertian, and the latter
from the y. (The other solution, < = —<,, can describe only the unit CFT operator,
< =<, = 0. Note that <,(<, + D) is the quadratic Casimir for traceless, symmetric
tensors of SO(D+2).) We have used the previous definition of <, but introduced the

definition of <,,, which is always nonnegative: Acting on the CFT operator,

CFT component: A=20000 , <y = —YoOyo
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This is the component defined by covariant expansion of the BPS operators tr[(z~®)"]:

Since these scalars appear at order 6%, which gets an extra (zyyo)?, we find:
d=n+2, QG =n-—2; n > 2

which agrees with the above result on the AdS side, where the condition n > 2 follows

from the component expansion of @ (or the field equations).

A similar analysis can be made for the other components: For SU(4) represen-
tations, one needs to take into account that the global SU(4) generators have both
y and 0 pieces: In the language of Young tableaux, one finds representations of the
form (a,b,c), labeling the number of columns of depth (1,2,3), where “b” comes from
expansion in y (symmetric, traceless tensors of SO(6)), “a” comes from 0’s with sym-
metrized R-indices, and “c” the same for #. (Thus b is arbitrary, while a and ¢ =
0,1,2.) There are some components missing for powers n < 4 of ¢ because of the @

field equations, as is clear from the explicit expansion we found for @.

So we have an expansion in z~ on both sides of the correspondence: On the CFT
side, it is the expansion in powers n of the super Yang-Mills field strength &é; on the
AdS side it’s the Kaluza-Klein expansion of massless 10D maximal supergravity in
5D AdS mass levels. n = 0 is trivial. n = 1 on the CFT side is just the Abelian
part of the U(N) gauge group appearing in ¢r(®), which is free, decoupling from the
interacting SU(N) part; on the AdS side we can take it as pure gauge. n = 2 is the
supersymmetric generalization of the energy-momentum tensor (“supercurrent”) on
the CFT side; on the AdS side it’s 5D maximal supergravity (with a cosmological
constant), which can be considered a massless theory. n > 2 couples higher powers
of @ to massive analogs of supergravity, coming from the compactification of spin 2
and lower spins. (The spins are limited by the § expansion of V' or tr(®"), which for

all n is a scalar superfield living on the same projective superspace.)
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