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Example 8.1
Find the three partial derivatives ay/ax, ay/ay, and dg/oz for (x,y,2) =
X +2yz+ 2z
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FIGURE 8.3

Contour map of the probability
density ||? for the ground state of
the square box. The percentages
shown give the value of ||* as a
percentage of its maximum value,



FIGURE 8.4 -

picture are 71, and 1. The dashed
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vanishes; these occur where i/
passes through zero as it oscillates
from positive to negative values.

Example 8.2

Having solved the Schrédinger equation for a particle in the two-dimensional
square box, one can solve the corresponding three-dimensional problem
very easily. (See Problem 8.15.) The result is that the allowed energies for a
mass M in a rigid cubical box of side a have the form

2,1 1,3

E = Eo(n? + n} + n}) (8.32)

where E, = #27%/(2Ma”) is the same energy introduced in (8.28), and the
quantum numbers n,, n,, n, are any three positives integers. Use this result
to find the lowest five energy levels and their degeneracies for a mass Mina
rigid cubical box of side a.
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Example 8.3

Write down the ¢ equation (8.53) for the cases that [ = 0 and that [ = 1,
m = 0. Find the angular functions O,,(8)e"™® explicitly for these two cases.
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The first few angular functions 0,,,(6). The functions with m negative are given by
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Example 8.4
Find the constant A in the 1s wave function Ry, = Ae™"/8 and the expecta-
tion value of the potential energy for the ground state of hydrogen.
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8.10

8.15

** Consider a particle in a rigid rectangular box with
sides @ and b = a/2. Using the result (8.102) (Prob-
lem 8.9), find the lowest six energy levels with their
quantum numbers and degeneracies.

eee Show that the allowed energies of a mass M
confined in a three-dimensional rectangular rigid box
with sides a, b, and ¢ are
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where the three quantum numbers »,, n,, n, are any
three positive integers (1,2, 3,++). [Hint: Use sepa-
ration of variables, and seek a solution of the form
¢ = X(x)Y(y)Z(z). Note that by settinga = b = c,
one obtains the cubical box of Example 8.2.]
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8.22 e« Substitute the separated form = R(r)O(0)D(ph)

into the Schrédinger equation (8.49). (a) Show that if
you multiply through by r?sin’0/(RO®) and re-
arrange, you get an equation of the form ¢®"/d =
(function of r and #). Explain clearly why each side of
this equation must be a constant, which we can call
—m?”. (b) Show that the resulting equation, (function of
rand 0) =-m?, can be put in the form

1 df. .d® m’ .
Osinﬂ%(smg dﬂ) T (function of r)

in

Explain (again) why each side of this equation must
be a constant, which we can call —k. Derive the r and
@ equations (8.54) and (8.53).
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8.33 ee¢ The normalization condition for a three-

dimensional wave function is [ |[*dV = 1. (a) Show
that in spherical polar coordinates, the element of
volume is dV = r*drsin 0 do do. [Hint: Think about
the infinitesimal volume between r and r + dr,
between 6 and @ + d6, and between ¢ and ¢ + d¢.]
(b) Show that if v = R(r)Y (0, &), the normalization
integral is the product of two terms

/|¢f|2dV = ( |R(r)[*r* dr) X
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ﬂ, (/ sinﬂd{]/ drbh’(ﬂ,d;)[z) &= 1
0 0

(c) It is usually convenient to normalize the func-
tions R(r) and Y(0, ¢) scparately, so that cach of
the factors in this middle expression is equal to 1.
Verify that all of the spherical harmonics ¥;,,(0, &)
with / = 0 or 1 do satisfy

™ am
/ sin 0 do f db|Y;,,(0, )2 = 1
.0 ﬂ

The required spherical harmonics are defined in
(8.69) and Table 8.1.
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8.29 e Write down the # equation (8.65) for the special

8.45 e+« Wirite down-the radial equation (8.72) for the case
that n =/2 and [ = 1! Put in the valu¢ —Eg/4 for the

case that [ = m = 0. (a) Verify that_O = constant
is—a-selution. (b) Verify that a second solution 13
O = In[(1 + cos@)/(1 — cos #)], and show that this
is infinite when 8 = 0 or 7 (and hence is unacceptable).
(¢) Since the @ equation is a second-order differential
equation, any solution must be a linear combination of
these two. Write down the general solution, and prove
that the only acceptable solution is © = constant.
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energy and use the known expressions for ay and Ey
to eliminate all dimensional constants except ¢ [as

was done in (8.80)]. Verify that R,, & Are™* is 4

solution, and use the normalization condition (8.86) with afs = W
Py, = 4mr?|Ry,|* to prove that A = 1/(4\/617&35]. me ke™
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