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Learning outcomes: You’ll be able to understand the basics of quantum information and entan-
glement theory.

I. INTRODUCTION

Quantum entangled states have correlations stronger than classical states. We have seen the use of two-particle
singlet states to violate the Bell inequality, strongly supporting quantum mechanics over any local realistic classical
theory. In this unit, we will give more quantitative definition for entanglement, both from the resource quantification
perspective and from the Hilbert-space geometry one.

II. TWO-QUBIT ENTANGLEMENT

We have seen the following four Bell states, which enable many important quantum information processing tasks,

|Φ±⟩ ≡ 1√
2
(|00⟩ ± |11⟩), |Ψ±⟩ ≡ 1√

2
(|01⟩ ± |10⟩).

What is essential is their entanglement. But how do we quantify entanglement for these quantum states? One idea is
to use them as the unit, assigning to them the so-called e-bit and analyze how many e-bits can be distilled from other
entangled states or how many e-bits are needed to create them. This is very intuitive and operational, but seems very
challenging.

Another approach is to investigate how much these state differ from unentangled states. It is clear that these Bell
states cannot be written as a product form: |Bell⟩ ̸= |χ⟩ ⊗ |ϕ⟩. Is this entangled? | ↑↑⟩ − | ↑↓⟩ − | ↑↓⟩+ | ↓↓⟩? What
about | ↑↑⟩+ | ↑↓⟩ − | ↑↓⟩+ | ↓↓⟩?
Inseparability and concurrence. Let us take a two-qubit pure state example,

|ψ⟩ = a|00⟩+ b|01⟩+ c|10⟩+ d|11⟩,

and seek the condition that it is entangled. If it is not entangled, it can be factorized into

(α|0⟩+ β|1⟩)⊗ (γ|0⟩+ δ|1⟩) = αγ|00⟩+ αδ|01⟩+ βγ|10⟩+ βδ|11⟩.

We can identify the folowing

a ∼ αγ, b ∼ αδ, c ∼ βγ, d ∼ βδ,

which is equivalent to ad − bc = 0. Therefore, two-qubit pure states are not entangled, if and only if ad − bc ̸= 0.
Then, we can define a quantity called concurrence C for the two-qubit pure state |ψ⟩,

C(ψ) ≡ 2|ad− bc|,

where the factor 2 is added such that C(Bell states) = 1, as one can easily verify. This definition is based inseparability,
but is related to time-reversal of the state |ψ⟩.
For a spin-1/2 or qubit, the time-reversal operation is defined as T̂ = −iσyK, where K denotes the complex

conjugate. Note that T̂ is an antiunitary operator. An antiunitary operator V acts as V (c|ψ⟩) = c∗V (|ψ⟩), and that
⟨V ϕ|V ψ⟩ = ⟨ψ|ϕ⟩. Its adjoint V † is defined via ⟨ϕ|V |ψ⟩ = ⟨V †ϕ|ψ⟩∗ = ⟨ψ|V †ϕ⟩. By direct calculation, we have

T̂ 2 = −I (for half odd integer spins), which implies that for a single qubit state |ϕ⟩, it is orthogonal to its Kramers’



X-2

FIG. 1. Concurrence for |ψ⟩ = cos θ|00⟩+ sin θ|11⟩.

partner (the two are called Kramers’ doublet). Thus, the detailed representation of T̂ depends on the basis chosen.
If we have two qubits, then the time reversal is thus

T̂2 ≡ −σy ⊗ σyK =

 0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

K.

Thus the action of time-reversal on |ψ⟩ leads to

|ψ̃⟩ = T̂2|ψ⟩ = d∗|00⟩ − c∗|01⟩ − b∗|10⟩+ a∗|11⟩.

We have that

⟨ψ̃|ψ⟩ = 2(ad− bc),

and C(ψ) = |⟨ψ̃|ψ⟩|, which is given via the overlap between the state and its time reversal partner.
This can be generalized to an even number of qubits, but for a pure state with an odd number qubits, the time

reversed state is always orthogonal to the original state, due to the total system T̂ 2 = −I. (From one qubit, we know
it is orthogonal to its time-reversal state. This should hold for any product state with any number of qubits. But
for any even numer of qubits, the time-reversed state is not necessarily orthogonal to the original one, thus if their
overlap is not zero, this implies the existence of entanglement.)
We shall see later that concurrence is related to the so-called entanglement of formation. (Its square is called tangle

τ(ψ) = C(ψ)2.)
Example. Let us consider |ψ⟩ = cos θ|00⟩+ sin θ|11⟩. It is straightforward to see that C = 2| sin θ cos θ| = | sin(2θ)|,

which we plot in Fig. 1. It achieves maximum at θ = π/4, which is a Bell state.
We will postpone our discussions of mixed-state entanglement to later.

III. BIPARTITE PURE-STATE ENTANGLEMENT VIA SCHDMIT DECOMPOSITION AND
ENTANGLEMENT ENTROPY

For any bipartite pure state (bipartite could arise by grouping subsystems into two parts), it can be written in the
tensor-product basis {|i⟩ ⊗ |j⟩} as

|ψ⟩ =
NA∑
i=1

NB∑
j=1

ψij |i, j⟩.

The coefficient ψij is an NA ×NB matrix and can be singular-valude decomposed (SVD),

ψij =

max(NA,NB)∑
k=1

UikσkV
∗
jk.
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We can use this to write |ψ⟩ in a more compact way,

|ψ⟩ =
∑
k

σk(
∑
i

Uik|i⟩)⊗ (
∑
j

V ∗
jk|j⟩) =

∑
k

σk|k̃⟩A ⊗ |k̃⟩B ,

which involves at most max(NA, NB) components. Note here that k̃⟩’s are orthonormal, matrices U and V describe
how to transform to this basis, and the singular values σk’s satisfy that

∑
k σ

2
k = 1. This decomposion is called

Schmidt decomposition and works generally for bipartite pure states. The GHZ state is actually in a Schmidt form
(|000⟩ + |111⟩)/

√
2. However, it does not work generally beyond two qubits. For example, |W ⟩ = (|001⟩ + |010⟩ +

|100⟩)/
√
3 does not have a Schmidt decomposition. It seems that 3 is the smallest number of components necessary

to write down this W state; see Ref. [1] for some generalization called Schmidt measure.

3-tangle and entanglement monogamy. For three qubits, Coffman, Kundu and Wootters [2] define the so-called
3-tangle:

τ(A : B : C) ≡ C2
A:BC − C2

A:B − C2
A:C ,

where CA:B is the concurrence between two qubits A and B, CA:C is the concurrence between two qubits A and C, and
CA:BC is the concurrence between A and (BC), which you should question how the latter was defined. The concurrence
between A and (BC) can be defined due to the bipartite Schdmit decomposition between A and (BC), which can have
at most two nonzero Schdmit coefficients, and therefere (BC) behaves like an effective qubit, justifying the conurrence
between A and (BC). They showed that τ(A : B : C) ≥ 0, so there is a constraint on how much entanglement
A can share with B and at the same time with C, which is upper bounded by the entanglement between A and
(BC): C2

A:B + C2
A:C ≤ C2

A:BC . For mixed states ρABC the concurrence needed to computed using the convex-hull
generalization. This kind of entanglement monogamy was generalized by Osborned and Verstraete [3] to N qubits:

C2
A1(A2...AN ) ≥

N∑
i=2

C2
A1Ai

.

Entanglement entropy. Given that the Schmidt coefficients {σk} give rise to a probability distribution {σ2
k}, we

can define an entropy: SV = −
∑
k σ

2
k log2(σ

2
k), where the base is usually taken as 2.

Let us consider an example: |ψ⟩ = 1√
3
(|00⟩+ |01⟩+ |10⟩). From the previous section, we know that its concurrence

C = 2/3.

ψ =

(
1√
3

1√
3

1√
3

0

)
= USV †, diag(S) = {σ1, σ2} = {

√
3 +
√
5

6
,

√
3−
√
5

6
},

and

U ≈
(

0.8507 0.5257
0.5257 −0.8507

)
, V ≈

(
0.8507 −0.5257
0.5257 0.8507

)
.

We can also verify that C = 2σ1σ2 = 2/3 and that the entanglement entropy SV ≈ 0.55. The entanglement entropy
has been used in many subfields of physics, such as condensed matter and high energy physics. We will explain its
operational meeting by relating it to some procedures called entanglement of distillation and entanglement of creation
below.

Partial trace. Once we have the Schmidt decomposition,

|ψ⟩ =
∑
k

σk|k̃⟩A ⊗ |k̃⟩B ,

we can trace over the second party and obtain the reduced density matrix for the first party,

ρA = TrB(|ψ⟩⟨ψ|) =
∑
k

⟨k̃|B · |ψ⟩⟨ψ| · |k̃⟩B =
∑
k

σ2
k|k̃⟩A⟨k̃|A,

which is diagonal. The von Neumann entropy for a density matrix is defined in terms of its egienvalues,

SV (ρA) = −Tr(ρA log ρA) = −
∑
k

σ2
k log(σ

2
k),

which is the entanglement entropy of |ψ⟩. If ρA is pure, then SV (ρA) = 0.
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IV. BI-PARTITE MIXED STATE ENTANGLEMENT

In the case a bi-partite state ρAB , how do we determine whether it is entangled? It is generally a difficult problem.
But we can at least define whether a state is entangled or not. Let us first define when a state is not entangled, which
is sometimes called separable,

ρunentangled =
∑
i

piρ
A
i ⊗ ρBi ,

i.e., if it can be decomposed into a probability distribution of unentangled states. Note that the above definition is
equivalent to

ρunentangled =
∑
k

qk|ϕAi ⟩⟨ϕAi | ⊗ |ϕBi ⟩⟨ϕBi |. (1)

For example,

1

2
|00⟩⟨00|+ 1

2
|11⟩⟨11|

is unentangled. How about

1

2
|Φ+⟩⟨Φ+|+ 1

2
|Ψ+⟩⟨Ψ+|?

where |Φ±⟩ and |Ψ±⟩ are Bell states. Note that unentangled states can be prepared between two parties, Alice and
Bob, that are far apart. If they can communicate with each other, they can create e.g.

ρunentangled =
∑
k

qk|ϕAi ⟩⟨ϕAi | ⊗ |ϕBi ⟩⟨ϕBi |,

by coordinating what states they create depending on some random number.
Once we have defined unentangled states, entangled states are thus those that are not unentangled. Let us see how

a mixed state can arise. Consider two qubits interacting via the Heisenberg interaction,

Ĥ12 = X1X2 + Y1Y2 + Z1Z2.

You will diagonalize this Hamiltonian and work out the four eigenstates and their eigenvalues. At a temperature T ,
the system is in a mixed state (the specific form below is usually called the Werner state [4])

ρ12 =
e−Ĥ12/T

Tre−Ĥ12/T
= r(T )|Ψ−⟩⟨Ψ−|+ 1− r(T )

4
I4×4,

where

r(T ) =
e3/T − e−1/T

e3/T + 3e−1/T
.

How do we know when this state is entangled? This will be an exercise for you using the method we now discuss.

Hardness of detecting entanglement. It was shown by L. Gurvits that to determine a high-dimensional bi-partite
mixed state is entanglement to high accuracy is an NP-hard problem [5], whose exponentially accurate was relatexed
to polynomial later [6]. But when we deal with small systems and non-generic states, there are useful tools.

V. POSITIVE-PARTIAL TRANSPOSE AND PERES-HORODECKI CRITERION FOR SEPARABILITY

If a bi-partite state cannot be written as a convex sum of direct products of density matrices then it is entangled.
However, this definition does not offer a practical way of determining separability or entanglement.
Peres [7] proposed a very simple but useful criterion for separability. As a density matrix is Hermitian and positive

semi-definite, its transpose is still a valid density matrix. If we take the transpose of the matrices {ρBi }’s in Eq. (1),
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the resulting matrix, denoted by ρTB
s , still contains non-negative eigenvalues. The operation is called partial transpose

and can be defined for any bi-partite state:

ρ =
∑
i,j,k,l

ρij;kl|eAi ⊗ eBj ⟩⟨eAk ⊗ eBl | −→ ρTB ≡
∑
i,j,k,l

ρil;kj |eAi ⊗ eBj ⟩⟨eAk ⊗ eBl |, (2)

where |eAi ⊗ eBj ⟩ ≡ |eAi ⟩ ⊗ |eBj ⟩ is the product basis used to represent the density matrix, and the underscores are
used to highlight the changes under the partial transpose. Thus we have that if the state is separable, its partially
transposed matrix has non-negative eigenvalues (usually called PPT). Said equivalently, if the state is not PPT under
the partial transpose, the state must be entangled. In general, if a state has PPT, no entanglement can be distilled
out from it [8]. Horodecki et al. showed that the PPT criterion is also sufficient for 2 × 2 (two qubits) and 2 × 3 (a
qubit and a qutrit) [9]. But the state can be either unentangled or entangled. When the state has PPT and is also
entangled, it is called a bound entangled state.
This is the Peres-Horodecki positive partial transpose (PPT) criterion for separability [7, 9].
Let us examine the example of a singlet state |Ψ−⟩. When written in the form of density matrix in the basis

{|↑↑⟩, |↑↓⟩, |↓↑⟩, |↓↓⟩}, it corresponds to the density matrix

|Ψ−⟩⟨Ψ−| ←→


0 0 0 0
0 1

2 − 1
2 0

0 − 1
2

1
2 0

0 0 0 0

 . (3)

The partial transpose takes it to 
0 0 0 − 1

2
0 1

2 0 0
0 0 1

2 0
− 1

2 0 0 0

 , (4)

which has one negative eigenvalue, −1/2. Thus, via the PPT criterion we see that |Ψ−⟩ is entangled.
Exercise. Find out the range of r such that

ρ(r) = r|Ψ−⟩⟨Ψ−|+ 1− r
4

I4×4

is entangled.

In general, this PPT criterion is necessary but not sufficient for establishing separability. However, it was shown by
Horodecki and co-workers [9] that PPT is sufficient in the cases of C2 ⊗ C2 (two-qubit) and C2 ⊗ C3 (qubit-qutrit)
systems: if two-qubit or qubit-qutrit states obey PPT, they are separable. On the other hand, if PPT is violated, the
state is entangled. The extent to which a state violates PPT is manifested in the negative eigenvalues of the partially
transposed density matrix, and can be used as a measure (not just an identifier) of entanglement; this measure is

called the negativity [10, 11]. Following Życzkowski and co-workers [10], we define the negativity N to be twice the
absolute value of the sum of the negative eigenvalues:

N (ρ) = 2max(0,−λneg), (5)

where λneg is the sum of the negative eigenvalues of ρTB and the factor of two is a normalization chosen such that
the singlet state |Ψ−⟩ has N = 1.

VI. ENTROPIC INEQUALITIES

For classical ones or separable quantum systems composed of two parts A and B. It is expected that the uncertainty
of the whole system is always at least as alarge as the uncertainty of either part, hence the inequalities S(AB) ≥ S(A)
and S(AB) ≥ S(B). But we know that if AB is in an pure entangled state, S(AB) = 0, so the inequalities will be
violated. This means that the violation of any of the two inequalities implies the existence of entanglement. This
consideration extends to mixed states as well. (One starts with a separable state

∑
i piρ

A
i ⊗ ρBi and show that it

satisfies S(ρAB) ≥ S(ρA/B). This means the quantum conditional entropy S(A|B) ≡ S(AB) − S(B) is not negative
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FIG. 2. The illustration of entanglement of distillation.

for separable states. But when it is negative, it implies that ρAB is entangled. One can clearly see this using the Bell
states to check. This entropic inequality can be extended to other entropy quantities, such as the Rényi entropy:

Sα(ρ) ≡
1

1− α
log2 Tr(ρ

α), α > 0, α ̸= 1.

For α ≥ 1, separable states satisfy

Sα(ρAB) ≥ Sα(ρA) and Tα(ρAB) ≥ Tα(ρA).

By varying the parameter α (particularly α = 2, which relates to purity Tr(ρ2)), the Rényi inequalities can detect
entanglement in noisy mixed states (such as Werner states) where the von Neumann conditional entropy fails to
remain negative.

One other type called entropic Bell inequalities proposed by Braunstein and Caves is to use classical Shannon
entropy H(X) = −

∑
x p(x) log2 p(x) over measurement choices A1, A2 on Alice’s side and B1, B2 on Bob’s side, local

realistic classical theories obey:

H(A1|B1) ≤ H(A1|B2) +H(B2|A2) +H(A2|B1),

where the classical conditional entropy is defined as H(A|B) ≡ H(AB)−H(B). This can be applied to experiments:
a violation of this inequality using measurement outcomes certifies non-locality and quantum entanglement without
requiring reconstruction of the full density matrix. This is proved in the Appendix.
It is clear that most of the known criteria used to detect entanglement is to find a quantity that is satisified by

separable states, and hence the violation leads to the existence of entanglement. In Appendix A, we show another
method called matrix re-alignments.

VII. ENTANGLEMENT OF DISTILLATION

The notion of the entanglement of distillation was introduced by Bennett and co-workers [12, 13] to give an
operational definition of the degree of entanglement. Suppose ρ represents the state of two particles possessed by
two parties (usually referred to as Alice and Bob) separated by some distance. A way to envisage the degree of
entanglement that ρ has is to ask how useful ρ is compared to a standard state, such as any of the four Bell states:

|Ψ±⟩ ≡ 1√
2
(|01⟩ ± |10⟩), |Φ±⟩ ≡ 1√

2
(|00⟩ ± |11⟩). (6)

Here {|0⟩, |1⟩} represents an orthonormal basis of a two-level system, for instance, the z-component of the spin of a
spin-1/2 particle, or the polarization of a photon. More specifically, given n copies of the state ρ shared between Alice
and Bob, how many pairs, say k, of Bell states can be obtained if each of Alice and Bob is allowed to (i) perform
any local operations (including measurement) on the particles he or she possesses and (ii) share with the other party
classical information, e.g., the outcome of some measurements. These operations are called local operations and
classical communication (LOCC). The asymptotic limit

ED(ρ) ≡ lim
n→∞

(k/n), (7)

is called the entanglement of distillation [12, 13] In it, k is the average number of Bell states taken over different
possibilities (due to measurement) of an optimal procedure. ED quantifies the entanglement as a resource, using Bell
states as a standard ruler; see the illustration in Fig. 2.

A useful example. Let us illustrate the idea with an example. Suppose ρ is a pure state corresponding to the ket

|ψθ⟩ = cos θ|00⟩+ sin θ|11⟩, (8)
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FIG. 3. Entanglement of distillation.

with θ ∈ [0, π/2]. For θ = 0 or π/2, it is not entangled. For the intermediate range of θ, the state is entangled, and
maximally so at θ = π/4. Suppose that two copies of non-maximally entangled |ψθ⟩ are shared between Alice and
Bob:

|ψθ⟩12 ⊗ |ψθ⟩34 = (cos θ|0102⟩+ sin θ|1112⟩)⊗ (cos θ|0304⟩+ sin θ|1314⟩)

= cos2 θ|01020304⟩+
√
2 cos θ sin θ

1√
2
(|01021314⟩+ |11120304⟩) + sin2 θ|11121314⟩,

where Alice has particles 1 and 3, whereas Bob has 2 and 4. Their joint goal is to extract a Bell state under LOCC.
Both parties can perform any local operations allowed by quantum mechanics. A possible operation is to measure

the number of his/her particles in state |1⟩ (e.g., the z-component of total angular momentum). If Alice measures the
number of 1’s of her particles to be 0 or 2 then the resulting state (|01020304⟩ or |11121314⟩) is unentangled. She needs
to tell Bob to abort the operation, as there is now no entanglement to extract. But with probability 2 cos2 θ sin2 θ she
gets the state

|ψ⟩ = 1√
2
(|01021314⟩+ |11120304⟩), (9)

which is evidently entangled. But how do they establish from this a Bell state, say, |Φ+⟩?
This time, Alice proceeds to perform a unitary transformation U on her particles and contacts Bob (which is when

the classical communication takes place) and asks him to perform the same unitary transformation on his particles.
Suppose that the unitary transformation they agree to perform is (also known as a CNOT operation)

U =

 1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 (10)

in the basis of {|00⟩, |01⟩, |10⟩, |11⟩}. In particular, for it we have

U13|0113⟩ = |0113⟩, U13|1103⟩ = |1113⟩, U24|0214⟩ = |0214⟩, U24|1204⟩ = |1214⟩. (11)

Then the joint state after the transformations becomes

U13U24|ψ⟩ = U13U24

(
1√
2
(|01021314⟩+ |11120304⟩)

)
=

1√
2
(|01021314⟩+ |11121314⟩)

=
1√
2
(|0102⟩+ |1112⟩)⊗ |1314⟩. (12)

As particles 3 and 4 are not entangled with 1 and 2, what now needs to be done is that Alice throws away her particle
3 and Bob throws away his particle 4. Finally, they have distilled one maximally entangled pair 1√

2
(|0102⟩+ |1112⟩)

out of two non-maximally entangled pairs. The probability P of success is 2 cos2 θ sin2 θ, i.e., on average they can
distill k/n = 1

2P = cos2 θ sin2 θ Bell pairs per initial pair.

A modification. In Fig. 3 we show a distillation scheme slightly modified from the two-pair example. In this modified
scheme, Alice and Bob both perform the CNOT operation before the measurement. This transforms the initial state
|ψθ⟩12 ⊗ |ψθ⟩34 as follows:

|ψθ⟩12 ⊗ |ψθ⟩34 → (cos2 θ|0102⟩+ sin2 θ|1112⟩)|0304⟩+
√
2 cos θ sin θ

1√
2
(|0102⟩+ |1112⟩)|1314⟩. (13)



X-8

0 0.2 0.4 0.6 0.8 1

r

0

0.2

0.4

0.6

0.8

1

r
’

FIG. 4. Mixed state distillation for Werner state ρW+(r). States above the dashed line (i.e., r > 1/3) can be distilled by the
procedure.

If Alice and/or Bob then measures the third and/or fourth qubit, respectively, and the outcome is |1⟩, they immediately
obtain a Bell state shared between particles 1 and 2. If the outcome is |0⟩, they get a slightly less entangled state,
which they can store for a second trial of distillation. What we mean by this is that two pairs of the states

1√
cos4 θ + sin4 θ

(
cos2 θ|00⟩+ sin2 θ|11⟩

)
, (14)

although less entangled than the original pairs of Eq. (8), is distillable. Thus, this modified scheme performs slightly
better than the original two-pair scheme.

General case. The above discussion involves Alice and Bob dealing with two pairs at a time. In fact, it can be
extended to the case where they can manipulate n copies at a time [12]. The average number of Bell pairs per initial
pair can be dervied to be

E(n) =
1

n

n∑
k=0

P (k)Ek =
1

n

n∑
k=0

P (k) log2(C
n
k ), (15a)

P (k) ≡ (cos2 θ)n−k(sin2 θ)kCnk , (15b)

where Cnk ≡ n!/[k!(n− k)!]. As the number n of copies approaches infinity,

lim
n→∞

E(n)→ ED = S(ρA), (16)

where ρA ≡ TrB|ψθ⟩⟨ψθ|, and S(ρ) ≡ −Trρ log2 ρ is the von Neumann entropy of ρ. In the case of |ψθ⟩, its entanglement
of distillation is ED = h(cos2 θ), where h(x) ≡ −x log2(x)− (1−x) log2(1−x), i.e., is the Shannon entropy. The result

ED = −Tr
(
ρA log2(ρA)

)
, (17)

is valid for any bi-partite pure state.

Mixed states. For mixed entangled states, there are very few cases for which ED is known. No general optimal
distillation procedure is known for generic states. But a similar set-up to the one shown in Fig. 3 (except that the
measurement is performed in a different basis) does provide a way (although not optimal) to distill very general two-
qubit states. For example, Bennett and co-workers [13] have shown that after one step of the mixed-state distillation
procedure, two initial pairs of the state (which is usually called the Werner state)

ρW+(r) ≡ r|Ψ+⟩⟨Ψ+|+ 1− r
4

11, (18)
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FIG. 5. The illustration of entanglement of creation/dilution.

will be transformed into one pair with a new parameter (see Fig. 4)

r′ =
2r(1 + 2r)

3(1 + r2)
. (19)

Note that the larger the parameter r is, the higher entanglement the Werner state possesses. If r′ > r, i.e., when r >
1/3 (which you should prove in your exercise) or equivalently the fidelity F ≡ ⟨Ψ+|ρW|Ψ+⟩ > 1/2, the entanglement
is said to be increased. Horodecki and co-workers [14] further showed that any entangled two-qubit state can be
transformed into a state ρW+(r) with r > 1/3, and hence can be distilled via the scheme of Bennett and co-workers
(also known as the BBPSSW scheme) [13].

However, the procedure is not optimal for an arbitrary state ρ, and it is generally rather difficult to compute ED(ρ).
Nevertheless, if ED(ρ) > 0 we say that the state ρ is distillable. We remark that there is a connection between the
PPT criterion and the distillability of a bi-partite state. Horodecki and co-workers [8] found that if a state has PPT
then it cannot be distilled. But the converse is not generally true. In fact, there is still no simple criterion to determine
whether or not a state is distillable.

VIII. ENTANGLEMENT COST AND ENTANGLEMENT OF FORMATION

The distillation is a process for concentrating entanglement from a large number of pairs with less entanglement
into a small number of pairs with more (and ultimately maximal) entanglement. On the other hand, we can consider
the converse process, which is usually called dilution. Given k pairs of Bell states shared between Alice and Bob,
how many pairs n of a given state ρ can be obtained by local operations (including adding unentangled particles) and
classical communication? This is illustrated in Fig. 5. The goal is to maximize the number n of copies of the output
state ρ. The optimal ratio defines the entanglement cost [15]:

EC(ρ) ≡ lim
k→∞

(k/n). (20)

As with ED, EC is very difficult to calculate for general mixed states, and is only known for a very few special cases.
However, for pure states such as the state |ψθ⟩ discussed previously, EC = −Tr

(
ρA log2(ρA)

)
, which equals ED. The

optimal way to realize this dilution process for the pure state is to utilize two techniques: (i) quantum teleportation,
which we have introduced at the beginning and which simply says that a Bell state shared between two parties can
be used to tranfer an unknown qubit state with certainty, and (ii) quantum data compression [16], which basically
states that a large message consistive of say n qubits, with each qubit on average being described by a density matrix
ρA, can be compressed into a possibly smaller number k = nS(ρA) ≤ n of qubits; and one can faithfully recover the
whole message, as long as n is large enough. We will discuss quantum data compression later.

Reversibility for pure states in the asymptotic limit. With these two tools in hand, Alice can first prepare
n copies of |ψθ⟩ (2n qubits in total) locally, compress the n qubits to k qubits that she will “send” to Bob, and
teleport the compressed k qubits to Bob using the shared k Bell states. Bob then decompresses the k qubits back to
the uncompressed n qubits, which belong to half of the n copies of the entangled state |ψθ⟩. Thus, Alice and Bob
establish n pairs of |ψθ⟩. This describes the optimal procedure for the dilution process for a pure state.

The entanglement of distillation and entanglement cost are defined asymptotically, i.e., both processes involve an
infinite number of copies of the initial states. For pure states, EC = ED [12], which means that the two processes
are reversible asymptotically. Yet, for mixed states, both quantities are very difficult to calculate. Nevertheless, it is
expected that EC(ρ) ≥ ED(ρ), viz. that one can not distill more entanglement than is put in.

Entanglement of formation—an average quantity. However, as we now explain, there is a modification of EC,
obtained by averaging EC over pure states, and it is called the entanglement of formation EF [15, 17]. Any mixed
state ρ can be decomposed into mixture of pure states {pi, |ψi⟩⟨ψi|}, although the decomposition is far from unique.
To construct the mixed state via mixing pure states in this way will cost, on average,

∑
i piE(|ψi⟩⟨ψi|) pairs of Bell
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states. The entanglement of formation for a mixed state ρ is thus defined as the minimal average number of Bell
states needed to realize an ensemble described by ρ, i.e.,

EF(ρ) ≡ min
{pi,ψi}

∑
i

piEC(|ψi⟩⟨ψi|), (21)

where the minimization is taken over those probabilities {pi} and pure states {ψi} that, taken together, reproduce
the density matrix ρ =

∑
i pi|ψi⟩⟨ψi|. Such a construction is usually called a convex hull construction. Furthermore,

the quantity EC(|ψi⟩⟨ψi|) is the entropy of entanglement of pure state |ψi⟩, viz. the expression in the right-hand side
of Eq. (17). However, EF is, in general, also difficult to calculate for mixed states, as it involves a minimization over
all possible decompositions. So far, there has been more analytic progress for EF than forn EC and ED. Notable
cases include (i) Wootters’ formula for arbitary two qubits [17]; (ii) Terhal and Vollbrecht’s formula [18] for isotropic
states for two qu-dits (d-level parties); and (iii) Vollbrecht and Werner’s formula [19] for generalized Werner states of
two qu-dits. But these are more advanced results for this course.

Additivity? One of the central issues in entanglement theory is the so-called additivity of entanglement, i.e., whether
the entanglement of formation, defined as an average quantity, equals the entanglement cost, which is defined asymp-
totically. Shor [20] has established that the additivity problem of entanglement of formation is equivalent to three
other additivity problems: the strong superadditivity of the entanglement of formation, the additivity of the minimum
output entropy of a quantum channel, and the additivity of the Holevo classical capacity of a quantum channel. In
2009, Matthew Hastings proved that the Minimum Output Entropy of a quantum channel is not additive [21]. Using
a randomized construction involving high-dimensional random unitary channels, he proved the existence of channels
E1 and E2 where:

Smin(E1 ⊗ E2) < Smin(E1) + Smin(E2).

Namely, Hastings’ result proved that Entanglement of Formation (EF ) is strictly subadditive:

EF (ρ1 ⊗ ρ2) < EF (ρ1) + EF (ρ2).

IX. WOOTTERS’ FORMULA FOR TWO-QUBIT ENTANGLEMENT OF FORMATION

The entanglement of formation defined in Eq. (21) is, in general, difficult to calculate. However, for two-qubit systems,
Wootters [17] has provided and proved the following formula:

EF(ρ) = h

(
1

2
[1 +

√
1− C(ρ)2]

)
, (22)

where h(x) ≡ −x log2 x− (1− x) log2(1− x), and C(ρ), the concurrence of the state ρ, is defined as

C(ρ) ≡ max{0,
√
λ1 −

√
λ2 −

√
λ3 −

√
λ4}, (23)

in which λ1, . . . , λ4 are the eigenvalues of the matrix ρ(σy ⊗ σy)ρ∗(σy ⊗ σy) in nonincreasing order and σy is a Pauli
spin matrix. EF(ρ), C(ρ) and the tangle τ(ρ) ≡ C(ρ)2 are equivalent measures of entanglement, inasmuch as they
are monotonic functions of one another. For pure state a|00⟩+ b|01⟩+ c|10⟩+ d|11⟩ the concurrence C is 2|ad− bc|,
as discussed before.

X. ENTANGLEMENT VIA A DISTANCE MEASURE

As any mixture of separable density matrices is still, by definition, separable, any separable state can be expressed
as a sum of two separable states

ρs = p ρ1s + (1− p)ρ2s, (24)

unless it is the extremal point, viz. a pure product state. Thus we see that the set of separable states is a convex
set. This leads to another type of entanglement measure: the shortest “distance” E(ρ) from an entangled state to
the convex set Ds of separable mixed states [22], i.e., E(ρ) ≡ minσ∈Ds d(ρ||σ). One example of such an entanglement
measure is the relative entropy of entanglement,

ER(ρ) ≡ min
σ∈Ds

Tr (ρ log ρ− ρ log σ) , (25)
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where the distance measure d is defined to be the relative entropy of two states:

d(ρ||σ) ≡ Tr
[
ρ log ρ− ρ log σ

]
. (26)

We remark that the relative entropy is non-negative, but it is also not symmetric, i.e., d(ρ||σ) ̸= d(σ||ρ). For pure
states this definition of entanglement reduces to the entropy of entanglement.
Another example is the Bures metric of entanglement EB(ρ), defined via

EB(ρ) ≡ min
σ∈Ds

[
2− 2F (ρ, σ)

]
, (27)

where F (ρ, σ)≡
(
Tr
√√

σρ
√
σ
)2

is called the fidelity and is symmetric. For two pure states ρ = |ψ⟩⟨ψ| and σ = |ϕ⟩⟨ϕ|,
the distance d(ρ||σ) ≡

(
2− 2F (ρ, σ)

)
reduces to 2(1− |⟨ψ|ϕ⟩|2).

We shall give more discussion of the relative entropy of entanglement later on.
Some relations of entanglement measures. For any bipartite pure state |ψ⟩AB , the three measures collapse to
the exact same value: the entropy of entanglement S(ρA):

ED(|ψ⟩) = ER(|ψ⟩) = EC(|ψ⟩) = S(ρA)

where ρA = TrB(|ψ⟩⟨ψ|) is the reduced density matrix of subsystem A. Pure-state entanglement operations are
asymptotically reversible. In the limit of infinitely many copies, n copies of |ψ⟩ can be created from nS(ρA) Bell pairs
(dilution/cost), and nS(ρA) Bell pairs can be extracted from n copies of |ψ⟩ (distillation) using Local Operations
and Classical Communication (LOCC). However, the mixed-state case is more complicated. For general mixed states
ρAB , state transformations via LOCC are fundamentally irreversible due to lost information and noise. As a result,
the three measures diverge and satisfy the strict chain of inequalities:

ED(ρ) ≤ ER(ρ) ≤ EC(ρ).

The consequences are as follows. 1. ED(ρ) ≤ EC(ρ) (No Free Entanglement / Second Law Analog): The number
of Bell pairs you can distill (ED) from a state cannot exceed the number of Bell pairs required to create (EC) that
state. The gap EC(ρ) − ED(ρ) ≥ 0 represents the irreversible entanglement loss incurred during state preparation
and distillation. 2. ED(ρ) ≤ ER(ρ) (ER as an Upper Bound on Distillation): The relative entropy of entanglement
ER(ρ) = minσ∈DS

S(ρ||σ) measures the minimal distinguishability (distance) between ρ and the set of separable
states DS . Because LOCC operations cannot increase relative entropy to separable states, ER(ρ) acts as a strict
upper bound on the amount of distillable singlet entanglement. 3. ER(ρ) ≤ EC(ρ) (ER as a Lower Bound on Cost):
The asymptotic cost EC(ρ) required to construct a state via LOCC and Bell pairs is always at least as large as the
state’s minimum distance ER(ρ) from the set of unentangled states.
The gap between these measures highlights distinct operational regimes for mixed states. First, there are Bound

Entangled States (ED = 0 while ER > 0 and EC > 0): There exist entangled mixed states from which zero Bell pairs
can be distilled (ED(ρ) = 0), yet creating them still consumes non-zero entanglement (EC(ρ) > 0), and they remain a
non-zero distance away from separable states (ER(ρ) > 0). Second, there are PPT States: Any state with a Positive
Partial Transpose (PPT) cannot be distilled (ED(ρ) = 0). If a PPT state is entangled, it is a bound entangled state.
Technically, ER(ρ) seems to be much easier to compute than EC(ρ) and ED(ρ), even though it may still be

challenging in general due to the requirement to minimize over all separable states.

XI. CRITERIA FOR GOOD ENTANGLEMENT MEASURES

From the discussions above, we know that entanglement is a nonlocal quantum characteristic which cannot be gen-
erated by local operations and classical communication between two distant parties. Local unitary transformations are
simply changes of local basis, and cannot change the amount of entanglement. These, as well as other considerations
lead to postulates for entanglement measures. For a given state ρ a good entanglement measure should, at least,
satisfy the following conditions [22–24]:
C1. (a) E(ρ) ≥ 0; (b) E(ρ) = 0 if ρ is not entangled.
C2. For any state ρ and any local unitary transformation (i.e., a unitary transformation of the form UA ⊗ UB), the
entanglement should remain unchanged.
C3. Local operations, classical communication and postselection (i.e., keeping certain measurement outcomes and
discarding the rest) should not increase the expectation value of the entanglement.
C4. Entanglement is convex under discarding information:

∑
i piE(ρi) ≥ E(

∑
i piρi).
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FIG. 6. The illustration of entanglement conversion of a single copy.

There are additional postulates such as continuity and additivity, but C1-C4 are those widely accepted in the
literature. Note that in C1b we do not say “E(ρ) = 0 iff ρ is not entangled”. This is because cases exist in which
EF(ρ) > 0 although ED(ρ) = 0, i.e., there can exist bound entanglement [8], entanglement that cannot be distilled.

XII. ENTANGLEMENT TRANSFORMATION FOR SINGLE COPY

We have seen using many copies for entanglement distillation and cost. In the limit of infinite copies of bipartite
pure states, these two processes are reversible. However, in practice, one has only finite copies. In the extreme limit,
what if Alice and Bob shares a single copy of ψ; can this be converted to another state ϕ (using only local operation
and classical communication)? This is illustrated in Fig. 6.

Nielsen’s majorization criterion. In order to discussion Nielsen’s criterion [25], we need to acquaint ourselves
with the notion of majorization.

Majorization: for two sets of numbers x & y (e.g. square of Schmidt coefficients in decreasing order), x is majorized
by y (x ≺ y) if

k∑
j=1

xj ≤
k∑
j=1

yj , for k = 1, . . . , d.

This is illustrated in Fig. 7. Now that we understand majorization for two sets of numbers, we can state Nielsen’s
result. Nielsen showed that the transform ψ → ϕ of two bipartite pure states is possible with probability 1 if and only
if the square of their Schmidt coefficients (denoted by λψ, λϕ, respectively) satisfy the majorization relation,

ψ → ϕ, iffλψ ≺ λϕ. (28)

Furthermore, if the majorization condition is not satisfied, the maximum probability of conversion is given by

pmax

(
ψ → ϕ

)
= min

1≤m≤n

1−
∑m−1
j=1 λj(ψ)

1−
∑m−1
j=1 λj(ϕ)

.

FIG. 7. The illustration of majorization



X-13

An example. Let us consider |Φ+⟩ = (|00⟩+ |11⟩)/
√
2 and |ϕ(p)⟩ =

√
1− p|00⟩+√p|11⟩. Assume p ≤ 1/2, As

{1/2, 1/2} ≺ {1− p, p},

we see that the conversion |Φ+⟩ → |ϕ(p)⟩ is possible.
Note that we write |ϕ(p)⟩ in the Schmidt form above; even if it were not in the Schmidt form, the conversion is

still possible as long as the Schmidt coefficients are the same, because the transformation to the Schmidt form can
be done by local unitary transformations. A question for the readers to think is how can such conversion be done?
What is the procedure?
Here is the answer. Consider two operations,

M1 =

( √
p 0
0
√
1− p

)
, M2 =

( √
1− p 0
0

√
p

)
,

where M†
1M1 +M†

2M2 = I. This means that there can be a generalized measurement that can be implemented so
that M1 or M2 is applied randomly (but the information about which was applied is known). Specifically, if M1 was
applied, then we successfully made the conversion. If M2 was applied, the resultant state is

|Φ+⟩ =
√
1/2(|00⟩+ |11⟩)→

√
1/2(

√
1− p|00⟩+√p|11⟩),

which can be corrected to the desired state by applying X1X2. The two sides of the observers need to communicate
and coordinate.

Another example. Let us study another example.

|ψ⟩ =
√

1

2
|11⟩+

√
2

5
|22⟩+

√
1

10
|33⟩, (29)

|ϕ⟩ =
√

3

5
|11⟩+

√
1

5
|22⟩+

√
1

5
|33⟩. (30)

As one can check that λψ and λϕ have no majorization relation, therefore, we conclude that

|ψ⟩↛ |ϕ⟩, |ϕ⟩↛ |ψ⟩. (31)

A natural question is that what is the maximum conversion probability?

Entanglement catalysis. This phenomenon was first discussed by Jonathan and Plenio [26]. To understand this,
we use a third example with

|ψ1⟩ =
√
0.4|00⟩+

√
0.4|11⟩+

√
0.1|22⟩+

√
0.1|33⟩, (32)

|ψ2⟩ =
√
0.5|00⟩+

√
0.25|11⟩+

√
0.25|22⟩. (33)

This is also an example where

|ψ1⟩ ̸→ |ψ2⟩, asλψ1
̸≺ λψ2

.

However, if they have access to another shared (entangled) state,

|ϕ⟩ =
√
0.6|44⟩+

√
0.4|55⟩,

the combined systems have the square of Schmidt coefficients being

|ψ1⟩ ⊗ |ϕ⟩ : 0.24, 0.24, 0.16, 0.16, 0.06, 0.06, 0.04, 0.04 (34)

|ψ2⟩ ⊗ |ϕ⟩ : 0.30, 0.20, 0.15, 0.15, 0.10, 0.10, 0.00, 0.00. (35)

Then

|ψ1⟩|ϕ⟩ → |ψ2⟩|ϕ⟩ is allowed.

A natural question that can be further investigated is the condition that entanglement catalysis exists? This was
solved by Klimesh [27] and by Turgut [28] in 2007, using

∑
j λ

α
i , for all real α. (Another direction is to allow the

catalysis to change slightly after the conversion, and such a conversion process is call entanglement embezzlement,
discovered by van Dam and Hayden in 2003 [29].) But it requires checking for an infinite number of α. Very recently,
Elkouss et al. [30] found a finite set of conditions that are sufficient.
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FIG. 8. The illustration of bipartite entanglement.

FIG. 9. The illustration of the geometric measure of entanglement for pure states.

XIII. MULTIPARTITE ENTANGLEMENT

We have seen the concurrence and entanglement entropy previously, and they are essentially bipartite, i.e., their
entanglement is between two parts. In previous units, we have seen many examples of multipartite states, such as the
GHZ state,

|GHZ⟩ = (|000⟩+ |111⟩)/
√
2,

and three-qubit redudant encoding,

|ψ3⟩ = a|000⟩+ b|111⟩,

as well as all quantum error correction codes. In this section, we will study two multipartite entanglement measures:
(i) Vedral ‘04: relative entropy of entanglement (ER); (ii) Wei & Goldbart ‘03: geometric measure of entanglement
(GME). We have seen the relative entropy of entanglement in Sec. X, where we were discussing bipartite mixed-state
entanglement. Its definition applies to the multipartite case as the separable states σ ∈ DS are simply multipartite
separable states. In the case of GHZ state, the closest separable state is σ∗ = (|000⟩⟨000| + |111⟩⟨111|)/2 and then
ER(GHZ) = 1. However, this measure is hard to compute, even for pure states, e.g., the W state,

|W⟩ = (|001⟩+ |010⟩+ |100⟩)/
√
3.

It turns out that the GME provides a lower bound on the ER for pure states.

A. Geometric measure of entanglement*

[This section can be skipped in the first reading.] The underlying idea of this entanglement measure in the case of
pure states is very simple, as illustrated in Fig. 9. The discussion here based Ref. [31].

We begin with an examination of entangled pure states, and of how one might quantify their entanglement by making
use of simple ideas of Hilbert space geometry. Let us start by developing a quite general formulation, appropriate for
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multi-partite systems comprising n parts, in which each part can have a distinct Hilbert space. Consider a general
n-partite pure state

|ψ⟩ =
∑
p1···pn

χp1p2···pn |e(1)p1 e
(2)
p2 · · · e

(n)
pn ⟩, (36)

where {e(k)pk } is the local basis of the k-th party, e.g., the spin ↑ or ↓. One can envisage a geometric definition of its
entanglement content via the distance

d = min
|ϕ⟩
∥ |ψ⟩ − |ϕ⟩∥ (37)

between |ψ⟩ and the nearest of the separable states |ϕ⟩ (or equivalently the angle between them). Here

|ϕ⟩ ≡ ⊗ni=1|ϕ(i)⟩ = |ϕ(1)⟩ ⊗ |ϕ(2)⟩ ⊗ · · · ⊗ |ϕ(n)⟩ (38)

is an arbitrary separable (i.e., Hartree) n-partite pure state, the index i = 1 . . . n labels the parties, and a state vector
of part i is written as

|ϕ(i)⟩ ≡
∑
pi

c(i)pi |e
(i)
pi ⟩. (39)

It seems natural to assert that the more entangled a state is, the further away it will be from its best unentangled
approximant (and, correspondingly, the wider will be the angle between them). We emphasize that we only compare
the entangled pure state to the set of pure unentangled state. We shall extend to mixed states via the so-called convex-
hull construction later. Another approach one might take is to compare any entangled state to the set of unentalged
states, including both pure and mixed. The Bures measure, introduced earlier in Sec. X, is such an example.

To actually find the nearest separable state, it is convenient to minimize, instead of d, the quantity d2, i.e.,

∥|ψ⟩ − |ϕ⟩∥2, (40)

subject to the constraint ⟨ϕ|ϕ⟩ = 1. In fact, in solving the resulting stationarity condition one may restrict one’s
attention to the subset of solutions |ϕ⟩ that obey the further condition that each factor |ϕ(i)⟩ obeys its own normal-
ization condition ⟨ϕ(i)|ϕ(i)⟩ = 1. Thus, by introducing a Lagrange mulitplier Λ to enforce the constraint ⟨ϕ|ϕ⟩ = 1,
differentiating with respect to the independent amplitudes, and then imposing the further condition ⟨ϕ(i)|ϕ(i)⟩ = 1,
one arrives at the nonlinear eigenproblem for the stationary |ϕ⟩:∑

p1···p̂i···pn

χ∗
p1p2···pnc

(1)
p1 · · · ĉ

(i)
pi · · · c(n)pn = Λ c(i)∗pi , (41a)

∑
p1···p̂i···pn

χp1p2···pnc
(1)∗
p1 · · · ĉ

(i)∗
pi · · · c(n)∗pn = Λ c(i)pi , (41b)

where the eigenvalue Λ is associated with the Lagrange multiplier enforcing the constraint ⟨ϕ|ϕ⟩=1, and the symbol̂ denotes the exclusion of the corresponding term or factor. In a form independent of the choice of basis within each
party, Eqs. (41) read

⟨ψ|
( n
⊗

j(̸=i)
|ϕ(j)⟩

)
= Λ⟨ϕ(i)|, (42a)( n

⊗
j(̸=i)
⟨ϕ(j)|

)
|ψ⟩ = Λ|ϕ(i)⟩. (42b)

From Eqs. (41) or (42), e.g., by taking inner product of both sides of Eq. (42a) with |ϕ(i)⟩ one readily sees that

Λ = ⟨ψ|ϕ⟩ = ⟨ϕ|ψ⟩ (43)

and thus the eigenvalues Λ are real, in [−1, 1], and independent of the choice of the local basis
{
|e(i)pi ⟩

}
. Hence,

the spectrum Λ is the cosine of the angle between |ψ⟩ and |ϕ⟩; the largest, Λmax, which we call the entanglement
eigenvalue, corresponds to the closest separable state and is equal to the maximal overlap

Λmax = max
ϕ
||⟨ϕ|ψ⟩||, (44)
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where |ϕ⟩ is an arbitrary separable pure state.
Although, in determining the closest separable state, we have used the squared distance between the states, there

are alternative (basis-independent) candidates for entanglement measures which are related to it in an elementary
way: the distance, the sine, or the sine squared of the angle θ between them (with cos θ ≡ Re ⟨ψ|ϕ⟩). We shall adopt
E1 ≡ 1− Λ2

max as our entanglement measure because, as we shall see, when generalizing E1 to mixed states we have
been able to show that it satisfies a set of criteria demanded of entanglement measures.

Bipartite systems. In bi-partite applications, the eigenproblem (41) is in fact linear , and solving it is actually
equivalent to finding the Schmidt decomposition [32]. Moreover, the entanglement eigenvalue is equal to the maximal
Schmidt coefficient. First recall that Schmidt decomposability guarantees that an arbitrary pure bi-partite state

|ψ⟩ =
∑
p1p2

χp1p2 |e(1)p1 ⟩ ⊗ |e
(2)
p2 ⟩ (45)

in the (product) Hilbert space H1 ⊗H2 (with factor dimensions d1 and d2) can always be expressed in the form

|ψ⟩ =
min{d1,d2}∑

k=1

λk |ẽ(1)k ⟩ ⊗ |ẽ
(2)
k ⟩. (46)

Here, λk ≥ 0,
∑
k λ

2
k = 1, the |ẽ(1)k ⟩’s and |ẽ(2)k ⟩’s are orthonormal, respectively, in H1 and H2. Moreover, the new

(tilde) bases, as well as the λk’s, follow as the solution of the eigenproblems of the reduced density matrix that one
obtains by tracing |ψ⟩⟨ψ| over party 1 or 2:

Tr2
(
|ψ⟩⟨ψ|

)
|ẽ(1)k ⟩ = λ2k|ẽ

(1)
k ⟩, (47a)

Tr1
(
|ψ⟩⟨ψ|

)
|ẽ(2)k ⟩ = λ2k|ẽ

(2)
k ⟩. (47b)

Thus we see that determining entanglement for bi-partite pure states is equivalent to finding their Schmidt decompo-
sition, except that one only needs the largest Schmidt coefficient Λmax = λmax.

Example: for |ψ⟩ =
√
1− p|00⟩+√p|11⟩, it Λmax = max{

√
1− p,√p}.

Multipartite systems. By contrast, for the case of three or more parts, the eigenproblem is a nonlinear one.
For example, in the setting of tri-partite systems, the stationarity conditions (41) associated with the pure state

|ψ⟩ =
∑
p1p2p3

χp1p2p3 |e
(1)
p1 e

(2)
p2 e

(3)
p3 ⟩ become ∑

p2p3

χ∗
p1p2p3c

(2)
p2 c

(3)
p3 = Λ c(1)∗p1 , (48a)

∑
p1p3

χ∗
p1p2p3c

(1)
p1 c

(3)
p3 = Λ c(2)∗p2 , (48b)

∑
p1p2

χ∗
p1p2p3c

(1)
p1 c

(2)
p2 = Λ c(3)∗p3 . (48c)

Note the nonlinear structure of this tri-partite (and, in general, any n ≥ 3-partite) eigenproblem. As far as we are
aware, for nonlinear eigenproblems such as these, one cannot take advantage of the simplicity of linear eigenproblems,
for which one can address the task of determining the eigenvalues directly (via the characteristic polynomial), without
having to address the eigenvectors. Hence, even for systems comprising qubits, one is forced to proceed numerically.
This is consistent with the notion that no Schmidt decomposition exists beyond bi-partite systems.

Two explicitly forms.

� E1(ψ) ≡ 1− Λ2
max(ψ).

� Eg(ψ) ≡ −2 log2 Λmax(ψ).

The latter form can be used for infinite systems and gives an entanglement per particle in the thermodynamic limit,

Eg(ψ) = lim
N→∞

Eg(ψ)

N
.

Lower bound on the relative entropy of entanglement. We mention earlier that the GME provides a lower
bound on ER. The exact statement is that

ER(ψ) ≥ Eg(ψ).
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It is known that for permutation-invariant states, the above relation becomes an equality. In particular, this gives
the value of ER(W) for the W state.

Examples. For the GHZ state, its Λmax = 1/
√
2. For the W state, its Λmax = 2/3, and the closest product state is

|ϕ∗⟩ = (
√

2/3|0⟩ +
√
1/3|1⟩)⊗3. From these, we also obtain their relative entropy of entanglement (where the lower

bound from GME becomes an equality),

ER(W ) = −2 log2(2/3) ≈ 1.16833, ER(GHZ) = 1.

B. Extension to mixed states

The extension of the geometric measure to mixed states ρ can be made via the use of the convex roof (or hull)
construction [indicated by “co”], as was done for the entanglement of formation by Wootters and collaborators. The
essence is a minimization over all decompositions ρ =

∑
i pi |ψi⟩⟨ψi| into pure states, i.e.,

E(ρ) ≡ (coEpure)(ρ) ≡ min
{pi,ψi}

∑
i
piEpure(|ψi⟩). (49)

This convex hull construction ensures that the measure gives zero for separable states; however, in general it also
complicates the task of determining mixed-state entanglement.
Now, any good entanglement measure E should, at least, satisfy the following criteria (c.f. Refs. [22–24, 33]) listed

above, but repeated here,

C1. (a) E(ρ)≥0; (b) E(ρ)=0 if ρ is not entangled.

C2. Local unitary transformations do not change E.

C3. Local operations and classical communication (LOCC) (as well as post-selection) do not increase the expectation
value of E. This requirement does not contradict with distillation, as it takes into account the cases when
distillation fails.

C4. Entanglement is convex under the discarding of information, i.e.,
∑
i piE(ρi) ≥ E(

∑
i pi ρi).

The first requirement simply states that the entanglement is a non-negative quantity, and it vanishes for unentangled
states. Local unitary transformations are simply a change of local basis, and entanglement should be invariant
under such a change. The third criterion simply requires that the average entanglement cannot be increased during
manipulations that are local, which reflects the fact that entanglement is a nonlocal resource. The last criterion
states the fact that, for a set of states, entanglement can never be increased if the information about which state is
which is lost. The issue of the desirability of additional features, such as continuity and additivity, requires further
investigation, but C1-C4 are regarded as the minimal set. If a measure satisfies C1-C4, it is called an entanglement
monotone [33].
Does the geometric measure of entanglement obey C1-4? The answer is affirmative but we will not give detailed

proof here. We remark that from the definition (49) it is evident that C1 and C2 are satisfied, provided that Epure

satisfies them. Furthermore, the convex-hull construction automatically fulfills C4. The consideration of C3 seems to
be more delicate and whether or not it holds depends on the explicit form of Epure. Note that the choice of taking
Esin2 as the entanglement measure does satisfy C3.

XIV. APPLICATIONS OF ENTANGLEMENT MEASURES IN MANY-BODY SYSTEMS

First, the entanglement area law (recently claimd to proved by the OpenAI). Topological entanglement entropy.
Entanglement in detecting quantum phase transitions. Gentle violation of area law in 1D quantum critical chains.

XV. GEOMETRIC MEASURE OF ENTANGLEMENT AND ONE-WAY QUANTUM COMPUTER

‘‘Entanglement, like most good things in life, must be consumed in moderation’’ (Bacon, 2009).
We have seen that measurement-based quantum computation uses entanglement as a resource and proceeds compu-
tation by performing single-qubit measurements. The high value of initial entanglement is crucial. However, it turns
out that too much entanglement cannot necessarily be useful.
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Gross, Flammia, and Eisert (Gross et al., 2009) [34] found that random states generically have a high amount
of entanglement and if the entanglement of a quantum state is too high, then using it for MBQC cannot offer any
speedup for computation and is no better than random coin tossing. What they mean by being too high is expressed
in terms the geometric entanglement of a state,

Eg(ψ) = −2 log2 Λmax(ψ) > n− δ,

where n is the number of qubits and delta is a small constant.
A similar conclusion that random states drawn uniformly from the state space (or in a more technical term, from

the Haar measure) are useless for MBQC was reached by Bremner, Mora, and Winter (Bremner et al., 2009) [35].

XVI. QUANTUM DATA COMPRESSION

It is also known as the Noiseless Quantum Shannon Channel Coding Theorem.
To communicate quantum information by directly transmitting qubits may be costly. The idea of quantum data

compression (QDC) is to ask the question whether we can compress the message into fewer qubits so as to minimize
the cost of transmission. Schmacher has provided an answer to achieve this [16]. One excellent review of quantum
data compression is by Preskill http://www.theory.caltech.edu/people/preskill/ph229, which we follow here.

Let us go straight to the procedure of QDC. Suppose Alice needs to communicate with Bob through some noiseless
quantum channel as efficiently as possible, that is, she hopes to compress her message using as few qubits as possible.
The message consists of letters represented by some states |ϕx⟩. Since on average, the frequency of each letter’s
appearance may not be equal but is some probability px, the message can be said to be drawn from an ensemble of
states:

{|ϕx⟩, px}, (50)

so each letter has a density matrix ρ =
∑
x px|ϕx⟩⟨ϕx|. As we will see in the following, the lowest number of qubits

per letter needed to encode is set by the von Neumann entropy S(ρ) = −tr(ρ log2 ρ). If we try to compress into fewer
qubits, the fidelity of compression will be ruined.
If the total length of the message is n, then the message has a density matrix which is a direct product of n letter

density matrices

ρ⊗n ≡ ρ⊗ · · · ⊗ ρ︸ ︷︷ ︸
n ρ’s

. (51)

The procedure for quantum data compression goes as follows,
1) Diagonalize ρ. Work in the orthonormal basis in which ρ is diagonal. If ρ has eigenvalues (arranged decreas-
ingly) λ1 ≥ λ2 ≥ · · · ≥ λd(the number d depends on whether the state |ϕ⟩ is a qubit, tri-bit, or d-bit), then ρ⊗n has
eigenvalues of the form (i.e., the eigenvalues are obtained by choosing n values from λ1, λ2, . . . , λd)

λ({ki}) ≡
d∏
i=1

λkii = λk11 λ
k2
2 · · ·λ

kd
d , (52)

where
∑d
i ki = n, and each eigenvalue λ({ki}) occurs N({ki}) = n!/(k1!k2! · · · kd!) times. We will restrict ourselves

to qubits, i.e., d = 2: λ(k1, k2 = n− k1) = λk11 λ
k2
2 , and N(k1, k2) = Cnk1 .

2) Given a set of tolerances δ (tolerance for using slightly more qubits than the asymptotically optimal case) and ϵ
(tolerance for not projecting onto the “typical” subspace), find the typical subspace Λ and its dual subspace Λ⊥:
2a) First find out the smallest number D(n) of necessary largest eigenvalues (suppose they are λn,1 ≥ λn,2 ≥ · · · ≥

λn,D) and corresponding eigenvectors(|λn,1⟩, |λn,2⟩, · · · , |λn,D⟩) of ρ⊗n such that the sum of these eigenvalues is larger

than 1− ϵ, but the value D(n) may be larger than 2n(S(ρ)+δ). Increase n and repeat the step until when n > n0

D(n) ≤ 2n(S(ρ)+δ), (53)

where n0 is the smallest number such that the above inequality is satisfied. Note that it is sufficient to use at most
some n(S(ρ)+ δ) qubits to represent any state in Λ. This means there exists a unitary transformation U which takes
any state |ϕΛ⟩ in Λ to

U |ϕΛ⟩ = |ϕcompressed⟩|0rest⟩, (54)

http://www.theory.caltech.edu/people/preskill/ph229
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where |ϕcompressed⟩ is a state of n(S(ρ) + δ) qubits, and |0rest⟩ is a state |0⟩ ⊗ · · · |0⟩ of (n− n(S + δ)) qubits.

2b) Those eigenvectors corresponding to the first D(n) largest eigenvalues span a typical subspace Λ, the remaining
spanning a dual subspace Λ⊥. Note this division into two subspaces can be represented by a projection operator E
which projects onto Λ and the complement of which 1 − E to Λ⊥. The condition that the sum of eigenvalues of
eigenvectors in Λ is larger than 1− ϵ can be rewritten as

tr(ρnE) > 1− ϵ. (55)

This means states in Λ have much higher overlap with any state drawn from the ensemble than those in Λ⊥.
3) Prepare the input state |ψ⟩ = |ϕ1⟩ · · · |ϕn⟩, where |ϕi⟩ belongs to the ensemble in the Eq.(50). Make the unitary
transformation U on |ψ⟩, and measure the state of the last (n − n(S + δ)) qubits mentioned above. If the result is
|0rest⟩, Alice successfully compresses |ψ⟩ onto |ψcompressed⟩|0rest⟩, and she simply sends |ψcompressed⟩ to Bob. On

the other hand, if Alice gets the results other than |0rest⟩, she fails to compress her message and the best she can do
is send a state |0′compressed⟩ which is the compressed state corresponding to the largest eigenvector |λn,1⟩ in Λ,

U |λn,1⟩ = |0′compressed⟩|0rest⟩. (56)

We note that the input state |ψ⟩ has much higher overlap with states in Λ than any other states in Λ⊥, the result for
Alice to get |0rest⟩ is of high probability (larger than 1− ϵ).
4)Bob, after receiving |ψcompressed⟩, appends |0rest⟩ to it, and applies the inverse unitary transformation U−1. On

average, Bob receives a density matrix

ρ’n = E|ψ⟩⟨ψ|E + |λn,1⟩⟨λn,1|⟨ψ|(1 − E)|ψ⟩. (57)

The averaged fidelity F of this procedure over the ensemble of possible messages {|ψi⟩, p′i} can be shown to be
larger than 1 − 2ϵ. It can also be shown that if we try to compress the message into n(S(ρ) − δ) qubits, the fidelity
will be arbitrarily small for sufficient large n.
Finally, we note quantum data compression cannot compress messages drawn from a completely(maximally) mixed

state, since S(ρ completely mixed) = 1.

A. An Example

The example we will discuss shortly is for a small n. From previous discussion, we know for any given δ and ϵ, we
can always find a number n0, such that for any n > n0, the procedure succeeds with the prescibed tolerances. In fact,
for a given n, as ϵ becomes smaller, the necessary δ increases, which means we need more qubits to compress, as can
be seen from the average number of qubits necessary to encode is n(S(ρ) + δ). On the other hand, for a given n, as δ
decreases (we require fewer qubits to encode), ϵ increases, which means the average fidelity decreases, as can be seen
from F > 1− 2ϵ. Hence, there is some tradeoff between δ, and ϵ for a fixed finite n.

Suppose the ensemble consists of {(|H⟩, pH = 1
2 ), (|D⟩, pD = 1

2 )}, where |H⟩ is the state of horizontal polarization
while |D⟩ is 45◦,

|H⟩ =
(
1

0

)
, |D⟩ = 1√

2

(
1

1

)
. (58)

The density matrix is

ρ =
1

2
|H⟩⟨H|+ 1

2
|D⟩⟨D| =

(
3
4

1
4

1
4

1
4

)
, (59)

where the matrix is in |H⟩ and |V ⟩ basis, and has two eigenvectors and eigenvalues

|Q⟩ = |22.5◦⟩ =
(
cos π8
sin π

8

)
, λQ = cos2 π8

|Q⟩ = |112.5◦⟩ =
(
− sin π

8
cos π8

)
, λQ = sin2 π8 .

(60)

The von Neumann entropy S(ρ) is

S(ρ) = −λQ log2 λQ − λQ log2 λQ ≈ 0.60088, (61)
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so the minimal number of qubits per letter needed to encode is about 0.6009.
Suppose Alice needs to send 3 letters to Bob, but she can afford only two qubits. Since 3∗S(ρ) ≈ 1.8, it’s possible to

compress 3 letters using only 2 qubits with high fidelity. Note this means δ ≈ 0.2 and D(n = 3) = 2. The eigenvalues
and eigenvectors of ρ3 are

λ1 = cos3 π8 , λ2 = λ3 = λ4 = cos2 π8 sin π
8 ,

λ5 = λ6 = λ7 = cos π8 sin2 π8 , λ8 = sin3 π8 .

|1⟩ = |QQQ⟩, |2⟩ = |QQQ⟩, |3⟩ = |QQQ⟩, |4⟩ = |QQQ⟩,
|5⟩ = |QQQ⟩, |6⟩ = |QQQ⟩, |7⟩ = |QQQ⟩, |8⟩ = |QQQ⟩. (62)

The subspace Λ is spanned by {|1⟩, |2⟩, |3⟩, |4⟩}, while its dual subspace Λ⊥ is by {|5⟩, |6⟩, |7⟩, |8⟩}, and

PΛ ≡ tr(ρ⊗3E) =

4∑
i=1

λi ≈ 0.9419

P⊥
Λ ≡ tr(ρ⊗3(1 − E)) =

8∑
i=5

λi ≈ 0.0581. (63)

Alice and Bob both agree on the form of the unitary transformation that they will use,

U

 |1⟩|2⟩|3⟩
|4⟩

→
 |HHH⟩|HVH⟩
|V HH⟩
|V V H⟩

 U

 |5⟩|6⟩|7⟩
|8⟩

→
 |HHV ⟩|HV V ⟩
|V HV ⟩
|V V V ⟩

 ; (64)

this transformation is unitary since it is simply the transformation between two sets of orthonormal bases of 3 qubits.
Alice prepares her message in a state |ψ⟩, which can be expanded in the basis of |1⟩ · · · |8⟩,

|ψ⟩ =
8∑
i=1

ai|i⟩, (65)

where from Eq.(63) we have

4∑
i=1

|ai|2 = PΛ ≫
8∑
i=5

|ai|2 = P⊥
Λ . (66)

Then Alice applies the unitary transformation U on |ψ⟩ followed by a measurement on the third qubit. If the result
is |H⟩, she sucessfully projects |ψ⟩ into the likely subspace Λ. At this stage, the total state is

a1|HHH⟩+ a2|HVH⟩+ a3|V HH⟩+ a4|V V H⟩ = |ψcompressed⟩|H⟩, (67)

where |ψcompressed⟩ ≡ a1|HH⟩+ a2|HV ⟩+ a3|V H⟩+ a4|V V ⟩. She simply sends this two-qubit state |ψcompressed⟩
to Bob. Upon receiving |ψcompressed⟩, Bob appends a third qubit |H⟩ to it, and does the inverse transformation

U−1 to get

|ψ′⟩ = U−1(|ψcompressed⟩|H⟩) =
4∑
i=1

ai|i⟩, (68)

which has high resemblance to the initial |ψ⟩, that is

F1 ≡ |⟨ψ|ψ′⟩|2 = PΛ ≈ 0.9419. (69)

On the other hand, if, when Alice measures the third qubit and gets |V ⟩, she fails to project |ψ⟩ into Λ but Λ⊥

instead, the best she can do is send a qubit state |HH⟩. After Bob receives it and decompresses it, he gets

|ψ′′⟩ = U−1(|HH⟩|H⟩) = |1⟩, (70)
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which has overlap with the initial |ψ⟩:

F2 ≡ |⟨ψ|ψ′′⟩|2 = |a1|2 = λ1 ≈ 0.6219. (71)

The fidelity of this procedure is F = PΛF1 + P⊥
Λ F2 = 0.9234.

How good is this? Let us compare it to the case when Alice sends the first two letters without compressing and
asks Bob to guess the third letter. Since both |H⟩ and |D⟩ from the ensemble have higher overlap with |Q⟩ than with
|Q⟩, the best guess he can make is |Q⟩. The fidelity of this procedure is

F =
1

2
|⟨H|Q⟩|2 + 1

2
|⟨D|Q⟩|2 = 0.8535, (72)

which is smaller than the case when we do compression.

XVII. FULL CIRCLE: ENTANGLEMENT DISTILLATION AND ENTANGLEMENT DILUTION ARE
REVERSIBLE FOR PURE STATES

Quatum data compression allows us to use nSV qubits to teleport n pairs of non-maximally pure states and then
convert back reversibly in the asymptotic limit.

XVIII. CONCLUDING REMARKS

In this unit, we have discussed entanglement of quantum states, entanglement of formation and distillation, entan-
glement entropy, Schmidt decomposition, majorization, quantum Shannon theory, etc.

It is a good time to check whether you have achieved the following Learning Outcomes:
After this Unit, you’ll be able to understand the basics of quantum information and entanglement theory.

Suggested reading: N&C 12.2, 12.5. R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki, “Quantum
entanglement,” Rev. Mod. Phys. 81, 865 (2009) [36] at https://journals.aps.org/rmp/abstract/10.1103/
RevModPhys.81.865.

Appendix A: Matrix realignment method for detecting entanglement

In the standard computational basis {|i⟩A ⊗ |j⟩B}, the elements of ρ are indexed by four indices:

ρ =

dA∑
i,k=1

dB∑
j,l=1

ρij,kl|i⟩⟨k|A ⊗ |j⟩⟨l|B

Alternatively, ρ can be viewed as a dA × dA block matrix where each block Xik is a dB × dB matrix with entries
(Xik)jl = ρij,kl. The realigned matrix R(ρ) (often denoted as ρR) is formed by mapping the index pairs (i, j) and
(k, l) to new row and column indices (i, k) and (j, l):

R(ρ)ik,jl ≡ ρij,kl

In terms of blocks, the row indexed by (i, k) in R(ρ) is formed by vectorizing the dB × dB block Xik into a row vector
vec(Xik)

T . The resulting matrix R(ρ) has dimensions d2A × d2B . The realignment criterion states that if a quantum
state ρ is separable (i.e., can be written as a convex combination of product states ρ =

∑
p wpρ

A
p ⊗ρBp ), then the trace

norm (nuclear norm) of R(ρ) satisfies:

∥R(ρ)∥1 = Tr
√
R(ρ)†R(ρ) =

∑
m

σm(R(ρ)) ≤ 1

where σm(R(ρ)) are the singular values of the realigned matrix R(ρ).

If ∥R(ρ)∥1 > 1 =⇒ ρ is guaranteed to be entangled.

https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.81.865
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.81.865
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Appendix B: Entropies

1. Classical entropies

H(X) = −
∑
x px log px is the Shannon entropy, which is concave (some other literature actually calls it convex):

H(qpA+(1−q)pB) ≥ qH(pA)+(1−q)H(pB). The relative entropy is a useful quantity that is defined asH(p(x)||q(x)) =∑
x p(x) log(p(x)/q(x)) = −H(p(x))−

∑
x p(x) log q(x). One can show that it is non-negative by using ln(x) ≤ x− 1

to − log(q(x)/p(x)). Using the relative entropy, one can easily show that, for d possible outcomes, H(X) ≤ log d.
If we consider two distributions, labelled by X and Y , we can consider various combinations. First, joint entropy:
H(X,Y ) = −

∑
x,y p(x, y) log p(x, y). Using the relative entropy of p(x, y) vs. p(x)p(y), we can show the subadditivity

H(X) +H(Y ) ≥ H(X,Y ).
Given p(x, y), we can define the conditional probability p(x|y) ≡ p(x, y)/p(y) (where p(y) =

∑
x p(x, y) is the

marginal of p(x, y)), and from here an entropy −
∑
x p(x|y) log p(x|y) and the average of this particular entropy over

y: H(X|Y ) = −
∑
y p(y)

∑
x p(x|y) log p(x|y) ≥. By using p(x|y) = p(x, y) we can show that H(X|Y ) = H(X,Y ) −

H(Y ) ≥ 0, whose meaning is the lack of knowlege aboutX given Y . By subtractingH(X|Y ) fromH(X), we obtain the
mutual information between X and Y , H(X : Y ) = H(X)−H(X|Y ) = H(Y )−H(Y |X) = H(X)+H(Y )−H(X,Y ).
One can draw a Venn diagram for X and Y to visualize the relation between these entropies.
One generalization of the subadditivity H(X) +H(Y ) ≥ H(X.Y ) to the three-variable case is the strong subaddi-

tivity, H(X,Y, Z) +H(Z) ≤ H(X,Z) +H(Y,Z), which can be proved using relative entropy between p(x, y, z) and
p(x, z)p(y, z)/p(z). Later, we will generalization of the additivities to the quantum entropy. There are other useful
inequalities. For example, conditioning reduces entropy: H(X|Y,Z) ≤ H(X|Y ), and for a Markov chain X → Y → Z:
H(X) ≥ H(X : Y ) ≥ H(X : Z).

2. Proof of entropic inequalities used for ruling out local realistic descriptions

Lemma 1 For any three discrete random variables X, Y , and Z governed by a well-defined joint probability distri-
bution P (X,Y, Z), the conditional entropies satisfy the triangle inequality:

H(X|Z) ≤ H(X|Y ) +H(Y |Z). (B1)

Proof 1 Consider the joint conditional entropy H(X,Y |Z). By the chain rule for conditional entropy, we can expand
H(X,Y |Z) in two complementary ways:

H(X,Y |Z) = H(Y |Z) +H(X|Y,Z), (B2)

H(X,Y |Z) = H(X|Z) +H(Y |X,Z). (B3)

Because conditional entropy is non-negative, H(Y |X,Z) ≥ 0. Applying this to Equation (B3) yields the monotonic
inequality:

H(X|Z) ≤ H(X,Y |Z). (B4)

Combining Equation (B4) with Equation (B2), we obtain:

H(X|Z) ≤ H(Y |Z) +H(X|Y,Z). (B5)

Furthermore, the property that conditioning reduces entropy implies:

H(X|Y,Z) ≤ H(X|Y ). (B6)

Substituting Inequality (B6) into Inequality (B5) completes the proof:

H(X|Z) ≤ H(X|Y ) +H(Y |Z). (B7)

Consider a bipartite Bell-type experiment where Alice chooses between two measurement settings A1 and A2, and
Bob chooses between two settings B1 and B2. Under a Local Hidden Variable (LHV) theory, local realism asserts
that:

1. Realism: Every observable possesses a definite, pre-existing outcome for any given run of the experiment.
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2. Locality: The measurement outcome at Alice’s detector is independent of Bob’s measurement choice, and vice
versa.

Consequently, in any LHV model, there exists a single underlying joint probability distribution P (A1, A2, B1, B2)
describing all four measurement outcomes simultaneously across the ensemble.

Theorem 1 (Braunstein–Caves Inequality) For any classical local realistic theory describing the four measure-
ment choices A1, A2, B1, B2, the measured conditional entropies satisfy:

H(A1|B1) ≤ H(A1|B2) +H(B2|A2) +H(A2|B1). (B8)

Proof 2 Because a global joint probability distribution P (A1, A2, B1, B2) exists under local realism, Lemma 1 applies
to any triple of random variables selected from {A1, A2, B1, B2}.
First, apply Lemma 1 to the variables A1, B2, and B1:

H(A1|B1) ≤ H(A1|B2) +H(B2|B1). (B9)

Next, apply Lemma 1 to expand the second term H(B2|B1) by inserting A2 as an intermediate variable:

H(B2|B1) ≤ H(B2|A2) +H(A2|B1). (B10)

Substituting Inequality (B10) directly into Inequality (B9) yields:

H(A1|B1) ≤ H(A1|B2) +H(B2|A2) +H(A2|B1). (B11)

The inequality can also be formulated as a metric triangle inequality on the space of random variables.

Lemma 2 The quantity d(X,Y ) ≡ H(X|Y )+H(Y |X) is a valid metric (the information distance) on the equivalence
classes of random variables.

Applying the metric triangle inequality around the four-variable cyclic path A1 → B2 → A2 → B1 → A1 yields the
symmetric entropic Bell inequality:

d(A1, B1) ≤ d(A1, B2) + d(B2, A2) + d(A2, B1). (B12)

In quantum mechanics, A1 and A2 represent non-commuting operators ([A1, A2] ̸= 0), as do B1 and B2 ([B1, B2] ̸=
0). According to quantum mechanics:

� Non-commuting observables cannot possess simultaneous definite values prior to measurement.

� No global joint probability distribution P (A1, A2, B1, B2) exists for non-commuting observables.

When measuring entangled quantum states (such as a Bell pair |Φ+⟩ = 1√
2
(|00⟩ + |11⟩)) with optimal analyzer

angles, the pairwise conditional entropies violate the Braunstein–Caves bound, conclusively ruling out local realistic
descriptions.

3. Quantum entropies

Similar to the classical case, we can define the quantum relative entropy S(ρ||σ) = Trρ log(ρ/σ) and show that
it is also non-negative, by use of the classical relative entropy after evaluting in the eigenbasis of ρ and using the
concavity of log. We can compute the entropy of a special kind of bi-partite unentangled state: S(

∑
i ρ|i⟩⟨i| ⊗ ρi) =

H({pi} +
∑
i piS(ρi) by diagonalizing ρi and hence decomposing the whole system into a diagonal form. Similar to

the classical case, we can define the quantum conditional entropy S(A|B) ≡ S(A,B)−S(B), but one can see that for
the Bell states, this conditional entropy is negative, unlike the classical conditional entropy. But the quantum mutual
information S(A : B) = S(A) + S(B) − S(A,B) ≥ 0 is indeed non-negative, which comes from the subadditivity,
proved by using quantum relative entropy S(ρAB ||ρA ⊗ ρB) ≥ 0.
In quantum mechanics, we can perform measurement and, by discarding the measurement outcomes, ρ → ρ′ =∑
i PiρPi, where Pi’s are projectors. One can show that the entropy does not decrease under measurement: S(ρ′) ≥

S(ρ), which can be proved via the quantum relative entropy being non-negative. From the subadditivity, we can
derive the triangle inequality S(A,B) ≥ |S(A) − S(B)| by using a third system R to purify AB and examining the
entropy relation between R and A.
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For ρ =
∑
i piρi, we can show that

∑
i piS(ρi) ≤ S(ρ) ≤ H(pi) +

∑
i piS(ρi). The first inequality can be proved

by using ρAB =
∑
i piρi ⊗ |i⟩⟨i| (whose entropy was evaluated earlier) and applying the subadditivity. The second

inequality can be proved by first diagonalizing ρi, purifying the system to a pure state |AB⟩, and measuring B in the
diagonal basis (that purifies A) to use the entropy not decreasing under measurement.
Perhaps the most important inequality is the strong subadditivity: S(A,B,C) +S(C) ≤ S(A,C) +S(B,C), which

has an equivalent form S(A) + S(B) ≤ S(A,C) + S(B,C). It has many applications. One of them is related to the
main text when we discuss the entropy inequality for unentangled state S(AB) ≥ S(A), i.e., the conditional quantum
information is not negative. This is left as an exercise.
There is another useful inequality for the relative entropy: it does not increase under tracing out a subsystem, i.e.,

S(ρAB ||σAB) ≥ S(ρA||σA).

Appendix C: Squashed Entanglement

Squashed entanglement Esq(ρAB) is an entanglement measure for bipartite quantum states introduced by Matthias
Christandl and Andreas Winter in 2004. It quantifies the intrinsic quantum correlations between two parties (A and
B) by taking the total correlation and “squashing out” any classical correlations using an auxiliary third system (C).
It is defined as half of the infimum of the quantum conditional mutual information (QCMI) over all possible quantum
extensions ρABC :

Esq(ρAB) ≡
1

2
inf
ρABC

I(A;B|C),

where:The state ρABC is a valid density matrix acting on HA ⊗HB ⊗HC such that tracing out system C yields the
target state: TrC(ρABC) = ρAB .I(A;B|C) is the quantum conditional mutual information:

I(A;B|C) ≡ S(ρAC) + S(ρBC)− S(ρABC)− S(ρC).

S(ρ) ≡ −Tr(ρ log2 ρ) is the von Neumann entropy.
Why ”Squashed”? The standard quantum mutual information I(A;B) = S(ρA) + S(ρB) − S(ρAB) measures all

correlations (both classical and quantum) shared between Alice and Bob. If we imagine system C as an environment
or an eavesdropper holding correlations with A and B, conditioning on C via I(A;B|C) asks: ”How much correlation
remains between A and B once C knows everything it can?”By minimizing over all conceivable extensions C, system
C absorbs all possible classical correlations shared between A and B. What is left behind after this minimization is
purely quantum entanglement—hence classical correlations are ”squashed” away.
It is strictly additive:

Esq(ρA1B1 ⊗ ρA2B2) = Esq(ρA1B1) + Esq(ρA2B2).

Esq(ρAB) = 0, iff ρAB is not entangled. It is also an LOCC monotone. Interestingly, it sits between two key measures:

ED(ρAB) ≤ Esq(ρAB) ≤ EC(ρAB).

Despite these nice properties, calculating Esq analytically or numerically for an arbitrary mixed state is generally
NP-hard.

Appendix D: Advanced topic: Entanglement in quantum field theory∗

This part should be skipped when you first read this set of notes. It is used for my attempt to understand Witten’s
paper.
The Schmidt decomposition was used in Witten’s paper [37] to explain that the vacuum is entangled between a

region U and its outside that is a natural consequence of the Reeh-Schlieder theorem. However the Hilbert space of
QFT does not contain a product state ψ⊗χ! The vacuum cannot b eannihilated by a local field operator. The cyclic
separating property if the Hilbert space is a tensor product, but the QFT does not really has a factroization of the
Hilbert space.
The Tomita-Takesaki theory is a useful mathematical machinery for analyzing entanglement when the Hilbert space

does not factorize. Given an algebra A with cyclic separating vector Ψ, we define an anitlinear operator SΨ : H → H
via SΨaΨ = a†Ψ. If we could have aΨ = 0 then a†Ψ = 0, a contradiction. This can be defined on a dense set of
states in H because of cyclic property. Then S2

Ψ = 1 (i.e., SΨ is invertible) and SΨ|Ψ⟩ = |Ψ⟩. Then we can define the
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modular operator ∆Ψ = S†
ΨSΨ, which is positive semi-definite. To be complete, we need also the relative modular

operator. Let Ψ be cyclic separating and Φ be any other state. SΨ|Φa|Ψ⟩ := a†|Φ⟩. The relative modular operator is

defined as ∆Ψ|Φ = S†
Ψ|ΦSΨ|Φ, which is not necessarily invertible.

The setup allows us to define relative entropy in quantum field theory between states Ψ and Φ: SΨ|Φ :=
−⟨Ψ| log∆Ψ|Φ|Ψ⟩. If Φ = Ψ, ∆Ψ|ΨΨ = Ψ, so log∆ΨΨ = 0, and hence S = 0. For a general Φ, we use the in-
equality − log λ ≥ 1 − λ for λ > 0 and this means − log∆ ≥ 1 −∆. We can then prove SΨ|Φ(U) ≥ 0. For a region

Ũ ∈ U , we can show that the relative entropy is monotonic under increasing the region S(Ũ) ≤ S(U). It can be
proved by ∆Ũ ≥ ∆U . We will not prove this here, but it relies on the fact that SU is an extension of SŨ . Note that
the form of the relative entropy used here looks different from that shown in the main text. The definition here is
more general and applies to QFT. Witten explains the connection of the two forms.
We can easily apply the above to a finite-dimensional QFT. Here, we can define the partial trace and look at OAB

and OA × IB , as well as the notion of purification. Quantum analog of Boltzmann’s integral for entropy is the von
Neumann entropy. To show the connection mentioned in the last paragraph, we need to compute ∆Ψ|Φ = σA ⊗ ρ−1

B ,
where ρA is the reduced density matrix for Ψ and σA is that for Φ, and that ρA and ρB have the same nonzero
eigenvalues.

There are some important inequalities for entropies. S(ρAB ||σAB) ≥ S(ρB ||σB), i.e., the relative entropy is non-
increasing under partial trace (or more generally under any quantum channel). SAB + SBC ≥ SABC + SB , strong
subadditivity of entropy, which has many applications in quantum field theory and holography. This inequality is
also saying that the conditional mutual information is not negative I(A : B|C) ≥ 0, which we saw in the squashed
entanglement.

Consider U is a “Rindler space” or wedge in Minkowski spacetime and Ψ is the vacuum Ω, as well as the factorized
Hilbert space Hl ⊗Hr and field ϕ(x) on real line. The ground is a function on ϕl and ϕr: Ψ(ϕl, ϕr). We can describe
it by a path integral. When we need the reduced density matrix for the right part, we get a cut on the postive real
axis, yielding ρ(ϕr, ϕ

′
r) = e−2πR, where R is the rotation generator. In Lorentz signature, R becomes the Lorentz

boost operator K,

K =

∫ ∞

0

dxdy⊥xT00(x),

where y⊥ is the direction perpendicular to the Rindler wedge. For an object localized near x ≈ L, then K ≈ LH
(where H is the usual Hamiltonian), so ρ ≈ e−2πLH , giving an effective temperature at L: TL ≈ 1/(2πL). This
thermal nature of the state accounts for the “complete entanglement” predicted by the Reeh-Shlieder theorem.

In QFT, S(ρA) for a pure state Ψ is ultraviolet divergent, as was first found by Sorkin in his work on black
hole entropy. The dirverge comes from the high energy modes near the boundary between regions A and B so it is
proportional to the area of this boundary, i.e., the area law of entanglement.
Casini and Huerta proved Zamolodchikov’s c-theorem in 2004, which says that the central charge c can only decrease

along renormalization group flows. For a 2d CFT with (cl, cr) = c, one has S(L) = c/3× log(L/ϵ), where ϵ is a ultra-
violet cut-off. This can be established by the replica trick by computing the Renýi entropy of order n and then takes
the limit n → 1. The c-theorem, as shown by Witten, can be proved in an alternative way geometrically via the
strong subadditivity. (Connection to Bekenstein’s bound?)
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