.......................... Vertex operators ..........................
Open-string operator products

For later calculations, we’ll need a short list of operator products. But first we
need to emphasize some differences and similarities for open and closed strings. For
the closed string we have left- and right-handed modes X 1, and X Rr, while for the
open string )?L = )?R:

\/%[)/(\'L(z) + Xg(2)] for closed

%’[)?(z) + X(2)] for open

X(z,2) =

All these X’s have conveniently normalized propagators

~

(X(2) X(2) = (Xu(2) Xi(2") = (Xu(2) Xp() = ~In(z = )

from which follows directly those for X itself:

2 xe oy ={ e for closed
Oé/ ) 9

—In(]z — 2'|*) — In(]z — Z'|?) for open

where the open string has extra contributions from crossterms, now involving the

same X.

For open-string amplitudes involving only open-string external states, all the ver-

tex operators will be on the boundary,
r=7 = X(2,2) =V22X(z)

Therefore, when Fourier transforming wave functions we use the exponentials

ik-X(2,2) _ e“%y(z) for open s V2a' for open
€ = PN PN = k=kx "
b XL(2) ik XR(2)  for closed \/5  for closed

Closed-string vertex operators are the product of left- and right-handed ones, which
are functions of z and Zz, respectively, and thus take the form of the product of 2

independent open-string vertex operators.

Working directly in terms of X , we then have the “operator products”

—~ P ~ 1 P
0X N ik-X(2) ~ k ik-X(z)
(103)(2) L.

N 2o/ for open
or (0%)(2) F(X(2.9) ~ — <0f><X<z,2>>><{&g—f for closed

2 —z



1
(2 =2
(Note the context: 0X is a 2 derivative, 0f is an = derivative. The
with 8X is from Wick rotation.)

(i10X)(2') (10X)(z) ~

“” associated

For example, we can use these results to determine the proper normalization of

massless vertex operators, by comparison with that of tachyons: For the tachyon,

iA.AZ L ]' iA-Az/ 7/\;:
Wi(z) = X0 j2=2 = W) W_k(z)zmek[X( )-X(2)]

(For the closed string, we have the product of left and right versions of the above.
Note this correctly gives k* = 1/a’ for the open string tachyon and 4/a’ for the
closed, where o is the slope of the open-string Regge trajectory, and the parameter
that appears in the action that describes both open- and closed-string states.) The z

factors are canceled in string field theory by considering the gauge-fixed kinetic term

0]V (co@)V|0), where V = V.

Gauge-independent vertex operators

When ghosts are included, vertex operators can be generalized to arbitrary gauges
for the external gauge fields. (This result follows from the same method applied
to relate integrated and unintegrated vertices in subsection XIIB8 of Fields. We’'ll
do a better job of that here.) The main point is the existence of integrated and
unintegrated vertex operators: Integrated ones are natural from adding backgrounds
to the gauge-invariant action; unintegrated ones from adding backgrounds to the
BRST operator. We'll relate the two by going in both directions. The following
discussion will be for general quantum mechanics (except in the relativistic case we

use 7 in place of t), but we’ll add some special comments for open strings at the end.

SN/dTH[

plus the usual terms for converting Hamiltonian to (first-order) Lagrangian, where

The action can be written as

the interacting Hamiltonian consists of the free part plus linearized vertex
H=Hy+W
BRST invariance with respect to the free BRST operator then implies
[Qo, 5]~ 0
= [Qo, [dT W] =0
= [Qo, W] =09,V
= {Qo,V}=0
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for some V, where “~” means “at the linearized level”. The BRST invariants [ W

and V' are thus our integrated and unintegrated vertex operators, respectively.

Going in the other direction, we start with interacting BRST
RQr=Qo+V
where fully interacting BRST invariance implies at the linearized level
Q=0 = {QuV}=0

The full gauge-fixed action is then defined (in relativistic quantum mechanics, or
otherwise in the ZJBV formalism) by

Hy={Q,b} =~ Hy+ W
It then follows that
0= [Qr, Hi] = [Qo, Ho| + ([Qo, W] + [V, Ho))
which agrees with the above, since Hy gives the (free) time development:

[Ho, V] — aTV

The only modifications for the open string are eliminating ¢ dependence:

do do do
= [ Hy= [ =T — [ 2 -
Qo / 5 ; / T b / 5 b (0—mode)

V — V|U:0, W — W|U:0
After combining the left and right-handed modes into functions of just z over the
whole plane, as usual, we can then replace ¢ and 7 with z in our definitions in an
appropriate way.

Vector vertex

The simplest case is the massless vector. The choice for integrated vertex was

obvious from the gauge transformation of the external field:

W=X-AX), 0A(x)=—0\z)

= /dTW:/dX-A(X), 5/dTW:—/dA(X):0

As usual, the 7 integral gets converted into a z integral over the boundary (real axis).



Besides this “background” gauge invariance, we also need the “quantum” BRST
invariance. The unintegrated vertex V and the BRST invariance of [ W then follow

from the same calculation:
Q,W]=0V = Q/W:szo

We use the BRST operator

d ~
Q= /2—; J, J=cT+c(de)b, T=3(i0X)* [QW(2)]= ]{

(For the open string, this is all of @; the closed string has @ = Qp + Qr, with @

and QQr given by the above, with “L” or “R” subscripts on everything. For now, we

dz’'
271

J(2") W(z)

stick to the open string. There is a sign convention change from Fields for @) and T.)

For T'(z)W (z), we get “single-contraction” (tree/classical) terms from the singu-
lar part of either 0X with W (one propagator), and nonsingular (ordinary) product
of the other 0X (no propagator). So we evaluate
ﬁ AY(X(2)) = V2l —
We also get “double-contraction” (1-loop) terms from the singular part of the product
of the second 0X with the above:

(0X)(Z') [(0X)- A(X)](z) ~ — [(0X)" 0" Ay(X)](2)

-z

(8)? )(2) - (right-hand side of above) ~
1
2 QO/M 0 - A(X(Z)) + 20/
We then need to integrate, using

o e [ = 50

2mi (2' —z

0% D)

Putting it all together,
W=(3G0X)-A = [QW]=0V—d(idc)(0X) Fy,

R !
V = c(idX) - A - ,/%(iac)a A
(We have repeatedly used the identity 0, f(X) = (9X) - 8f = vV2/(0X) - 8f.)
Thus BRST invariance of [ W and V requires the background satisfy only the

(free) gauge-covariant field equations 9°F,, = 0. This was to be expected, since
quantum BRST invariance of Yang-Mills in a Yang-Mills background requires the
same in field theory. We also find an order o/ correction to the vertex operator V:
This can be explained by noting that, while cOX creates a Yang-Mills state from
the vacuum, Oc creates its Nakanishi-Lautrup field plus 0 - A, in a combination that

vanishes by that field’s equation of motion.
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